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Introduction
 is symmetric under   for ℒQCD SU(2)L × SU(2)R × U(1)A × U(1)V

mu = md = 0

  is broken spontaneously  
and  is broken due to quantum corrections  at  .

SU(2)L × SU(2)R
U(1)A T = 0
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Realistic World :  and  quarks have small masses              chiral 
symmetry is approximate. 

u d

2

⟨ψ̄ ψ⟩ ≠ 0Order Parameter,

Banks-Casher relation,  relate to the eigenvalues of the Dirac operator⟨ψ̄ ψ⟩

⟨ψ̄ψ⟩ = ⟨ TrD−1⟩ = ⟨∑
i

Re
1
λi

⟩ ??



⟨ψ̄ ψ⟩ = lim
V→∞ ∫

ρ(λ)
λ2 + m2

dλ

⟨ψ̄ ψ⟩ = lim
m→0,V→∞

πρ(0)

Banks-Casher relation

⟨ψ̄ ψ⟩ =
∂lnZ
∂m

The Lacey Palm integral can be written as
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M = γμDμ + m
The naive Dirac operator can be written as,

Eigen-values of the Free Dirac Fermions

For , , this can be diagonalise easily in the momentum 

space,  , complex eigenvalues.

U = 1

m ± i
4

∑
μ=1

sin(pμ)2

m + r
4

∑
μ=1

(1 − cos(pμ)) ± i
4

∑
μ=1

sin(pμ)2

The eigenvalues Wilson Dirac operator (  ) can be written as,DW

Eigenvalue spectrum of γ5DW??



• Interesting thing will be to study the eigenvalues of the Dirac operator in 
background gauge field configurations.


• The density of small Dirac eigenvalues related to spontaneous chiral symmetry 
breaking: Banks and Casher relation.


• lattice discretizations of the Dirac operator obey the Ginsparg-Wilson relation have 
the corresponding eigenvalues on circles in the complex plane.

Im 

m

λ
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Figure 2: Free Wilson fermions display an eigenvalue spectrum with a momentum dependent real part. This
removes doublers by giving them a large effective mass.

With this condition all non-real eigenvalues occur in complex conjugate pairs, implying
for the density

!(z) = !(z!). (7)
This property will be shared by all the operators considered in the following discussion.

The quest is to find general statements relating the behavior of the eigenvalue density
to physical properties of the theory. I repeat the earlier warning; ! depends on the distri-
bution of gauge fields A which in turn is weighted by ! which depends on the distribution
of A . . . .

2.1 The continuum

Of course the continuum theory is only really defined as the limit of the lattice theory.
Nevertheless, it is perhaps useful to recall the standard picture, where the Dirac operator

D = "µ(#µ + igAµ) +m

is the sum of an anti-hermitian piece and the quark mass m. All eigenvalues have the
same real part m

!(x+ iy) = $(x !m)!̃(y).

The eigenvalues lie along a line parallel to the imaginary axis, while the hermiticity
condition of Eq. (6) implies they occur in complex conjugate pairs.

Restricted to the subspace of real eigenvalues, "5 commutes with D and thus these
eigenvectors can be separated by chirality. The difference between the number of positive
and negative eigenvalues of "5 in this subspace defines an index related to the topological
structure of the gauge fields.7 The basic structure is sketched in Fig. (1).

The Banks and Casher argument relates a non-vanishing !̃(0) to the chiral condensate
occurring when the mass goes to zero. I will say more on this later in the lattice context.

Note that the naive picture suggests a symmetry between positive and negative mass.
Due to anomalies, this is spurious. With an odd number of flavors, the theory obtained
by flipping the signs of all fermion masses is physically inequivalent to the initial theory.

2.2 Wilson fermions

The lattice reveals that the true situation is considerably more intricate due to the chiral
anomaly. Without ultraviolet infinities, all naive symmetries of the lattice action are true

Eigenvalue spectrum of  free  operator.DW
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Figure 3: The overlap operator is constructed by projecting the Wilson Dirac operator onto a unitary operator.

symmetries. Naive fermions cannot have anomalies, which are cancelled by extra states
referred to as doublers. Wilson fermions8 avoid the this issue by giving a large real part to
those eigenvalues corresponding to the doublers. For free Wilson fermions the eigenvalue
structure displays a simple pattern as shown in Fig. (2).

