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The Riemann Zeta Function

Vorführender
Präsentationsnotizen
The motivation is the Riemann zeta function. Encodes information about primes.  We are interested in analytic continuation – infinite number of zeros in critical strip.  Riemann hypothesis. Many approaches to solving, but one involves derivative of zeta. 
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Green: zeros of zeta
Blue: zeros of zeta’

Vorführender
Präsentationsnotizen
So proving RH is equivalent to proving that there are no zeros of the derivative of zeta to the left of the half line. Tend to get close when two zeros of zeta are close together. 



Vorführender
Präsentationsnotizen
This is actually useful, as it led to this result, which has been used to prove that some fractions of Riemann zeros lie on the half line.  Then, for example, Levinson proved that at most 1/3 of the zeros of zeta’ are to the left of the ½ line.  Thus zeta has at most 1/3 zeros to the left of the 1/2 line.  But zeros of zeta come in pairs, so at most 1/3 of the zeros are to the right of the 1/2 line, this means at least 1/3 are on the line.  Similarly Conrey proving at most 3/10 of the zeros of zeta’ are to the left of the line, etc.  So this means the distribution of the zeros of the derivative are important. 
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Vorführender
Präsentationsnotizen
F is analytic, so integral of log F(s) round rectangle is equal to i 2 pi times the distance from the a-line to the zeros of F (log F has a branch point at a zero of F and the difference between log F on the top of the slit and the bottom is i 2 pi thus the difference of the integral along the top of a slit versus the bottom of a slit is length time 2 pi i  ). Take the imaginary part of this and you get Littlewood’s lemma (notice that log|F| is the real part of the log but it gets a factor of i because of the i dt). You have to worry about defining the argument of the log function, but you can pick a value at one of the corners, like b+iT and then use continuous variation to define all round the contour. The hardest bit of this calculation is the integral over t of log|F|.  



Vorführender
Präsentationsnotizen
So we are interested in a quantity like this (or integrated over some interval T to T+U) This is hard to calculate directly, so one idea is to calculate moments of the derivative of zeta with a non-integer power, then differentiate. This is also hard…but has led to interest in moments of derivatives of zeta



Random Unitary Matrices

Vorführender
Präsentationsnotizen
Blah blah blah…rescale to unit spacing and then they do a very good job of modeling the statistics of the zeros of the Riemann zeta function high on the critical line.
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Moments of the Riemann Zeta Function

(Hardy and Littlewood, 1918)

(Ingham, 1926)
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Vorführender
Präsentationsnotizen
Finding the average value of the zeta function on the critical line, where the Riemann hypothesis places the complex zeros of this function, is a problem that has been worked on for 100 years.  The second moment was calculated asymptotically by Hardy and Littlewood in 1918. The forth moment is due to Ingham in 1926 but no higher moments have ever been proven despite the leading number theorists of the intervening generations battling with this problem. 



Moments of the Riemann Zeta Function: Conjecture

Moments of characteristic polynomials: Theorem

Conjecture (Keating and Snaith, 2000):

Vorführender
Präsentationsnotizen
In general the moments are conjectured to take this form, asymptotically.  Here a_\lambda is well –understood (it contains information about the primes) and f_\lambda is expected to be a rational number but while f_1 and f_2 are known, no further values have been proven.  In random matrix theory you can, rigourously, with standard techniques like the Selberg ingetral, perform a calculation like this.  \Lambda is the characteristic polynomial of a matrix from U(N). Note that an average over the ensemble of matrices takes the place of an average up the critical line 



Zeros of a characteristic polynomial (blue) and its derivative (green)
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Horizontal (radial) distribution of zeros of the derivative of 
zeta (characteristic polynomial)

Mezzadri: J. Phys. A 36 (2003)

Pictures from Dueñez, Farmer, Froelich, Hughes, 
Mezzadri, Phan: Nonlinearity 23 (2010)

Distribution of distance from the 
unit circle of zeros of             , N=100

Distribution of real part of the 
zeros of           for 100000 zeros 
around T=1000000.

Vorführender
Präsentationsnotizen
The distance from circle/line have been normalised



Motivated by: 

We would like to calculate: 

non-integer

Vorführender
Präsentationsnotizen
Remember that the number theorists wanted an evaluation of this.  The equivalent moment in random matrix theory is this, where we want v to be non-integer so that we can differentiate with respect to it and so get to moments of the log of the derivative.  Unfortunately we don’t know how to do this.  The best is a result of Winn.  V=1 (and other odd integers) doesn’t look much like a non-integer but  already a success because, due to the absolute value, the easiest moments have even integer exponents. But attempts to extend this have lead to all sorts of other moment calculations involving the characteristic polynomials and their derivatives.  



Theorem:

Bailey, et al., Journal of Mathematical Physics, 2019

Alvarez and Snaith, in preparation

Alvarez and Snaith, in preparation

Vorführender
Präsentationsnotizen
Moments of log derivative are nicer in that they don’t grow so fast with N as the moments of the derivative  (moments of log deriv of zeta same) but extra complication that you have poles from the zeros at the eigenvalues of the char poly in the denominator. 
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