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The group SL(2,R) and the Iwasawa representation

a b
M= (c d) € SL(2,R)
with

a b, c,deR & ad — bc =1

3 independent real parameters
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The group SL(2,R) and the Iwasawa representation

a b
M= (c d) € SL(2,R)
with

a b, c,deR & ad — bc =1

3 independent real parameters

lwasawa :

M— cosf) —sind\ (e” O 1 u
~ \'sinf cosf 0 e")\0o 1
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The group SL(2,R) and the Iwasawa representation

M= (2 P) csLer
(29 (2.R)

with
a b, c,deR & ad — bc =1

3 independent real parameters
Iwasawa :

M— cosf) —sind\ (e” O 1 u
~\sind cosf)\ 0 e"/\0 1

Physical models :

pointlike impurities and quantum localisation

A.Comtet, CT & Y.Tourigny, J.Stat.Phys. 140 (2010)
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0 Introduction
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Main question :

M;, My, --- :asetof i.i.d random matrices € SL(2, R)

My =My --- My M,

Given a measure u(dM) on SL(2,R),
what is the Lyapunov exponent
In {[M]l

~v = lim ?
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My =My - M M, — random walk in SL(2,R)

Diffusion in the group is complicated !

SL(2,R) is non compact — No stationary distribution...
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My =My - M M, — random walk in SL(2,R)

Diffusion in the group is complicated !

SL(2,R) is non compact — No stationary distribution...

!

Work in projective space = 3 limit law
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Projective space and Riccati variable

R? — R =RU oo (projective space)

vector (;) — direction z=x/y

a b az+b
M_<c d) — M=y
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Stationary distribution f(z)

X X X
Random product : ””) =n < °> = M,N < 0)
produ <Yn+1 i Yo T\ yo

Random sequence : z,.1 = Mp(z,)
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Stationary distribution f(z)

X X X
Random product : ””) =n < °> = M,N < 0)
produ <Yn+1 i Yo T\ yo

Random sequence : z,.1 = Mp(z,)

fn+1(z)
=20, = (02 = Mz, = (B (M7(2) 52
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Stationary distribution f(z)

X X X
Random product : ””) =n < °> = M,N < 0)
produ <Yn+1 i Yo T\ yo

Random sequence : z,.1 = Mp(z,)

fo1(2)
—

=20 = 002 = Moz, = (0 (7' (2) S )

Furstenberg theorem : f,(z) — f(z) (stationary distribution)

n—oo

‘ 1
f(z) = / u(@M) (M (2)) B i a1z = et
SL(2,R) dz
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Stationary distribution f(z)

X X X
Random product : ””) =n < °> = M,N < °>
p <}/n+1 n+1 Yo nltln Yo

Random sequence : z,.1 = Mp(z,)

fn+1(z)
=20, = (02 = Mz, = (B (M7(2) 52

Furstenberg theorem : f,(z) — f(z) (stationary distribution)

n—oo

‘ 1
f(z) = / u(@M) (M (2)) B i a1z = et
SL(2,R) dz

Furstenberg formula : HM( ) H
. dM) In

”:Jl‘lom”r/[\? Mall /d f(z )/SL(Z)R;;( ) In H(1)H
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Stationary distribution f(z)

X X X
Random product : ””) =n < °> = M,N < °>
produ <}’n+1 i Yo T\ yo

Random sequence : z,.1 = Mp(z,)

fn+1(z)
=20, = (02 = Mz, = (B (M7(2) 52

Furstenberg theorem : f,(z) — f(z) (stationary distribution)

n—oo

‘ 1
f(z) = / u(@M) (M (2)) B i a1z = et
SL(2,R) dz

Furstenberg formula :
M
n . m @)l
v = lim I [1 11, Mall /d f(z )/ p(dM) In
N—o0 N SL(2,R) H ( ) H
1
*** STILL DIFFICULT ! ***




e Lyapunov exponent in the continuum limit
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Continuum limit & Infinitesimal generators

VM, € SL(2,R), My =K(6) A(wn) N(up)

Iwasawa decomposition

Continuum limit :

Consider My = My - - - My with

]M :12+9an+WnFA+unFN\

0 -1 1 0 0 1
rK:<1 0)’ rA:(o —1)’ r”f(o o)
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Randomness

p(dM) < P60, w,u) "™ Gaussian

limit

1) averages :

