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“Tell me and I forget. Teach me and I remember. Involve me and I learn.” 
Benjamin Franklin



Lattice action and its parameters
• Lattice action,

Z(T, μ) = ∫ [𝒟U]det[Mud(μf )]1/2det[Ms(μf )]1/4exp[−SG]
Mf = DHISQ(μf ) + mf ,

mπ( f = u, d) ∼ 135 MeV

mϕ( f = s) ∼ 1020 MeV
Experimental measured values!!

Pseudo-scalar meson,

Vector meson,

   are in dimensional units i.e. in lattice units. 
 , 

mf , μf

mf → amf μf → aμf

Temperature?? , ,  contains the bare coupling   T =
1

Nτa
SG g0

a = ?? fm
 a(g0) = Mp(g0)/mp

mlat
i (g0) = Mi(g0)/ap(g0)



• Calculations can be done with low numerical effort


• Has a good statistical precision


• Has small systematic uncertainties


• Has a weak quark mass dependence.

What is a good scale(LQCD)??
arXiv:1401.03270



Scale setting in lattice QCD
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Figure 1: Effective masses for mp [12], mW [13], V (⇡ r0), V (⇡ r1) [14] and fp [9] on CLS ensemble N6
(see [9]). All effective “masses” have been scaled such that the errors in the graph reflect directly the errors
of the determined scales. They have been shifted vertically.

2.2 Pseudo scalar decay constants fp , fK

Pseudo scalar decay constants have been popular with several collaborations. In particular
they have been used to perform the primary scale setting and then determine the values of the
theory scales r0,r1, t0,w0 in terms of these. A drawback of decay constants is that experimentally
they are determined from weak processes. The p ! `n decay rate yields the product Vud fp and the
decay rate K ! `n is given by Vus fK. Thus the precision we can achieve for fp , fK is limited by
our knowledge of the CKM matrix elements Vud and Vus, where in particular one needs to assume a
dominance by the standard model processes and a correct determination of the matrix elements of
other processes from which Vud and Vus are derived.

On the other hand, a clear advantage is the small and almost x0-independent variance of the
pseudo-scalar correlators, leading to long plateaux, see Fig. 1. I will come back to the importance
of long plateaux in the conclusions.

2.2.1 Autocorrelations

I would like to emphasise a further feature of the error analysis of the decay constants. We
have learnt in recent years that one has to be careful concerning the contribution of slow modes
of the Markov matrix to the autocorrelation function rO(tMC) of an observable O. Such modes
contribute as one (or several) slowly decaying exponentials Aexp(�tMC/texp). Pseudo scalar cor-
relators, at least those computed with a noisy estimator for the source-timeslice spatial average of
the correlation function, show a rather small amplitude A of these potentially dangerous terms. I
show an example for the aforementioned N6 ensemble in Fig. 2. This ensemble has a relatively
long exponential autocorrelation time texp ⇡ 200 and thus even a small amplitude of A ⇠ 1/20
leads to a contribution of order 10 in the integrated autocorrelation time. Still this is a small ⇡ 50%
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• Lattice simulation parameters, gauge coupling , quark 
masses   and  .


• Wilson line,  is a purely gluonic observable, whose 
expectation value at large T gives static potential in the 
lattice.


• Two infinitely heavy quarks at fixed positions,


•

β
mf N3

σ × Nτ

W(r, T)

W(r, T) ∼ exp[−V(r)ΔT + . . . . ]

Scale setting with static quark potential

V(r) ∼ lim
ΔT→∞

1
T

ln
W(r, T)

W(r, T + ΔT)

we can calculate the static quark–antiquark potential from the large-  behavior of the Wilson 
loop 

