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Tracy-Widom's law

Largest eigenvalue of random hermitian matrix models

@ Non-colliding processes

Longest increasing subsequence

e Random tilings (Aztec diamond & Hexagone)

KPZ equation (with Jg initial condition)



Tracy-Widom's law

@ Tracy-Widom's law: law of the largest particle of the
determinantal point process on R with kernel

Ai(x)AY (y) — Ai(y)Al'(x)
X =y

Kai(x,y) =

o If X ~ Tracy-Widom, then for any s € R,
P(X <'s) =det(/ — KAi)LZ(s,oo)-

It can be expressed in terms of a solution of Painlevé Il
equation [Tracy-Widom '94]



The matrix model

Complex correlated Wishart matrix:

1
Wy = - GEG*
N='N

where

G : N x n matrix with independent N¢(0,1) entries

X : n x n symmetric positive definite matrix (determinist)

Asymptotic regime: n, N — oo and n/N — ~ € (0, c0).
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Non-correlated case: X =/,

Complex Wishart matrix: Wy = % GG*

where G : N x n matrix with independent N(0,1) entries

Example: N =400, n = 1000 (y > 1)
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Maréenko-Pastur law
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Non-correlated case: X =/,

@ [Johansson '00]

max. eigenvalue ~ %+ 7 Tracy-Widom

e [Borodin-Forrester '03]

g

min. eigenvalue ~ o — e

Tracy-Widom



Non-correlated case: X =/,

Complex Wishart matrix: Wy = % GG*

where G : N x n matrix with independent N(0,1) entries

Example: N = 1000, n =300 (y < 1)
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Non-correlated case: X =/,

Complex Wishart matrix: Wy = % GG*

where G : N x n matrix with independent N(0,1) entries

Example: N = 1000, n = 1000 (v = 1)
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Non-correlated case: X =/,

Complex Wishart matrix: Wy = % GG*

where G : N x n matrix with independent N(0,1) entries
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15

1.0

Density

0.5
!

0 1 2 3

N -
6]

Eigenvalues



Non-correlated case: X =/,

@ When v = 1, the Maréenko-Pastur law reads

1 /4—x

oV x

o [Forrester '93] If n = N + o with o € Z fixed then

. . o
min. eigenvalue ~ — Bessel(«
N2



Bessel(«)

@ Bessel(a): law of the smallest particle of the determinantal point
process on R with kernel

o Ja(\/;()\/y-ja(\/y) — Ja(\/y/)\/}-jclx(\/;)
KBe(a)(va) - 2(x—y)

@ If X ~ Bessel(a), then for any s > 0,
P(X > s) = det(/ — Ke(a))12(0,5)

and it can be represented in terms of a solution of Painlevé IlI
equation [Tracy-Widom '94]



2 = |, + finite rank perturbation

Finite rank perturbation [Baik-Ben Arous-Péché '05]:
Y =diag(1, ... ,1,1+¢).
———
n—1
Example: N =400, n = 1000, e = 3

Density
0.0 0.1 0.2 03 04

Eigenvalues



2 = |, + finite rank perturbation

Finite rank perturbation [Baik-Ben Arous-Péché '05]:
Y =diag(1,...,1,1+4¢).
1
e

Fact: Same global behavior. But,
@ When € < g4t

max. eigenvalue ~ %+ N2/3 Tracy-Widom

@ When € = e4t,

max. eigenvalue ~ %+ N2/3 deformed TW

@ When € > e4t,

max. eigenvalue ~ Gaussian

(o
jump T N7

where Bjymp > % = outlier



General X with (positive) eigenvalues A\ < -+ < A,. Assume
1 < . _ .
- Oy, —— v and 0<IlimA; <limA, < 400
n 7 N—oo

J=1



General X with (positive) eigenvalues A\ < -+ < A,. Assume

1 * . —
- Oy, —— v and 0<IlimA; <limA, < 400
7 N—oo

n

Jj=1

Example: N = 1000, n =100, v = 141 + 1 53

0.08
I

Density
0.04
|

0.00
I

Eigenvalues



General X with (positive) eigenvalues A\; < -+ < A\,. Assume
1 . . —
- 0y, —— v and 0<IlimA; <limA, < 400
n 4 1 7 N—oo
J:

Global asymptotics [Martenko-Pastur '67]:

The eigenvalue distribution of Wy has a limit p.

The Stieltjes transform of y satisfies a fixed point equation

1 only depends on v and
- 1= (1—=7)+00 + p(x)dx
Support(u) is compact but may not be connected



[El Karoui '07, Onatski '08]

If the rightmost edge % is regular and there is no outliers,

max. eigenvalue ~ %+ # Tracy-Widom

Remark: [Silverstein-Choi '95]

P regular = p(x) ~ (B — x)/? as x — B_



[Hachem-H.-Najim '16] (x1 < -+ < xp eigenvalues of Wy)

For any regular right edge &,

@ There exists a deterministic sequence ®(/N) such that a.s.
Xo(n) = & lim xo(py41 > &

@ Moreover,
o

N2/ Tracy-Widom

Xo(N) = &+

Similar results for any regular positive left edge.