2) covariances :

Dgs  Dow Dyy
D= DWW Dwu

DUU
Da» = (ab) — (a) (b) ~ (ab)
where
{a, be {0, w, u}

Disorder — 9 parameters
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A remark about the continuum limit

| M beyond cont. lim.
Y= lim W = f(§’W7 7D997D9Wa"' aDWUa/:/'S)
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A remark about the continuum limit

| M beyond cont. lim.
~ = lim W = (8, W, , Dog, Dow, - - ’DWU”T’ﬁ)

all nine «ce— 0
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A remark about the continuum limit

| M beyond cont. lim.
Y= lim W = f(§’W7 7D997D9Wa"' aDWUa/:/'S)

all nine «ce— 0

Scaling function G :

N~ exG(e . Do DW“)

e—0 € € €
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Three useful representations of SL(2, R)

1) Action on the vector € R? :matrix M ~1, + 0Tk + wla+uly
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Three useful representations of SL(2, R)

1) Action on the vector € R? :matrix M ~1, + 0Tk + wla+uly
2) Action on the direction z € R :
M(2) =~ z — [0 gk(2) + w ga(2) + ugn(2)]

Example of rotation K(0) : o)
k(Z
—_——

__zcosf —sind ~z-0(1 +22)

Ko(2) = zsinf + cos

Iwasawa

—
9k(2) 1+ 22
9(2) = (QA(Z)) = ( —22)
an(Z) —1
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Three useful representations of SL(2, R)

1) Action on the vector € R? :matrix M ~1, + 0Tk + wla+uly
2) Action on the direction z € R :
M(2) =~ z — [0 gk(2) + w ga(2) + ugn(2)]

Example of rotation K(0) : o)
k(Z
—_——

__zcosf —sind ~z-0(1 +22)

Ko(2) = zsinf + cos

Iwasawa

—
9k(2) 1+ 22
9(2) = (QA(Z)> = ( —22)
an(Z) —1

3) Action on the distribution f(z) :

(Fuf)(2) £ HM () = H2) + [0 9K(2) + w ga(2) + ugn(2)] = 1(2)
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From the random recursion to the random process

Recurrence z,11 = Mp(z,) :

3/(;(22) with ju(2) = < / Mq(zﬁt f,,(t)>M

1
ha@-ha) = (M @) D)~
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From the random recursion to the random process

Recurrence z,11 = Mp(z,) :

0jn(2)
0z

with j,(2)

Il
S
N
<
o
~
Sha
-~
=
~——

. . n—x
Continuum limit \L
Mn _> 12

Fokker-Planck Equation :

0 0
: T x) = 2 i
X f(z,x) =9"f(z; x) azj(z, X)
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Generator ¢ of the diffusion

¢

lwasawa M = e’ Tke"Tag!Tv —y g5, — ¥ 9k(2) iz g 94(2) iz gl on(2) i
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Generator ¢ of the diffusion

¢

lwasawa M = e’ Tke"Tag!Tv —y g5, — ¥ 9k(2) iz g 94(2) iz gl on(2) i

» (0 9k (2)+w ga(2)+u gn(2)) &+

Jn(2) = </M (zcitfn(t)>M =< (Im—1) /Zdtfn(t)>97wyu

= {<9> 9k + (W) ga+ (u) gy + % (6?) gK(;ing + (Ow) gK(;ing .. ] fo(2)
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Generator ¢ of the diffusion

¢

1
dz

lwasawa M = e’ ve" el — g5y = & 9(2)i: g 94(2)i: gl on(2)

» (0 gk (2)+w ga(2)+u gn(2)) S+
M™(2)
Jn(2) </
p4

an®), = ( T [an),

{<9> 9k + (W) ga+ (u) gy + % (6?) gK(;ing + (Ow) gK(;ing .. ] fo(2)

Get

1d d
—j(z;X) = 9T f(z; i — .
az/(z,x) “tf(z;x) with |¥

—Dyu
D9w

Christophe Texier Random Product Matrices, Bielefeld, 22-26 august 2016
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drift : ¥(2) = —p - 9(2) — %c- [9(2) x g'(2)] with ¢ = ( )



