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Why µ ̸= 0?

µ introduces an inbalance between q and q̄.

Quark number density:

nq =
T

V

∂ logZ(µ, T )

∂µ
.

Study of (dense) baryonic matter. Examples:

Quark-Gluon Plasma (RHIC).

Neutron stars.

QCD phase diagram.
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QCD phase diagram

Figure: Conjectured QCD phase diagram [1].
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Introduction of µ on the lattice

Goal: introduce on the lattice a term

µψ̄(x)γ4ψ(x).

Linear way:

Dfree(n|m,µ) =
4∑

j=1

γj
δn+ĵ,m − δn−ĵ,m

2a
+mδnm + µγ4δnm.

Divergence in the energy density appears:

ϵ(µ)− ϵ(0) ∝
(µ
a

)2 a→0−−−→ ∞.



Introduction µ on the lattice Propagator matrix Applications of P

Introduction of µ on the lattice

Goal: introduce on the lattice a term

µψ̄(x)γ4ψ(x).

Linear way:

Dfree(n|m,µ) =
4∑

j=1

γj
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Alternative approach: (a la Hasenfratz-Karsch [2])
Like the QED interaction term :

• QED: igψ̄(x)ψAνγ
ν(x).

• µ term: igψ̄(x)ψAext.
ν γν(x)δν,4.

with Aext.
4 = −iaµ/g.

Appears in the temporal term:

Dfree(n|m,µ) =
3∑

j=1

γj
δn+ĵ,m − δn−ĵ,m

2a

+γ4
eµδn+ĵ,m − e−µδn−ĵ,m

2a
+mδnm.

From now on µ ≡ µa.
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Sign problem

Another problem appears:

γ5D(µ)γ5 = D†(−µ).

D(µ) is not γ5-hermitian ⇒ det(D(µ)) ∈ C.
Several consequences:

e−SG det(D) is not a probability distribution.
Oscillations.

Possible approaches:

Imaginary µ: µim = iµ with µ ∈ R.

Reweighting
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Dirac operator determinant

Measurement:

⟨O⟩ =
∫
DUe−SG det(M(µ))O∫
DUe−SG det(M(µ))

Need field configuration with probability distribution
e−iSG det(M) ⇒ need to evaluate det(M).

But dim(M) = 4NcN
3
sNt.

We can evaluate it stochastically, e.g. pseudofermions:

det[DD†] ∝
∫

D[ϕR]D[ϕI ]e
−ϕ†(DD†)−1ϕ

with ϕ = ϕR + iϕI .

Exact calculation ⇒ different strategies, e.g., propagator
matrix.
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Staggered formulation

Staggered formulation:

Dstag.(n|m,µ) =
3∑

j=1

ηj
Uj(n)δn+ĵ,m − U−j(n)δn−ĵ,m

2a︸ ︷︷ ︸
≡D

(3)
stag.

+η4
eµaU4(n)δn+ĵ,m − e−µaU−4(n)δn−ĵ,m

2a

M = Dstag. +m

Definitions:

Bi = η4(D
(3) +m)|t=i

UNt−1 = U4

∣∣
t=Nt−1
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Propagator matrix derivation

The derivation is in [3] with a missing factor of 3 in final
exponential!

Axial (temporal) gauge: Ut(n) = 1 ∀t ̸= Nt − 1.

Take µ to the last time slice.

We get det(M) =

det



B0 1 0 . . . U †
Nt−1e

−µNt

−1 B1 1
. . . 0

0
. . .

. . .
. . .

...
...

. . . −1 BNt−2 1
−UNt−1e

µNt 0 . . . −1 BNt−1
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Propagator matrix derivation

Multiply by UNt−1e
Ntµ last column: det(M) = e−3VsNtµ×

×det



B0 1 0 . . . U †
Nt−1e

−iµNt

−1 B1 1
. . . 0

0
. . .

. . .
. . .

...
...

. . . −1 BNt−2 1
−UNt−1e

iµNt 0 . . . −1 BNt−1


with Vs = NxNyNz spatial (dimensionless) volume.
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Propagator matrix derivation

Multiply from the left by:

1 B0 0 . . .

0 1 0
. . .