As the gauge fields are turned on, this pattern will fuzz out. An additional compli-
cation is that the operator D is no longer normal, i.e. [D,D†] != 0 and the eigenvectors
need not be orthogonal. The complex eigenvalues are still paired, although, as the gauge
fields vary, complex pairs of eigenvalues can collide and separate along the real axis. In
general, the real eigenvalues will form a continuous distribution.

As in the continuum, an index can be defined from the spectrum of the Wilson-Dirac
operator. Again, !5 hermiticity allows real eigenvalues to be sorted by chirality. To
remove the contribution of the doubler eigenvalues, select a point inside the leftmost
open circle of Fig. (2). Then define the index of the gauge field to be the net chirality
of all real eigenvalues below that point. For smooth gauge fields this agrees with the
topological winding number obtained from their interpolation to the continuum. It also
corresponds to the winding number discussed below for the overlap operator.

2.3 The overlap

Wilson fermions have a rather complicated behavior under chiral transformations. The
overlap formalism3 simplifies this by first projecting the Wilson matrix DW onto a unitary
operator

V = (DWD†
W )!1/2DW . (8)

This is to be understood in terms of going to a basis that diagonalizes DWD†
W , doing

the inversion, and then returning to the initial basis. In terms of this unitary quantity, the
overlap matrix is

D = 1 + V. (9)

The projection process is sketched in Fig. (3). The mass used in the starting Wilson op-
erator is taken to a negative value so selected that the low momentum states are projected
to low eigenvalues, while the doubler states are driven towards " " 2.
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Figure 4: Inverting a complex circle generates another circle.
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Figure 5: Inverting the overlap operator generates a line with real part 1/2.

where I have used the complex pairing of eigenvalues to cancel the imaginary parts. At
the end, the average is to be taken over appropriately weighted gauge configurations.
Now the crucial feature of the overlap operator is that its eigenvalues all lie on a circle

in the complex plane. An interesting property of a general complex circle is that the
inverses of all its points generates another circle, as sketched in Fig. 4.
This process is, however, somewhat singular for the overlap operator itself since the

corresponding circle touches the origin. In this case the inverted circle has infinite radius,
i.e. it degenerates into a line. For the circle of the overlap operator, with center at z = 1
and radius 1, the inverse circle is a line with real part 1/2 and parallel to the imaginary
axis. This is sketched in Fig. 5.
This placement of eigenvalues enables an immediate calculation of the condensate
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Here N is the dimension of the matrix, and includes the expected volume factor.
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The phase transition restoring chiral symmetry at finite temperatures is considered in a linear cr model.
For three or more massless flavors, the perturbative e expansion predicts the phase transition is of first or-
der. At high temperatures, the U&(1) symmetry will also be effectively restored.

The phase transitions of chromodynamics are of theoreti-
cal interest in their own right, as well as for their possible
relevance to hadronic matter under extreme conditions of
high temperatures and densities. At present, the nature of
the deconfining transition in purely gluonic theories appears
to be clear, both conceptually' and, at least in part, numeri-
cally. ' The significance of these results for theories with
dynamical quarks is less certain. If the quark contribution
to the free energy is large enough, the presence of the
quarks can smooth out any singularity of a deconfining tran-
sition. Whether or not this occurs for the first-order transi-
tion of SU(3) color can only be answered by further study. 4
In this note, we do not directly consider the deconfining

transition, but rather a phase transition which almost cer-
tainly occurs in hadronic matter at finite temperature —the
restoration of the spontaneously broken chiral symmetry,
associated with massless quarks, to the chromodynamic vac-
uum. We begin in Sec. I by analyzing the chiral phase tran-
sition in a linear a- model, for any number of colors and fla-
vors. Known results from the ~ expansion suggest that the
phase transition is first order if there are three or more
massless flavors. For less than three flavors, the order of
the transition depends on the details of the dynamics.
We argue that besides the exact restoration of the flavor

chiral symmetry, at high temperature there will also be, ap-
proximately, restoration of the flavor-singlet Uq(l) sym-
metry. We suggest that the temperature scale at which the
Uq(l) symmetry is effectively restored need nor be the
same as that of the chiral phase transition. In Sec. II, we
discuss some of the effects possible in hadronic matter if
the Uz(l) symmetry is effectively restored before the chiral
transition.