Stationary distribution

Furstenberg theorem : f(z; x) paed f(z) & j(z; x) 2

2(z) £ g(z)- D-g(z) : effective diffusion constant

v(z) £ V(z) - 19'(z) - D - 9(2) : drift
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How to get ~ rapidly ? Overview

Obtain ~ without the knowledge of f(z)

crucial point : 2(z) & v(z) are polynomials (continuum limit)

3357 V@) =)
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How to get ~ rapidly ? Overview

Obtain ~ without the knowledge of f(z)

crucial point : 2(z) & v(z) are polynomials (continuum limit)

3357 V@) =)

~+o0
Hilbert transform \l, F(y)= / dz% ; Imy >0

where () = v — i j is the generalised Lyapunov exponent

‘ Analyticity of F(y) gives Q ‘
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A simple example : only D, # 0 & (#) # 0

P(2) = Dyy & v(2) = ¥(2) = -0 (1 + 2?)

1 d - —
{ZDUL,dy+9(1+y2)}F(y)—Q+9y Imy >0

J.-M. Luck, J. Phys. A (2004)
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A simple example : only D, # 0 & (#) # 0

P(2) = Dyy & v(2) = V(2) = -0 (1 + 2?)

1 d _ _
{2Duudy+0(1 +y2)}F(y)—Q+9y ;Imy >0

J.-M. Luck, J. Phys. A (2004)

F(y) = ief%(y*‘%ys) /)’ dy’ (Q+§y/)e+%(y’+%y'3)

DUU
@ f analytic in the upper half plane /0 .
@ decays for |y| — oo N e +y/3 /L
\\\\ e ////
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Lyapunov exponent — Airy functions

im/3 im/3

ocoe _ ocoe
/ dy (2 +0y)e i) —0 = / dt(Q+pt)etst =t =o

where 3 = (7 Dyy/2)'/ and € = —0° /32 = —(20/Dyy)?/?

i.e.
im /3

d Ca2im/3 ey N /Ooe dt ey
<_ﬁd§ + Q) Ai(e”"/°¢) = 0 where Ai(x) = e 56

Ai'(§) —iBi'(¢)

o3 AT'(€27/3¢)
noe Ai(e) — iBi(¢)

Ai(eZiw/Sf) =8
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Physical pb : lattice of §-scatterers, M,, = K(0)N(uy,)

V(x)

[ dx2 + Z Vo O(X — nl) |(x) = k2¢(x) with { f’nzzkin/k

£—0 & vp—0 . . .
V(x) " =¥ Gaussian white noise

def
=0
—_—

VOOV = Do 66— )

Continuum limit :

Relation to the problem studied by Halperin (1965)

o 2
gzk[&Duu:% = 5:£(0/2)1/3&£:_(0_/k2)2/3
To_ (0\BAI(—iBI'(E) o 5 1273
72=(3) A() —iBi(e) V&= —(2/0)E

Halperin, Phys. Rev. (1965)
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From the equation for f(z) to Q = v —inj

Step 1 : Relation between f(z) & v

@ Inthe simple case (Dpg =0& w=0):v =0 [dzzf(z)
@ In the general case : Furstenberg formula gives

= W+ Dyy+(0 + 2D9W)/dzz f(2)

+%D9g/dzz c% 1+ 2)1(2)]
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Step 2 : Hilbert transform of the distribution

3357 V@)D =)
F(}/)—/+Ood2;(_z)z Imy >0

2(z) =9d(z) - D-g(z) & v(z) polynomials (« continuum limit)

Christophe Texier Random Product Matrices, Bielefeld, 22-26 august 2016



Step 2 : Hilbert transform of the distribution

3357 V@)D =)
F(}/)—/+Ood2;(_z)z Imy >0

2(z) =9d(z) - D-g(z) & v(z) polynomials (« continuum limit)

= F obeys:

4y 70 V)| F) =2 14y By - w

where Q) = ~ — i j is the generalised Lyapunov exponent

’ Equation involving the Lyapunov ‘
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Step 3 : Obtain Q = v — i j from analytic properties of F(y)