0 0 1 B2 0 . . .
0 0 0 1 0 . . .

. . .
. . .

0 0 0 0 0 1 BNt−2

0 0 0 0 0 0 1
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Propagator matrix derivation

Permuting so the first column is the last: det(M) =

e−3VsNtµ det


Ω01 0 0
−1 Ω23 0 1
0 −1 Ω45
...

. . . −1
. . .

0 0 0 −1 ΩNt−2,Nt−1UNt−1e
Nt


with

Ωi,j+1 =

(
BjBj+1 + 1 Bj

Bj+1 1

)
=

(
Bj 1
1 0

)(
Bj+1 1
1 0

)



Introduction µ on the lattice Propagator matrix Applications of P

Propagator matrix derivation

This determinant is easily calculable:

det(M) = e3NtVsµ det(P − e−Ntµ)

with P the propagator/reduced matrix:

P = −

 Nt−2∏
j=0,2,4

Ωi,j+1

UNt−1

= −

Nt−1∏
j=0

(
Bj 1
1 0

)UNt−1.

Then:

det(M) = e3NtVsµ
6Vs∏
i=1

(ξi − e−Ntµ).
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Properties of P

Advantages:

Reduced matrix dimension → 6N3
s .

Independent of µ.

Nice properties.

Properties (See [4]):

detP = 1.

ξ eigenvalue of P ⇒ 1/ξ∗ eigenvalue of P .
Symmetry respect to the unit circle.∏

i ξi with |ξi| < 1 is real positive.

Eigenvalues of P are not in the unit circle.
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Reweighting

Allows to determine Z(T ′, µ′) from results evaluated at
another T, µ:

Z(T ′, µ′) = Z(T, µ)

〈
e−SG[T ′,µ′] det[M(µ′, U)]

e−SG[T,µ′] det[M(µ,U)]

〉
T,µ

Require to evaluate det(M(µ)) exactly ⇒ Propagator matrix.

Fodor, Katz [5]: µ = 0, T = Tc → explore QCD critical point.



Introduction µ on the lattice Propagator matrix Applications of P

Figure: Study of the QCD critical point [5].
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Lee-Yang zeros

Lee-Yang zeros : Z = 0 ⇒ lnZ → −∞: phase transitions.

These can be related with the propagator matrix.

0 =
Z(µ)

Z(0)
=

〈
det[M(µ)]

det[M(0)]

〉
µ=0

= e3NtVsµ

〈
6Vs∏
i=1

ξi − e−Ntµ

ξi − 1

〉
µ=0

.

For µim, look for the zeros and check the behaviour with 1/V .

If in V → ∞ there is a zero in µ ∈ R ⇒ endpoint.

Rooting is a technical problem here.
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Figure: Behaviour of Im µ of the YL zeros with 1/V [4].
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Canonical partition functions

For µim, fugacity expansion:

Z(T, µ) =

lmax∑
n=−lmax

eiµn/TZn(T )

where n quark number, z = eiµ/T fugacity. Coefficients:

Zn(T ) =
1

2π

∫ π

−π
d(µ/T )e−iµn/TZ(T, iµ)
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Hadron masses

The Zn can be associated with the ξ’s:

Zn(T ) = Z(0) ·

〈
1

2π

∫ π

−π
d(µ/T )e−iµn/T

(
detM(iµ)

detM(0)

)1/4〉
.

They can be related with the masses of particles

Fn1,...,nf
= −T lnZn1,...,nf

m
n1,...,nf

0 = lim
T→0

Fn1,...,nf
− F0,...,0

so they can be used for studying meson and baryon masses [6]:

amπ = lim
Lt→∞

− 1

Lt
ln

〈
N2

t

64

∣∣∣∣∣
3V∑
k=1

ξk

∣∣∣2〉.
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Conclusions

Introducing µ on the lattice creates some technical problems,
e.g., the sign problem.

The propagator matrix is an exact and µ-independent way of
dealing with the fermion determinant.

Several applications to finite density QCD, e.g.:

Reweighting.

Lee-Yang zeros.

Meson/Baryon masses.
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