Δ



• The potential ansatz, V(r) = C +
B
r

+ σr −
λ
r

Coulomb term Linear term Corrections for 
lattice 

artefacts

Scale setting with static quark potential

−r2 ∂V(r)
∂r

r=r0

= 1.65 where, r0 ∼ 0.5 fm

−r2 ∂V(r)
∂r

r=r1

= 1.00

Phenomenological value, 
[quarkonium potential 

models]
Sommer parameter

We need a reference value of  in physical unitsr1

r1 = 0.3106 fm From MILC
HPQCD, , from bottonium splittingr1 = 0.3091 fm
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a
r1

=
c0 f(β) + c2(10/β)f3(β)

1 + d2(10/β)f 2(β)

f(β) = ( 10b0

β )
−b1/(2b2

0)

exp(−β/(20b0))

β = 10/g2

Renormalization group inspired ansatz,
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� r0/a r1/a r0/r1

5.900 1.909(11) 1.230(133) 1.552(168)

6.000 2.094(21) 1.386(80) 1.511(89)

6.050 2.194(22) 1.440(31) 1.524(36)

6.100 2.289(21) 1.522(30) 1.504(33)

6.195 2.531(24) 1.670(30) 1.516(31)

6.285 2.750(30) 1.822(30) 1.509(30)

6.341 2.939(11) 1.935(30) 1.519(24)

6.354 2.986(41) 1.959(30) 1.524(31)

6.423 3.189(22) 2.096(21) 1.522(18)

6.460 3.282(32) 2.165(20) 1.516(20)

6.488 3.395(31) 2.235(21) 1.519(20)

6.550 3.585(14) 2.369(21) 1.513(15)

6.608 3.774(20) 2.518(21) 1.499(15)

6.664 3.994(14) 2.644(23) 1.511(14)

6.740 4.293(32) 2.856(11) 1.503(13)

6.800 4.541(30) 3.025(22) 1.501(15)

6.880 4.959(28) 3.265(23) 1.519(14)

6.950 5.249(20) 3.485(22) 1.506(11)

7.030 5.691(32) 3.763(13) 1.512(10)

7.150 6.299(59) 4.212(42) 1.495(20)

7.280 7.140(53) 4.720(33) 1.513(15)

7.373 7.801(79) 5.172(34) 1.508(18)

7.596 9.443(237) 6.336(56) 1.490(40)

7.825 11.51(378) 7.690(58) 1.497(50)

Table IV: Values of r1 and r0 in lattice units for di↵erent �

square of the second derivative of the fit function in the
considered interval times a real parameter sm. We chose
the largest possible value of the smoothing parameter
sm = 0.7 that still gives an acceptable �

2
/dof = 1.13.

To estimate the uncertainties of the spline, we performed
a bootstrap analysis. In Fig. 13, we show the r1 scale
as a function of �, normalized by the asymptotic two-
loop beta function f(�). The errors are bootstrap errors.
The Allton-type fit and the smoothing spline fits give
very similar results as well as uncertainties.

To calculate the EoS, we also need the nonperturbative
beta function

R� = �a
d�

da
=

r1

a

✓
d(r1/a)

d�

◆�1

. (B7)

Figure 13 shows R� obtained from both the Allton-type
and smoothing-spline fits, together with bootstrap er-
rors. The fit and the splines agree within the errors. The
largest error in R� is about 3%. At su�ciently large �,
i.e., close to the continuum limit, R� is expected to be
given by its asymptotic two-loop form

R
2�loop
�

= 20b0 + 200b1/�. (B8)

The asymptotic limit is approached from below [22], as
with the p4 action. However, for the HISQ action, we
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Figure 13: The scale a/r1 normalized by the asymptotic two-
loop beta function (top) and the nonperturbative beta func-
tion, R� , (bottom) as a function of �, which has been derived
from this using Eq. (B7); the fit and spline interpolations are
also shown.