1d Dg.g 2 — —
3y 70 V)| FO) = 2 1y 1y - w
has solution :
2 fdy2V(>/y Doo gy - Jay %
dy' [0+ 22 fy -
F=2mp¢ ™) y[ + 5 (1+y?)+0y W]
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Step 3 : Obtain Q = v — i j from analytic properties of F(y)

1d Dg.g 2 —= —
{zdyﬁ(y) (y)}F(y) Q+ o= (1+y)+0y—w
has solution :

2 N Do —
F(y) = @(y)edeW/ dy’ {QJrT( +y' )+9y—w] — 'S

/2v(y )

F(y) analytic in the upper half plane (Im y > 0)
Q F(y)~1/yforly| = o

ooe'?
D _ .
3, / dy [9+$(1 +y2)+ey—W}e—fdy2@fi§ =0
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Conclusion (1) : Classification of solutions

2(z) =9(z)-D-9g(z) — 4 zeros

Generalised Lyapunov exponent :

Q=v—inj= In(special fct)

d
d(-)

Disorder  Multiplicity of zeros ~ Special function  Related work
u 1 quadruple Airy Halperin 65
w 2 double Bessel K, Bouchaud, Comtet,

Georges & LeDoussal '90
(+> Derrida, Hilhorst '83)

0 2 double Bessel /i
w&u 1 double & 2 simple  Whittaker Hagendorf & CT '08
0,w&u  4simple elliptic
0=0,..
Dyy = 0,...
general 4 simple hypergeometric
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Conclusion (1) : Classification of solutions

2(z) =9(z)-D-9g(z) — 4 zeros

Generalised Lyapunov exponent :

Q=v—inj= In(special fct)

d
d(-)

Disorder  Multiplicity of zeros ~ Special function  Related work

u 1 quadruple Airy Halperin 65

w 2 double Bessel K, Bouchaud, Comtet,
Georges & LeDoussal '90
(+> Derrida, Hilhorst '83)

0 2 double Bessel /i new
w&u 1 double & 2 simple  Whittaker Hagendorf & CT '08
0, w&u 4 simple elliptic new
0=0,..
Dow = 0,...
general 4 simple hypergeometric  new
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e Fluctuations (specific cases)
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Fluctuations of In ||1,]|

anf slope 'y 7 - J\M\
1\ g Ak MM

||yl

In|ITall-n Ty
=]
=
=

0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

n

Generalised central limit theorem :

Bougerol & Lacroix, (the book, chapter V) 1985

MNy,=M,--- MMy  (non commuting)

W ()])

n—oo

]
M, (XO)H & Tp= lim —Var (In
Yo n—oo N

1
M= Ilim —=In
n

Christophe Texier Random Product Matrices, Bielefeld, 22-26 august 2016



Transfer matrices in statistical physics

Random Ising chain :

N
H({Un} Z Jn OnOpet + hnUn)
n=1
op = *1

Transfer matrix approach :

_ ~H({on})
Z e Wlth T def e+hn O e+Jn e*Jn
"{FUH;T ™ L0 em)\eh etk
=Tr N 1
Mp= €subgroup of SL(2,R)

«/2snh2J
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Transfer matrices in statistical physics

Random Ising chain :

N
H({Un} Z Jn OnOpet + hnUn)
n=1
op = *1

Transfer matrix approach :

_ ~H({on})
Z € ith 7. & gt 0 etd e
=Tr N 1
Mp= €subgroup of SL(2,R)

«/2snh2J

Free energy :

.FN:—InZN:—In\|TN-~-T2T1

mean : I

|
\[ 1 . r2

variance :
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Transfer matrices in quantum mechanics

(L) =m (554)

Current conservation = Mio,M = o, = € M € SL(2,R)

/ / Ny wn ‘“\‘ﬂ\
(e -mie) Tl
b(x) ( ,MMW
10 “ H

Wi onee] e
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Importance of fluctuations (1) : transmission

Fluctuations of the transmission probability 7

¥(x) the solution with {:Z’((OO))::C:

Forlong sample : 7 = [t]> ~ [¢)(L)| 2

1 (INT + 29,L)2
P(T: L)~ -
(i) = 7 Jgmnar & 8oL

Single Parameter Scaling (SPS) hypothesis (weak disorder)

Sy i YEOUWEID gy NG

Iy - X—00 X
///Abrahams, Anderson, Licciardello & Ramakrishnan, PRL 42 (1979)
Anderson, Thouless, Abraham & Fisher, PRB 22 (1980)

Shapiro, PRB 34 (1986)
etc.

