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WHY SCATTERING?

• Scattering processes are import for nuclear reactions;

• In the last decades, experiments measured spectra of plenty of
hadrons;

• Most hadrons in nature are unstable under strong interactions;

• Nuclear reactions in the core of stars (Sun, neutron stars, super
novae explosions, etc.).

We want to have a first principles way of studying nuclear reactions
(lattice QCD!).
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Scattering in Quantum
Mechanics
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SCATTERING IN NON-RELATIVISTIC QM

Schrödinger equation:

Ψ(r, t) = ψ(r)eiEt/ℏ
[
− ℏ2

2m
∇2 + V(r)

]
ψ(r) = Eψ(r)

Solution far from the scattering radius R:

ψ(r) ∝ eikx + f (θ, ϕ)
eikr

r

f (θ, ϕ) is called scattering amplitude.

dσ
dΩ

= |f (θ, ϕ)|2 σtot =
4π
k

Im f (0)
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THE SCATTERING AMPLITUDE

M =
1

4π

∑
l

Pl(cos θ(p∗))Ml

S (l = 0), P (l = 1), D (l = 2) waves, etc.

where the Ml satisfy:

Im
1
Ml

= − 1
16π

2p∗

E∗ Θ(E∗ − (m1 + m2)) (Unitarity condition)

Can finite-volume quantities be related to (infinite-volume) scattering
amplitudes?
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LÜSCHER’S QUANTIZATION CONDITION

2 particles in 1D QM with a scattering potential Lüscher

1986

p =
2πn

L
+

2δ0

L
, n ∈ Z

For a system of 2 bosons with zero CM momentumn Lüscher 1991:

det
[
F−1(En;L) +M

]
= 0

• F is a sparse finite-volume matrix
• M contains the infinite-volume scattering amplitudes
• the det is taken over (l,m)

• If L > R the spectrum is determined by the scattering phases at
these energies.

Spectrum (lattice QCD) −→ scattering amplitudes
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Why scattering (from LQCD)? Scattering in Quantum Mechanics Lüscher’s formalism Lattice simulations (for few-body physics) Challenges in the n-body sector (n > 2) Summary & Discussions References
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LÜSCHER’S QUANTIZATION CONDITION

The finite-volume object F (for a single channel)

Flm;l′m′ =

[
1
L3

∑
k

−
∫

dk
(2π)3

]
4πYlm(k̂

∗)Y∗
l′m′(k̂

∗
)

2ωk2ωPk(E − ωk − ωPk + iϵ)

(
k∗

q∗

)l+l′

For elastic scattering of spinless particles with P = 2πn/L

Flm;l′m′ =
2iq∗

16πE∗

δll′δmm′ +
i

γπ3/2

∑
l̄,m̄

vlm̄lm̄l′m′

(
q∗L
2π

)−(̄l+1)

Zn
l̄m̄

(
1;
(

q∗L
2π

)2
)

Zn
l̄m̄ is the so-called Luscher zeta function.

det




F00 F01 . . .

F10 F11 . . .
...

...
. . .


−1

+


MS MSD

MDS MD . . .
...

...
. . .


 = 0
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HADRONS ON THE LATTICE

b: lattice spacing.

− 1
R

= lim
p→0

p cot δ(p)

• There are two scales: L and R. For hadrons, we typically need
mπL ≫ 1;

• Typical volume corrections ∼ e−mπL.

7
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SPECTRA FROM LQCD

From lattice QCD

⟨ O ⟩ = 1
Z

∫
DU O detM(U)e−Sg[Ū]

In order to construct multi-particle correlation functions, we need the
right quantum numbers.

π± : I = 1 Iz = ±1 Q = ±1 P = −1

u : I =
1
2

Iz =
1
2

Q =
2
3

d : I =
1
2

Iz = −1
2

Q = −1
3

Oπ+ = d̄γ5u Oπ− = ūγ5d Oπ0 =
1√
2
(ūγ5u − d̄γ5d)

For instance ⟨ Oπ−Oπ+ ⟩ = Wick contractions...

8
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Lattice simulations (for
few-body physics)
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LQCD SIMULATIONS: BINDING ENERGIES

Figure 1: Binding energy of light nuclei and hyper nuclei. Nf = 3, using
clover discretization and three lattice volumes L ∼ 3.4 fm, 4.5 fm and 6.7 fm.
Plot from Beane, Chang, S. D. Cohen, et al. 2013.
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LQCD SIMULATIONS: PHASE SHIFTS

Figure 2: Isospin-1, P-wave ππ elastic scattering phase shift and
Breit-Wigner parametrization for mπ = 391 MeV. Plot from Dudek et al. 2013.