see that the deviations are at most 20% over the range
considered, compared with a factor of two deviation in
the case of the p4 action [22]. In our calculations of the
EoS we use R� obtained from the fit with the Allton-type
ansatz.
Finally, we compare the potential calculated at dif-

ferent �. To do so, we normalize it with an additive
constant. We do this by requiring that the potential
V (r1) = 0.2060/r1. This normalization condition is
equivalent to the one used in Ref. [5]. Here we choose
r1, because it has smaller errors on fine lattices. The
normalized potential in units of r1 is plotted in Fig. 14
against the tree-level improvement radius r ! rI , where
rI is the improved distance defined from the free lattice
gluon propagator [5]. Down to distances r = 0.2r1 or
r = 0.062fm, we find no significant dependence on the
lattice spacing within the estimated errors.
To cross check our determination of the lattice spac-

ing, we also calculated the scale w0, defined from the
gradient flow [41]. Our results for the w0 scale are shown
in Fig. 15 in units of r1. As above, for � < 6.423 the
value of r1 was estimated as r0/(r0/r1)cont. As one
can see from the figure, this ratio appears to scale as
a
2 for (a/r1)2 < 0.4, i.e., for � � 6.195. We per-
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Figure 12: The evolution of topological charge in Monte-Carlo time for � = 7.596 (left) and � = 7.825 (right). The top and
bottom panels correspond to two di↵erent streams for hybrid Monte-Carlo evolution.

ways. We improved significantly the statistical accu-
racy of the calculation of the static potential at the
highest beta values considered in Ref. [5], namely for
� = 6.88, 6.95, 7.03, 7.15 and 7.28. To them we added
calculations of the potential at � = 6.740, 7.373, 7.596,
and 7.825. As in our previous study, we used Coulomb
gauge fixing and calculated the potential from the cor-
relation of two Wilson lines of length ⌧ at distance R.
The potential is then obtained from the logarithm of
the ratio of two such correlators at neighboring ⌧ val-
ues. We fit this ratio to a constant plus a term that
decays exponentially in Euclidean time ⌧ in the interval
[⌧min : ⌧max]. We also studied the variation of the po-
tential due to di↵erent choices [⌧min : ⌧max] to estimate
possible systematic errors. To be specific, we used finally
[2:4], [3:7], [4:9], [3:9], [4:9], [4:10], [4:10], [5:8], and [6:11]
for � = 6.740, 6.88, 6.95, 7.03, 7.15, 7.28, 7.373, 7.596,
and 7.825, respectively.

The scales r0/a or r1/a are then determined by sepa-
rately fitting the resulting potential to a Coulomb-plus-
linear-plus-constant form in the r-intervals around the
values of r1 and r0, respectively. We vary the fit inter-
vals, and the variations in the extracted values of r1/a
and r0/a are used as estimates of systematic errors. In
most cases, the systematic errors are larger than the sta-
tistical ones. The statistical and systematic errors are
added in quadrature to estimate the total error for r0

and r1. The values r0/a, r1/a and their ratios r0/r1 de-
termined in this study as well as from Ref. [5] are given
in Table IV. As in our previous study, the ratio r0/r1

appears to be independent of � (lattice spacing) within
the estimated errors [5]. Accordingly, as before, we fit
the values of r0/r1 given in Table IV to a constant for
� � 6.423 and obtain

(r0/r1)cont = 1.5092± 0.0039, �
2
/dof = 0.22 . (B1)

This value agrees well with our previous estimate r0/r1 =
1.508(5) [5]. We also fit the ratio r0/r1 using only the

data for � � 6.664 and � � 6.608, obtaining r0/r1 =
1.5083(44) and r0/r1 = 1.5075(43) with similar �

2
/dof.