X—00 X

Christophe Texier
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Importance of fluctuations (2) : LDoS

Energy>>Disorder

. . Vi
Stationary scattering state : )

1 . . R
x: k) = (e—lk(X—L) gHik(x=L)+in(k ))
VX K) = = - +

vk = dE/dk = 2k : group velocity

Distribution of the LDoS p(x; E) = (x |§(E — H)| x) = |(x; E)|?
2
wea I ] 2 L -
P(p;x) "= 1 exp — [In(?/po) + 231 (L = )
disorder 75 /871”71 (L — X) 8’}/1 (L — X)

where po = 1/(27wvy)
Berezinskii blocks method — Altshuler & Prigodin, Sov. Phys. JETP 68 (1989)

Christophe Texier
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Importance of fluctuations (3) : Wigner time delay

n(E) : reflection phase shift

Wigner time delay

Exponential functional of the BM
p(x:E)

Lo—— o 1 [t
TW(E):27T/O dx |o(x; E))? ¥5 R/o dx e~ 2nx+2y71 B(x)

disorder

CT & A.Comtet, PRL 82 (1999)
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Fluctuations : two specific cases

1) Kand N
M. — cosf, —sind,\ (1 up
"7\ sinf, cosfp) \0 1
2) Kand A

M. — cosf, —sind,\ /e"r 0
=\ siné, cosf, 0 e
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Fluctuations : two specific cases

2) Kand A

M. — cosf, —sind,\ /e"r 0
=\ siné, cosf, 0 e
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The related localisation model

Dirac equation with random mass

(02105 + o1 M(x)|W(x) = W(x) where V = (;ﬁ)

with
(m(x)m(x))¢ = gé(x — x')
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The related localisation model

Dirac equation with random mass

(02105 + o1 M(x)|W(x) = W(x) where V = (;i)

with
(mx)m(x')) ¢ = g3(x — x')

c
Motivations

relation to @ Supersymmetric quantum mechanics
Review : A. Comtet & CT 97
@ Organic molecules : Takayama, Lin-Liu & Maki '80

@ Sinai diffusion (classical)
Bouchaud, Comtet, Georges & Le Doussal '90

@ Quantum spin chain models
Fisher '94, Le Doussal, Monthus "99, ...
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The related localisation model

Dirac equation with random mass

(02105 + o1 M(x)|W(x) = W(x) where V = (;i)

with
(mx)m(x')) ¢ = g3(x — x')

c
Motivations

relation to @ Supersymmetric quantum mechanics
Review : A. Comtet & CT 97
@ Organic molecules : Takayama, Lin-Liu & Maki '80

@ Sinai diffusion (classical)
Bouchaud, Comtet, Georges & Le Doussal '90

@ Quantum spin chain models
Fisher '94, Le Doussal, Monthus "99, ...

Delocalisation : (m(x)) = 0 9 .o
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Transfer matrix formulation
m(x) = Z Wi d(X — Xp)
n
ln = Xnt1 — Xn

Real energy e € R B B
V(X5i1) = MaV(x7)

n

[ cosB, —sinb, evn 0 B
M, = ( sin 6, cos 6, ) ( 0 e ) where 0, = ¢ ¢,
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Transfer matrix formulation
m(x) = Z Wi d(X — Xp)
n
ln = Xnt1 — Xn

Real energy ¢ € R

V(Xp14) = MW (x,)

[ cosB, —sinb, evn 0 B
M, = ( sin 6, cos 6, ) < 0 e ) where 0, = ¢ ¢,

e € iR — Transfer matrices for (v, —ix)

_ coshd, sinhd, evn 0 .
Mp = ( sinhd, coshé, ) ( 0 e ) where 0, = —ic ¥,

<> Ising chain
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Transfer matrix formulation
m(x) = Z Wi d(X — Xp)
n
ln = Xnt1 — Xn

Real energy e € R

V(X 4) = MaV(x; )

[ cosB, —sinb, evn 0 B
M, = ( sin 6, cos 6, ) < 0 e ) where 0, = ¢ ¢,

e € iR — Transfer matrices for (v, —ix)