I. ORDER OF THE CHIRAL PHASE TRANSITION

Consider Nf flavors of massless quarks which couple in
the fundamental representation to a SU(N, ) color gauge
group. Classically, the quark part of the chromodynamic ac-
tion is invariant under a global flavor symmetry of
Gf Ug (1) xSU(N&) xSU(N&). The axial Uq ( I ) sym-
metry, while valid classically, can be violated by quantum-
mechanical effects. If J„' =qy„y5q is the U&(l) current,
where q denotes the quark fields, the conservation of J' is
spoiled by the anomaly5

The anomaly vanishes if there are no dynamical fermions,
Nf =0, or in the limit of infinite colors, N, =~; then the
flavor symmetry is still Gf. Even with the anomaly present,

there remains an axial Zq(Nf) symmetry, 7 8 so the flavor
symmetry of the quantum theory becomes Gy= Zg (Nf) & SU(Nf) && SU(Nf).
We henceforth assume that at zero temperature the chro-

modynamic vacuum spontaneously breaks G~ (or Gf) to
SU(Nf), and that there is a finite temperature T,q at which
the full chiral symmetry, be it Gf or Gf, is restored to the
vacuum.
We further assume that the chiral-symmetry breaking is

characterized by a quark bilin ear which transforms as
(Nf, Nf ) +(1/V', N~) under G&. As in the linear o. model of
Gell-Mann and Levy, 9 we introduce a (color singlet) com-
plex, %~by-N~ matrix 4 to parametrize the symmetry
breaking, @,J—(q;(1 +y5) q~. ). Under G~, 4 transforms as

4 exp(io. ) U+4U (2)

where U+ and U are arbitrary and independent SU(Nf)
matrices, and n generates U&(1) rotations. To discuss the
low-energy excitations corresponding to slow space-time
variations in C, we consider the most general renormaliz-
able Lagrangian for 4 consistent with the symmetries:

L@,= 2 tr(8„4 ) (8„4)—2 m@ tr4 4

g, (tre C)' — g, tr(4'4)'3 3 (3)

L~ = c(det4+det4 ) (4)

must be added. ' " The Zq(Nf) symmetry is evident in
terms of J ~.
At zero temperature, mq, & 0, with a vacuum expectation

value (4) =@01 chosen to be SU(Nf) symmetric. If c =0,
this spontaneous symmetry breaking generates X' Gold-
stone bosons: a SU(NI) multiplet like pions, and a flavor
singlet q' When c .%0, since the broken ZA(Nf) symmetry
is discrete, the q' is massive.
As the temperature increases, so does m~2. In mean-field

theory, mq, and Co vanish as T~ T,h. To improve on
mean-field theory, we note that as fluctuations in the time-
like direction are cut off by finite temperatures, the critical
behavior will be described by an effective theory in three
dimensions. Neglecting all excitations which are effectively
massive about T,h—such as any fermions, mesons not in-
cluded in L@, etc.—only Lq, (and L@) determine the critical
properties.
We first consider the limit of infinite colors, where the

anomaly vanishes and c =0, and then discuss a small

For stability at large 4, g2 & 0, g~+g2/Ny & 0. If the ano-
maly is present, to .L~ the term
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Fig. 5: The renormalized eigenvalue density of the QCD en-
sembles at T = 1.05 Tc generated using Highly improved
staggered quark (HISQ) discretization, and measured using
an appropriately mass-tuned valence overlap operator. These
are shown for three di↵erent choices of the light quarks.
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We have measured this quantity in terms of the first O(100)
eigenvalues of the overlap Dirac operator at the values of the
tuned valence quark masses. Chiral Ward identities ensure
that �⇡ � �� = �disc, where �disc is the disconnected part of
the integrated iso-singlet scalar meson correlator. In order to
verify the quality of our quark mass tuning we check whether
this Ward identity is satisfied. We use the previously mea-
sured data for �disc for physical quark masses from Ref. [15],
obtained by the inversion of the HISQ Dirac operator using
stochastic sources on N⌧ = 8, 12, 16 lattices and perform
a continuum extrapolation of this observable. We then com-
pare our continuum estimate of m2

l �disc/T
4, to the observable

m
2
l !/T

4 that we have calculated using the eigenvalues of the
valence overlap Dirac operator on the same HISQ ensembles
using the tuned valence quark masses. The results for this
comparative study are shown in Fig. 6. A reasonably good
agreement of these renormalized quantities are observed giv-
ing us further confidence on our quark mass tuning procedure.