These values agree well with the one given in Eq. (B1).
Therefore we use Eq. (B1) as our final estimate for r0/r1.
To determine the lattice spacing as function of �, we

fit a/r1 to the Allton-type ansatz [58],

a

r1
=

c0f(�) + c2(10/�)f3(�)

1 + d2(10/�)f2(�)
, (B2)

f(�) =

✓
10b0
�

◆�b1/(2b
2
0)

exp(��/(20b0)) . (B3)

Here b0 and b1 are the well-known coe�cients of the
two-loop beta function, which for the three-flavor case
are b0 = 9/(16⇡2), b1 = 1/(4⇡4). At small �, the
parameter r1 is small in lattice units. Therefore, to
avoid possibly large discretization e↵ects, for � < 6.423,
where r0/a is more reliably determined, we use r1/a =
r0/a/(r0/r1)cont with (r0/r1)cont from Eq. (B1) (see dis-
cussions in Ref. [5]). The fit gives �2

/dof = 0.25 and

c0 = 43.1± 0.3 , (B4)

c2 = 343236± 41191 , (B5)

d2 = 5514± 755 . (B6)

The errors on the above fit parameters have also been
estimated using the bootstrap method which gives very
similar results. The di↵erences between the above
parametrization of r1/a and the previous one from
Ref. [5] are less than 0.2% for � < 6.8. For larger beta
values the di↵erences are larger but do not exceed 1.3%.
To convert all quantities to physical units, as in Ref. [5],
we use the value r1 = 0.3106 fm from [40].
To test the uncertainty in the scale parametrization,

we also fit the data for a/r1 to the asymptotic form f(�)
times a smoothing spline. The smoothing spline is de-
termined by minimizing the �

2 plus the integral of the



(r1 fK)cont =
0.3106 fm ⋅ 156.1/ 2 MeV

197.3 fm ⋅ MeV
≃ 0.1738.

,  ??Tpc = 156.5(1.5) MeV Tc ∼ 132 MeV
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FIG. 1. Di!erence in temperature scales obtained from calculations of r1 and fK at values of the cut-o! relevant for the
temperature range explored in the calculation of quark number susceptibilities.
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FIG. 2. Net baryon number fluctuations versus temperature. The left hand figure shows results using the potential shape
parameter r1 to set the scale for the temperature. The right hand figure shows the same data using fK to set the scale. Also
shown are the results obtain from the HRG model and the infinite temperature ideal gas limit (solid lines).

As noted in [27], we also find that in the study of charge fluctuations it is advantageous to use the fK scale as it
absorbs a significant fraction of the cut-o! e!ects, i.e., the cut-o! e!ects are similar and cancel to a large extent in
the ratio of hadron masses and temperature, M/T . However, it should be stressed that any one observable (r1 or
fK) cannot eliminate cut-o! e!ects in all observables equally well. We elaborate on this point in more detail in the
appendix.

IV. FLUCTUATIONS

A. Fluctuations in baryon number, strangeness, and electric charge

We start our discussion of the fluctuations of baryon number, strangeness and electric charge by summarizing
the data obtained on lattices with temporal extent N! = 6, 8 and 12 in Tables II, III and IV and discussing their
scaling behavior. The continuum extrapolation and comparison to the HRG model as well as the asymptotic high
temperature ideal gas results are discussed in detail in the next subsection.
Figure 2 shows results for the baryon number susceptibility with the temperature scale set using r1 (left hand

panel) and fK (right hand panel). In both cases, we show the results from the HRG model including all resonances
with mass MH ! 2.5 GeV. The noticeable di!erences between the left and right hand panels of Fig. 2 are due to
setting of the temperature scale and we find that the cut-o! e!ects are smaller when a scale based on fK is used. As
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fK) cannot eliminate cut-o! e!ects in all observables equally well. We elaborate on this point in more detail in the
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IV. FLUCTUATIONS

A. Fluctuations in baryon number, strangeness, and electric charge

We start our discussion of the fluctuations of baryon number, strangeness and electric charge by summarizing
the data obtained on lattices with temporal extent N! = 6, 8 and 12 in Tables II, III and IV and discussing their
scaling behavior. The continuum extrapolation and comparison to the HRG model as well as the asymptotic high
temperature ideal gas results are discussed in detail in the next subsection.
Figure 2 shows results for the baryon number susceptibility with the temperature scale set using r1 (left hand

panel) and fK (right hand panel). In both cases, we show the results from the HRG model including all resonances
with mass MH ! 2.5 GeV. The noticeable di!erences between the left and right hand panels of Fig. 2 are due to
setting of the temperature scale and we find that the cut-o! e!ects are smaller when a scale based on fK is used. As