_ coshd, sinhd, evn 0 .
Mp = ( sinhd, coshé, ) ( 0 e ) where 0, = —ic ¥,

<> Ising chain

Continuum limit w, - 0& ¢, — 0

2
non Gaussian white noise — Gaussian white noise with g = <<VZ>>

Christophe Texier Random Product Matrices, Bielefeld, 22-26 august 2016



From random matrix product to random process

- _ (¥
Spinor ¥ = <X>

X < N/p
V(xy ) =MWwW(xy) = qInfp(x)] < Inf[Nyl|
M,2 < pli2

p =1/ (€n) : density of "mass impurities"

Christophe Texier Random Product Matrices, Bielefeld, 22-26 august 2016



From random matrix product to random process

- _ (¥
Spinor ¥ = <X>

X < N/p
V(xy ) =MWwW(xy) = qInfp(x)] < Inf[Nyl|
M,2 < pli2

p =1/ (£n) : density of "mass impurities"

Riccati variable z(x) £ —& x(x)/1(x) = ¥'(x)/¥(x) — m(x)

In [(x)] = /Oxdt [2(t) + m(D)]

= (x) = —€2 — z(x)? — 2z(x) m(x)

X'=-mx+ey d.
Y =myp—ex dx
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Generator
G =2920,20;, — (e® + 22)0,

Result
2

vo=g-—(zIn|z/e]) + /dzdz’zG(z|z’) (z’ - ;) f(2')

71f(2)
“1G(z|2)

0 (stationary distribution)
f(z) —d6(z—2)
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o= im Ve IVC)

X— 00

— g+2 lim (z(x) /th [2(t) + m(t))e
X—>00 0
Useful relation

2infw (/000 =2 [ at [2(6) + m(?)

NECIR [a (e 2)

z
=—1In

Z(xo)

Propagator dxPy(z|2') = 91 Py(z|2")

XIi_)moo<z( )/th< (t)—;(2t)>>
/dzz/ dr [P,(z|2') — f(z )](z —)f( )

=G(z|z")
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Limiting behaviours

@ High energy, e > g
Yo = g/2 (SPS)

@ Small energy, |g] < g

1
72 %, 9 {3 * 2In(2.q/|e)} g
> | S WIBNEY
o1 = in(g/le)
2 5—_>iog 3  2In(2g/le|)

saturation of the fluctuations for e = 0

@ Large imaginary energy — perturbative solution of the SDE

2
~ 9 ~ 9
2 S g S EVEIS
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umerics

\ ”1‘
ot Theoryl J—
Yo ! E? >0 -
vpiel <0 .

ﬁ——r 05
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Conclusion (2)

47f(z) =0
41G(z|Z') = f(z) — §(z — 2))
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Conclusion (2)

47f(z) =0
41G(z|Z') = f(z) — §(z — 2))

. cosf, —sind 1 u
1) Matrices M, = (sin 9: cos 97,) (O 1n>

G = (0/2) 02 — (2 + 22)0;

Yo = 2/dzdz’zG(z\z’)z/ f(Z')

A different representation was obtained in : Schomerus & Titov, PRE '02
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Conclusion (2)

47f(z) =0
41G(z|Z') = f(z) — §(z — 2))

. cosf, —sind 1 u
1) Matrices M, = (sin 9: cos 97,) <O 1n>

— 9 = (0/2) 02 — (% + z2)0;
Yo = 2/dzdz’zG(z\z’)z/ f(Z')

A different representation was obtained in : Schomerus & Titov, PRE '02

. _ [(cosf, —sind,\[(e" 0
2) Matrices M, = (sin On cos 9,7)( 0 e‘”">

— 49 =2920,20, — (2 + 2°)0,

vo=g-—(zIn|z/e]) + /dzdz’zG(z|z’) (z’ — 822/) f(Z')
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Thank you.