Next we study the quark mass dependence of the appropri-
ately renormalized UA(1) breaking observable m

2
l !/T

4. It is
important to note here that we have calculated only the first
O(100) of the total millions of eigenvalues of the QCD Dirac
operator, nonetheless these infrared eigenvalues contribute
significantly to the UA(1) breaking. UA(1) is e↵ectively re-
stored in the chiral limit if ! ⇠ m

2
l , i.e., if it has a trivial

dependence on the light quark mass, as also expected in the
perturbative regime. On the other hand if UA(1) is broken,
then the leading order behavior of ! ⇠ O(m0

l ), which gives
us the e↵ective magnitude or the strength of UA(1) breaking.
When chiral symmetry is e↵ectively restored, we can use the
following fit ansatz for our data on m

2
l !/T

4, corresponding
to these two scenarios,
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Fig. 6: Comparison of �⇡ � �� measured using the overlap
eigenvalues to the continuum estimates of �disc using data
from Ref. [15], shown for physical quark masses.

m
2
l (�⇡ � ��)

T 4
=

m
2
l !

T 4
= a1

m
2
l

T 2
+ a2

m
4
l

T 4
, (6)

= b1
m

4
l

T 4
+ b2

m
6
l

T 6
. (7)

where the former denotes UA(1) breaking whereas the lat-
ter is valid on its e↵ective restoration. We have calculated
the m

2
l !/T

4 at 1.05 Tc for three di↵erent tuned light valence
quark masses, results of which are shown in Fig. 7. The data
fits quite well to the first fit ansatz from Eq. 6, shown as a red
band in the same figure, with the largest contribution to the
uncertainty coming from the value corresponding to the low-
est quark mass. Our data disfavors the second ansatz in Eq. 6
since the corresponding �

2 per degree of freedom of the fit is
about 5, which is almost a factor 2.5 larger than that corre-
sponding to the first ansatz. The magnitude of (�⇡ ���)/T

2

in the chiral limit is 156± 13, which is clearly finite and non-
zero within the current uncertainties. Thus we conclude that
for the large volume N⌧ = 8 lattices we have studied so far,
the UA(1) is broken above the chiral crossover temperature,
even when we approach the chiral limit along the line of con-
stant physical value of ms.

Noting again that in the chiral symmetry restored phase the
topological susceptibility in QCD is related to m

2
l ! [18, 58,

59], it is evident that the former observable does not vanish
when approaching the chiral limit along the line of constant
ms. In contrast, for the two-flavor case, the topological sus-
ceptibility is observed to vanish at a critical value of the light
quark mass, which is lower but close to the physical quark
mass [34].

V. CONCLUSIONS AND OUTLOOK

In this work we report on the eigenvalue spectrum and the
fate of anomalous UA(1) symmetry in the chiral symmetry
restored phase of QCD on large volume N⌧ = 8 lattices as
we approach the chiral limit along the line of constant phys-
ical strange quark mass. In order to correctly measure the
number and density of the near-zero eigenmodes of the QCD

Kaczmarek et. al, arXiv:2102.06136 
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Fig. 7: The renormalized UA(1) breaking parameter shown as
a function of light quark mass at 1.05 Tc.

ensembles using the Highly Improved Staggered quark (HISQ)
discretization on the lattice, we use the overlap Dirac matrix
as the valence or probe operator. This was done as the HISQ
operator does not realize all the continuum flavor and anoma-
lous symmetries on a finite lattice. In order to obtain physical
and renormalized results even with di↵erent valence and sea
quark actions, we have reported a fairly easy procedure to
tune the valence quark masses to the sea quark mass using
the eigenvalue spectrum as the input.