P =
X

H

g

2⇡2
T 2m2

H

1X

n=1

(�⌘)n+1

n2
K2

✓
nmH

T

◆
exp[n~µ · ~c/T ]

µ = (µB , µQ, µS), c = (B,Q, S)

<latexit sha1_base64="5gdZUnnpEvjjfF5baN3F8NJA7is="></latexit>

∼ e−
mH

/T

 is from PDG while  is from Lattice!!  Although, in the continuum limit  they should be 
in same scale!!

mH T



Static Potential discussions
Cornell type potential,

V(r) ∼ V0 − K/r When, r small

V(r) ∼ V′ 0 + σr When, r large

At large distances,  measurement of  is effectively measure of  i.e. the string 
tension, .

V(r) σ
σ ∼ 400 MeV2

In lattice gauge theory weak coupling expansion, i.e. expansion in bare 
coupling  , generates the Coulomb type potential from the PT and a two 

loop beta function,
g0

f(β) = ( 10b0

β )
−b1/(2b2

0)

exp(−β/(20b0))

This is related to asymptotic freedom!!

This is related to Confinement!!

In strong coupling expansion  , potential is linearly confining , ∼ 1/g2
0

V(r) ∼ σr

Lattice QCD text books : H. Rothe ; J. Smit ; Gattringer and Lang 



5.7 Coulomb phase, confinement phase 137

Fig. 5.19. Phase diagram of the compact U(1) gauge theory (a) and the SU(n)
gauge theory, n = 2, 3 (b).

Maxwell theory. The physics of the compact U(1) theory is clearly
di!erent in the weak- and strong-coupling regions. This can be un-
derstood from the fact that there is a phase transition as a function
of the bare coupling constant (figure 5.19). One speaks of a Coulomb
phase at weak coupling and a confining phase at strong coupling. In
the Coulomb phase the static potential has the standard Coulomb form
V = !g2

R/4!r+constant, whereas in the confinement phase the potential
is linearly confining at large distances, V " "r. There is a phase
transition at a critical coupling #c # 1/g2

c " 1.01, at which the string
tension "(#) vanishes; see for example [95].

The Wilson loop serves as an order field in pure gauge theories.
Consider a rectangular r$ t Wilson loop C, with perimeter P = 2(r+ t)
and area A = rt. When the loop size is scaled up to infinity, the dominant
behavior is a decay according to a perimeter law or an area law:

W (C) % e!!P , Coulomb phase, (5.109)
W (C) % e!"A, confinement phase. (5.110)

Here $ may be interpreted as the self-energy of a particle tracing out
the path C in (Euclidean) space–time, and " is the string tension
experienced by a particle.

There is no phase transition in the SU(2) and SU(3) models with
the standard plaquette action in the fundamental representation in the
whole region 0 < # < & (# = 2n/g2). This conclusion is based primarily
on numerical evidence (see e.g. the collection of articles in [5]) and it
is also supported by analytic mean-field calculations (see e.g. [6] for a
review). The absence of a phase transition, combined with confinement
at strong coupling, may be interpreted as evidence for confinement also
in the weak-coupling region.
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U(1)
Phase diagram of Lattice,

SU(N)

Based on numerical studies,  in  theory it is found that at some critical coupling , 
 , string tension, .

U(1)
1/gc σ ∼ 0

No such thing for  gauge theories.   SU(N )

Phase diagram of Lattice,

V(r) ∼ V0 − K/r + σr

Confinement for all energies?? Asymptotic freedom at very high energies ??  

Further reading : Erhard Seiler, hep-th/0312015, “The Case against asymptotic freedom”



 We discussed three scales!!r0, r1 and fk
There are other scales from Wilson flow  and hadron masses as well!!(t0, w0)



Thank You
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