Although at unphysical quark masses!
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LQCD SIMULATIONS: PHASE SHIFTS

Figure 3: Left plot Dudek et al. 2012: I = 2 ππ elastic S-wave (red) and
D-wave (blue) scattering phase shift (for mπ = 396 MeV). Shown in grey the
experimental data. Right plot Beane, Chang, Detmold, et al. 2012: same process,
but only l = 0.

Experimental data from Hoogland et al. 1977, D. Cohen et al. 1973, Zieminski

et al. 1974 and Durusoy et al. 1973.
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LQCD SIMULATIONS: FORM FACTORS

Figure 4: Upper panels: Scattering phases together with the fits to the GS
form. Lower panels: Modulus of the pion form factor together with the
GS-model curves (blue dashed) and the fits to (red solid). Plots from Feng

et al. 2015. 12
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Challenges in the n-body sector
(n > 2)
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CHALLENGES IN THE n-BODY SECTOR (n > 2)

• Too many Wick contractions (∼ nu!nd!ns)

• Noisy operators;
• In the 3-body sector, the quantization condition is not algebraic

(an integral eq. needs to be solved)
• One needs to generalize Lüscher’s formalism.

State-of-art in the 3-body sector:

• Spinless particles
• Identical particles

13
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DEVELOPMENTS

• Generalization for non-zero p Rummukainen and Gottlieb 1995;

• 1 → 2 processes above the kinematic threshold (ex.: K → ππ)
Lellouch and Lüscher 2001;

• Spin 0 particle + spin 1/2 particle (pion-nucleon) Göckeler et al.

2012;

• 2-nucleon systems with general S, I and p Briceño, Davoudi, and T. Luu

2013;

• Multiple-channel processes Hansen and Sharpe 2012.

In the most general case of detj[F−1 +M] = 0:

j = {l,ml, J,mJ, channels, flavors, ...}
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Why scattering (from LQCD)? Scattering in Quantum Mechanics Lüscher’s formalism Lattice simulations (for few-body physics) Challenges in the n-body sector (n > 2) Summary & Discussions References

DEVELOPMENTS

• Generalization for non-zero p Rummukainen and Gottlieb 1995;

• 1 → 2 processes above the kinematic threshold (ex.: K → ππ)
Lellouch and Lüscher 2001;
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Why scattering (from LQCD)? Scattering in Quantum Mechanics Lüscher’s formalism Lattice simulations (for few-body physics) Challenges in the n-body sector (n > 2) Summary & Discussions References

DEVELOPMENTS (LABELS: ✓ UNDER CONTROL ! PROGRESS MADE ? NOT WELL DEVELOPED)

• Formalism and
systematics (✓)

• Code development (✓)

• Formalism and
systematics (✓)

• Code development (✓)

• Formalism and
systematics (!)

• Code development (!)

• Formalism and
systematics (!)

• Code development (!)

• Formalism and
systematics (!)

• Code development (!)

• Formalism and
systematics (!)

• Code development (?)

• Formalism and
systematics (✓)

• Code development (✓)

• Formalism and
systematics (?)

• Code development (?)

From a talk by Raul

Briceno at the Institute for
Nuclear Theory, Seattle,
2014

15

https://www.youtube.com/watch?v=d4GjpCqrQuw
https://www.youtube.com/watch?v=d4GjpCqrQuw
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SUMMARY & DISCUSSIONS

Summary

1. Lattice QCD for nuclear physics is a
tough problem!

2. We can extract infinite volume
scattering amplitudes and phase
shifts from finite volume spectra
using Lüscher’s formalism.

det
[
F−1(P,En; L) +M(En)

]
= 0

3. For most cases, volume corrections
are suppressed ∼ e−mπL (a → 0 and
V → ∞)

4. The field is still restricted to very
few-body interactions

(Dean’s) Questions

• Luscher’s formalism
at finite
temperature?

• Best fermion actions
for scattering? (Wilson?

Domain wall? staggered?)

• Other methods for
scattering from
LQCD? (The potential method

Aoki, Hatsuda, and Ishii

2010)

16
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Why scattering (from LQCD)? Scattering in Quantum Mechanics Lüscher’s formalism Lattice simulations (for few-body physics) Challenges in the n-body sector (n > 2) Summary & Discussions References

SUMMARY & DISCUSSIONS

Summary

1. Lattice QCD for nuclear physics is a
tough problem!

2. We can extract infinite volume
scattering amplitudes and phase
shifts from finite volume spectra
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