[Hachem-H.-Najim "16]

@ The leftmost edge is the origin iff v =1, and in this case

p(x) ~ |x|71/? as x — 04

o If n= N+ o with o € Z fixed then

L o
min. eigenvalue ~ e Bessel(«)



[Hachem-H.-Najim "16]

@ The leftmost edge is the origin iff v =1, and in this case

p(x) ~ |x|71/? as x — 04

o If n= N+ o with o € Z fixed then

L o
min. eigenvalue ~ e Bessel(«)

Moreover, if
Fo(s) := P(Bessel(a) > s) = det(/ — Kge(a))12(0,5)

then for any s > 0,

) . g Cn d 1
P(min. eigenvalue > SW) = Fua(s) + NQSEF‘X(S) + O(m)

where cy is explicit and of order one.



[Hachem-H.-Najim '16]

@ Given any finite family of positive regular edges, the associated
Tracy-Widom fluctuations are asymptotically independent



[Hachem-H.-Najim '16]

@ Given any finite family of positive regular edges, the associated
Tracy-Widom fluctuations are asymptotically independent

@ Convergence and fluctuations for the condition number:
- When 7 > 1, if the leftmost edge &7 and the rightmost edge

A are regular, then

Xmax
=~ 7 TN\ o

RN =

1 /
% (U w4+ 22 ‘?TW’)
Xmin
- When n= N + o with o fixed,

fmax N2 1
" o Bessel(a)

RN =
Xmin



[Hachem-H.-Najim '16]

Let € be an interior point such that p(%) = 0 which is regular

@ The density behaves like a cusp:
p(x) ~ |x —€|*/3 as x = €

@ Under an extra decay assumption,

. locall .
N3/4<e|genvalues —‘5) R AN Pearcey point process

N—o0



@ Pearcey point process: determinantal point process on R with kernel

K o) = I =) £ ) reledul)

where ¢ and 1) are the Pearcey functions satisfying the differential
equations

¢"(x) = 7¢'(x) + x8(x) =0, V" (y) =Y (y) — yi(y) =0

@ The gap probabilities
det(/ — Kpe(r))12(s,1)

satisfy PDEs [Tracy-Widom '06, Bertola-Cafasso '12,
Adler-Cafasso-van Moerbeke '12]



Beyond the Gaussian case?

Recall

1
Wy = - GEG*
N='N

where

G : N x n matrix with independent N (0,1) entries
Y . n X n symmetric positive definite matrix

Local law [Knowles-Yin '14]: One can drop the Gaussian
assumption and still have independent Tracy-Widom fluctuations



A glimpse of the proof for Tracy-Widom

e Determinantal structure [Baik-Ben Arous-Péché '05] +
Exact separation [Bai-Silverstein '98]

— Repartition function ~ Fredholm determinant,

N2/3
P(T(Xq;(l\[) - g) < S) == det (l - KN)L2(576N2/3) + 0(1)

— Enough to prove the convergence

KN —_— KA,'
N—oo

in trace class topology



A glimpse of the proof for Tracy-Widom

Contour integral representation for Ky's kernel

Kn(x,y) = 2I7T j{dz?{dwFnyzw)

where
Fn(x,y;z,w) = eNF@FW) o Nice(x, y; z, w)
with

f(z) = linear + log(z) — — Z log(1

Steepest descent: Look for cr|t|cal/saddle points 0y satisfying

f/(DN) = f”(DN) =0



A glimpse of the proof for Tracy-Widom

Asymptotic analysis as N — oo for
Ky(x,y) = 2/7T %dz}{dwFnyzw)

@ Local analysis around critical point 0y = Airy kernel
- Saddle point of order two, (almost) routine computation

@ The remaining of the integral is negligible
- Existence of appropriate analytic deformation of I and ©



A glimpse of the proof for Tracy-Widom

Asymptotic analysis as N — oo for

1
Kn(x,y) = i)’ ?{dzy{adw Fn(x,y;z,w)

Ores

\\J petit rayon




A glimpse of the proof for Tracy-Widom

Existence of the steepest descent contours?

Non-constructive proof based on the
maximum principle for subharmonic functions



When universality breaks down?

What if an edge & is not regular?

o [Easy case] A finite number of poles 1/\;'s collapse on the
critical point 0y = fluctuations are described by the deformed
Tracy-Widom distribution of Baik-Ben Arous-Péché

e [Mysterious case] Infinite number of poles collapse onto dp?

Similar situations:

- Additive perturbations of GUE matrices [Capitaine-Péché '16]

- Random patterns on the Gelfand-Tsetlin cone [Duse-Metcalfe '15]



Thank you for your attention!
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