A. Comtet, J.-M. Luck, CT &Y. Tourigny, J. Stat. Phys. 150, 13 (2013)
K. Ramola & CT, J. Stat. Phys. 157, 497 (2014)
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Appendices
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Appendix A : Lie algebra of SL(2, R)

Iwasawa decomposition :

M= cosf) —sind\ (e” O 1 u
~\sind cosf)\ 0 e*"/\0 1

K(0) A(w) N(u)

Infinitesimal generators
0o -1 1 0 (0 1
FK:<1 O), FA:(O 1) and FN_<O 0>,

Lie algebra :
Fk,Tal =2k + 4N
Fk,Tn]=—Ta

[Fa,Tn] =2l
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Appendix B : Examples of matrix products (1)

My = My---M;  with Mﬂ(cosﬁn sm9n> <1 un>

sind, cos 0, 0 1
. XN 1
Motion of =N :
| <yN> v <0>

Scale 6, x k and u, x 1/k
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Appendix B : Examples of matrix products (2)

. cosf, —sind en 0
My =My M with M, = (sin 9: cosﬁnn> < 0 eW">

Scale 6, < k and w,, « k°
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Appendix C : From multiplicative to additive noise

S2(x) =~ — 2(x)? — 22(x) m(x)

L ¢(=FIn(xz/le])/2 forze Ry
S C00= U (X)) + m(x)

where the potential is

() = Il cosh2¢  fore € iR
~ | -klsinh2¢ foreeR
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Lyapunov exponent :

Generalised Lyapunov exponent :
e MY G
Na) = Jim, =57 =2

Paladin & Vulpiani, Phys. Rep. 156 (1987)
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Generator

g
gt = 5 92 +0U'(C)
Generalised Lyapunov exponent A(q) = qv1 + %2 o+ -

= 2U(C)
e=g-2(CUC) +8 / 4cdC U(C) G(CIC)UC) P(C)

where

9TP(() =0
G1G(CIC) = PC) = 3(¢ = <)
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Appendix D : Lyapunov exponent for ¢ =0

The norm
. in®
M “:*/ AW, (MW W|th\ll:( S'”")
[Tl . o [MnWol 0 — cos O,
Casec=0
w N
My = < eo e9W ) with W =" w,
n=1
hence

IMyWo| = v/cosh2W — cos 20, sinh2W
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INMyWo| = v/cosh2W — cos 20, sinh2W

Remark :
@ Oy=0= ‘HNW0| =e W
@ Oy =7/2 = |NyVo| = et

Reflects the behaviour of the solutions of [o2idx + o1 m(x)]W(x) =0

( :) > e/ X' 'm(x')  gng < ? > e J X m(x")
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The norm

T 2 W)
H|_|N||:/ ﬁx/cosh2W—0032@o sinhaw = =% E(\/1 —e*4\W\)
o s

In||Nu|| = |[W|—=In(m/2) for |W]| > 1
Moments

W =3, Wn = Py(W) = ——e "/ with g = p (w?), hence

\/27rgx

2 X
n i)y = /==

In(/2)
Var(In [|My|[) ~ gx (1 B 727>

Lyapunov

=0 & =g (1 - i) = g x 0.363380...
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Appendix E : Localisation for ¢ — 0 (Dirac)

e Usual measure of localisation is &. = 1/v1 ~(1/9)In(g/|e]) (wrong)
e Another length scale

VX 2 yx for % & =(1/9)In*(g/le])
1

& : D. S. Fisher, Random AF quantum spin chains, PRB 50 (1994)

‘ Localisation is dominated by the fluctuations for e — 0 ‘

Relation to boundary condition sensitivity (Thouless criterion)

¥(0) = (L) = 0 = spectrum {ep}

bulk
LdX . N’J\ - c / N g
) T )~ o DL/ where 16 = [ ae o) ~ o2

LDoS
CT & C.Hagendorf, J.Phys.A 43 (2010)
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Appendix F : Band center anomaly (Anderson model)

‘—@nﬂ + Voon —on1= 69%‘

Weak disorder (perturbative) expansion breaks down at band center :
@ Weak disorder expansion :
<V > E—)O 1
~ V2
" E 8\
Derrida & Gardner (1984); J.-M. Luck, the book, (1992)
@ Band center anomaly of the Lyapunov
= [[(3/4)/T(1/4)(VF) ate =0
N——
~0.114

Kappus & Wegner, Z. Phys. 45 (1981)
Derrida & Gardner, J. Physique 45 (1984)
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Continuum limit of the lattice model
&=—2cosk