Comparing the appropriately renormalized eigenvalue den-
sity of the QCD Dirac operator, we observe that the eigen-
value density at 1.05 Tc can be represented as ⇢(�) ⇠ � in the
chiral limit. This is unlike the expectations for Nf = 2 QCD
in the chiral limit where the leading order behavior of the
eigenvalue spectrum of QCD was derived to be ⇢(�) ⇠ �

3 [36].
This results in a non-zero value of the renormalized observ-
able m

2
l (�⇡ � ��)/T

4, which leads us to conclude that UA(1)
is broken when one approaches the chiral limit along the line
of constant physical ms.

For a final conclusive evidence, we need to re-visit this
study at several choices of lattice spacing and perform a con-
tinuum extrapolation of our observables, which is computa-
tionally expensive and would require several years of dedi-
cated e↵orts. Furthermore as one approaches the chiral limit,
the lattice volumes have to be chosen large enough so that the
spatial extent is larger than the corresponding pion Compton
wavelength. In the present study we have chosen the lattice
volumes keeping this criterion in mind and the m⇡L ⇠ 3.5
for the lightest quark mass ensembles. However, there are al-
ready quite a few remarkable implications of our preliminary
results. First of all, this is one of the first studies investigat-
ing the fate UA(1) anomalous symmetry, just above the chiral
crossover for light quark masses as low as ⇠ 0.6 MeV. We
that find the qualitative features of the (renormalized) QCD
Dirac eigenvalue spectrum is similar to the one for the phys-
ical values of the quark masses. There are no discontinuities
in the infrared part of the eigenvalue spectrum. Secondly,
when approaching the chiral limit along the line of constant
physical strange quark mass, our study would suggest that
one would eventually encounter the O(4) second order line of
phase transitions.
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Appendix A: Near-zero modes and Ginsparg-Wilson
relation

In this section we provide a detailed analysis of the
Ginsparg-Wilson violation due to the numerical implemen-
tation of the overlap Dirac operator and whether it leads to
the appearance of spurious near-zero modes in its eigenvalue
spectrum. We will discuss here the results of our study for
di↵erent sea-quark masses at T = 1.05 Tc, for which we have
measured the renormalized Dirac eigenvalue spectra shown
in Fig. 5. It is evident from the eigenvalue spectrum, that
we observe a non-analytic peak of small eigenvalues which
survive even when the quark masses are successively reduced
towards the chiral limit. For the lattice volumes we have
studied, the small eigenvalues did not appear sporadically for
a few gauge configurations, rather all of them contributed to
near-zero peak of eigenvalues. Thus for a meaningful analysis
we instead chose to count the number of small eigenvalues
i.e., � < �0 appearing for each configuration and correlate
it with the magnitude of Ginsparg-Wilson relation violation
su↵ered by the overlap Dirac operator implemented on the
corresponding gauge configurations.

For ms/ml = 27, 40, we counted all overlap Dirac eigen-
values for each configuration that are lower than �0 = 0.4T .
For ms/ml = 80 ensembles, we chose �0 = 0.1T instead,
since these have a more dense eigenspectrum in the infrared.
The magnitude of Ginsparg-Wilson relation violation due to
the numerical implementation of the overlap Dirac matrix on
the same configurations were simultaneously measured and
compared to the probability of occurrence of small eigenval-
ues. The results of this analysis is shown in Fig. 8. For the
ms/ml = 80 ensembles, we have divided the number of small
eigenvalues appearing for each configuration by a factor of two
to fit in the scale of the Figure. We do not find any obvious
correlation between violation of the Ginsparg-Wilson relation
and the proliferation of the number of small eigenvalues of the
overlap Dirac operator.

In fact, it is evident from Fig. 8 that the overlap Dirac ma-
trix which had a larger count of small eigenvalues for partic-
ular HISQ configurations, satisfied the Ginsparg-Wilson rela-
tion to a relatively higher precision. We have also performed a
similar comparison to check if there is any correlation between

T ∼ 1.05Tc

 still broken!!UA(1)

Please also look at, arXiv:2103.05954, arXiv:1205.3535