—Dirac
lattlﬂ
NP\ Vs — [0 |
< \f’ - _i——/‘/

Continuum limit fore ~ 0 :
[—ios Oy 4+ Vo(X) + o1 Ve (X)] W(x) = £ V(x)

@ Forward scattering Vo — strength go
@ Backward scattering V,, — strength g

Anomaly
s B disorder—0 1

m

deviation from SP
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Transfer matrices
Choose

Vo(x) = Z Vpd(x — xp) and Vi ( Z Wp (X — Xp)
M. — ( cos On —sinb, e 0
"7\ sind, cosd, 0 e
where 0, = ¢ (Xp11 — Xn) — Vn

Lyapunov in the continuum limite =0, v, - 0 & w, — 0

— A.Comtet, J.-M.Luck, CT & Y.Tourigny, J.Stat.Phys. 150 (2013); § 6

=4 {/(12 <EE’;;—1)+1] Withk_1—:T/g

Check : (g0 = 9)

g [ZEU/@ ) 1] . (2r<3/4)>2

K(1/V2) r(1/4)
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Tune the BC anomaly ate =0

@ =9
72
= ~gx1.047
M g

Schomerus & Titov, PRB 67 (2003)
® B Kg:
Y2 In(g/g0) ate=0
M {In(g/lsl) for go < [e| < g
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Appendix G : Non Gaussian vs Gaussian white noise

e — oo with m(x) = >~ Wpd(Xx — Xp)
saturation of the fluctuations for ¢ — ico
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Appendix H : Random Schrédinger operator

[_d(i(z? +) vad(x — Xn)‘| (x) = E¢(x)

Transfer matrices
[ cos@, —sinf, 1 up g2
M"—( sin O cosen)<o 1 >f°rE—k

_ ( coshé, sinho, 1 up g2
M"_( sinh 6, cosh@n)(o 1 )forE_ K

0n = k(Xn+1 — Xn) @nd un = va/k
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Riccati z = ¢/ /¢

Continuum limit (¢, — 0 and u, — 0) :
V(x) a Gaussian white noise : (V(x)V(x')) = o §(x — x')

= generator 4 = (0/2)0% — (E + 22)0,
Lyapunov
" =(2)= /dzzf(z)
Yo=2 /dzdz’zG(z|z’)z’ f(z')

where
4tf(z) =0
41G(z|Z') = f(z) — 6(z - 2))
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Effective potential U(z) = Ez + z3/3
G = (0/2)02 -U'(2)0, & 9T =(0/2)0%+ U (2)
Stationary distribution ¢7f(z) = 0

2N 2 dt , _ o 2U(2)
1(2) = ZNi(2) /_ o Mm@ =e

Solution of 1 G(z|Z') = f(2) — d(z — Z')

alalz) = g {1 [ez)+ [~ atro)] - i) [ 28; bz

o(2) + & = e [ [ 4 (P2 — (=2 f(z’)} - [ w dz" f(2")

9]
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Limiting values

g .
S gE S at leading order (SPS)

o
~ ~v—E
2 E——oco 4(—E) <m

V2

>
>

>
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Generalised Lyapunov

N = Jim MUV _ S @

o
n=1

Paladin & Vulpiani, Phys. Rep. 156 (1987)

(00| = <eqf0xdtz(t)> _ /dz<z|ex(gf+qz) ES

~ eXA(q)
X—00

where
(9" + qz] ©§(z: q) = Nq) b§(z: q)
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Perturbative analysis of [¢T + q Z]®§(z; ) = N(q) ®§(z; q)
Schomerus & Titov, PRE 66 (2002)

2

/\(q):qy1+%72+~-~

CDE(Z; q) = f(z)+qw1(z)+q2(p2(z)+...

We get

Goy(2) = (11 — 2) £(2) L / dzzf(z)

9'2(2) = (1 — 2)r(2) + 372 1(2)

Christophe Texier Random Product Matrices, Bielefeld, 22-26 august 2016



We deduce Schomerus & Titov’s result

o =2/dZ(Z—%)<P1(Z)

1

2 2 z dzl z/ " I " z dZ”’
where fy(z) = e~ U

This is a different integral representation from

Yo =2 /dzdz’z G(z|Z') Z' f(Z')
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