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phase space distribution function f(t,x,p) 

• N-body: non-relativistic, purely gravitational 
• continuous: ensemble average, no collisions 
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• extensive computing:  
• solve gravitational evolution of N-particles numerically 

• extensive thinking:  
• choose a special ansatz for f: density & velocity 
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• matter conservation during time evolution 
• Gauss theorem: shell evolution by enclosed mass 
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• EdS universe: parametric solution 
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can be used to predict 
• when halo’s form 
• mass function of halos 

just from initial density field!
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Spherical collapse 

• matter conservation during time evolution 
• Gauss theorem: shell evolution by enclosed mass 

• spherical overdensity like „separate universe“ 

• EdS universe: parametric solution 

R̈ = �GMR

R2
⇢R(t)R

3(t) = ⇢̄(t0)r
3

⇢(✓), ⌧(✓)

Bernardeau `92

Cosmological density profiles from perturbation theory

calculations

20 avril 2013

1 Introduction

It is time to revisit count in cells statistics...

2 The general theory

Let us define a finite number of concentric cells of radius Ri and their densities, ⇢i. They form a priori
a set of correlated random variables. One can define the generating function of their cumulants as

'({�i}) =
1X

pi=0

h⇧i⇢
pi
i ic

⇧i�
pi
i

⇧ipi
. (1)

Such a function is a function of �i. Note that it is by itself an observable as it can be computed from the
joint PDF,

exp ['({�i})] = hexp(�i⇢i)i (2)

from the moment generating function. One expects however such a function to be defined for limited
range of values of �i as such ensemble average are not defined if |�i| is too large. We will see that this
analytical properties will play a crucial role in the following.

This generating function can be computed at tree order in perturbation theory, that is when each of
the coe�cient h⇧i⇢

pi
i ic is computed at leading order assuming Gaussian initial conditions. As recalled in

the introduction, this can be entirely related to the spherical collapse dynamics.
The formal solution of this question is give by,

exp ['({�i})] =
Z

D [⌧(~x)]P [⌧(~x)] exp(�i⇢i [⌧(~x)]) (3)

Let us denote ⇣(⌧i) the nonlinear transform of the density when ⌧i is the linear density profile. This
transform is a priori time dependent but its dependence on time is very small and in the following we
will neglect this dependence. We can define  (⇢i) as

 ({⇢i}) =
1

2

X

ij

⌅ij ⌧i⌧j (4)

where ⇣(⌧i) = ⇢i and ⌅ij is the inverse matrix of the cross-correlation of the density in cells of radius

Ri⇢
1/3
i ,

�

2(Ri⇢
1/3
i , Rj⇢

1/3
j ) ⌅jk = �ik. (5)

The coe�cient therefore depend on both the radii Ri and the density ⇢i. The cumulant generating function
is then given by the Legendre transform of  ,

'({�i}) =
X

i

�i⇢i � ({⇢i}) (6)

where ⇢i are determined by the stationarity conditions,

�i =
@ ({⇢i})

@⇢i
. (7)

This is this general expression that we will exploit in the following.

1

� known Gaussian PDF involving
         the linear power spectrum Pklin

R1

R2
⇢2

⇢1

initial density contrast

13

M({�k})

In&the&small&variance&limit,&one&is&led&to&look&for&the&most*probable*mapping&E&for&fixed&ρi&E&and&
compute&the&resulGng&cumulant&generaGng&funcGon&using&the&steepest;descent*method.

Basis*of*the*calcula8ons*:

Bernardeau' 94 
Bernardeau & Valageas '00 

Valageas '02
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genera3ng$func3on

It&is&given&by&the&following&relaGon&(mulGEdimensional&Laplace&transform&
of&the&joint&PDF)&:

Formal&soluGon&:

measure over all possible paths

�' �i h⇢ii + �i�j h⇢i⇢ji + . . .

exp ['({�k})] = M({�k}) =

D
exp(⌃

i
�i⇢i)

E
=

Z 1

0
⇧

i
d⇢iP ({⇢k}) exp

⇣
⌃

i
�i⇢i

⌘
M({�k})

The&(conjectured)&soluGon&:&the&spherical*collapse

⇢i = ⇣SC(⌧i)

=>&the&exact*(analy8cal)*non;linear*mass&preserving&
one;to;one*mapping*for*spherically*symmetric&iniGal&field&

(Gauss&theorem)

in 3D where J
3/2

is the Bessel function of the first kind of index 3/2. The calculation14 of (160)
makes indeed intervene only the second moment and its variation with the smoothing scale so
that Bernardeau (1994a),

h�3

R

i
c

h�2

R

i2 = 3⌫
2

+
d log �2

R

d log R
(162)

where ⌫
2

is directly related to F
2

as its angular average,

⌫
2

=

Z
1

�1

dµ F
2

(k
1

,k
2

) (163)

(µ is the cos of the angle between k
1

and k
2

). For an Einstein-de Sitter universe we have
3⌫

2

= 34/7. Such relation between the spherical collapse dynamics and tree-order cumulant can
actually be generalized to all orders. This is this connexion that we will try to unveil in the
rest of this section. First we need to explore a bit more the specificities of the spherical collapse
solutions.

11.2 The spherical collapse

0.0 0.5 1.0 1.5
0.0

0.5

1.0

1.5

2.0

r

Ρ N
L
!"r"#

1

Figure 20: Example of evolution of a density profile with the spherical collapse. In blue we
give the linearly evolved profile (linear growing mode)), in red its nonlinear evolution. Given a
density contrast within a radius in the growing mode linear regime ⌧(< r) the subsequent shell
size and density it compasses are entirely determined by the spherical evolution. Example of
such evolutions are given by the blue and red circles.

The spherical collapse does not only give the time within which a spherically symmetric
perturbation collapses, it gives the explicit and exact solution of the nonlinear evolution of the
density field before shell crossing for a wide class of initial fields, those with initial spherical
perturbations. Moreover, the Gauss theorem ensures that the radius evolution of a shell in such
a geometry is entirely determined by the total mass it contains. So let us consider a density
contrast ⌧(< r) within the radius r. Let us call R(⌘) the radius of that same shell during its
nonlinear evolution and ⇢(< R, ⌘) the total density it contains. At an arbitrarily early time
the amount of matter encompassed within such a radius is simply 4⇡/3r3⇢(⌘

0

) and by matter
conservation we have

⇢(< R, ⌘)R3(⌘) = ⇢(⌘0)r3. (164)

14It is based on the exploitation of summation theorem enjoyed by the Bessel functions, relation 8.530 of
Gradshteyn and Ryzhik (1965).
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can be used to predict 
• when halo’s form 
• mass function of halos 

just from initial density field!
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• Central Limit Theorem 
• convergence of the PDF to Gaussian 

• Large Deviation Principle: beyond 
• What about rare event tail? 
• exponential decay of the PDF

review paper 
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What is the most likely way  
for an unlikely event to happen? 

• Central Limit Theorem 
• convergence of the PDF to Gaussian 

• Large Deviation Principle: beyond 
• What about rare event tail? 
• exponential decay of the PDF

PXn(x) ⇡ exp(�nI(x))

I(x) ' 2(x� 1/2)2

I(x) = x ln[2x] + (1� x) ln[2(1� x)]

Xn =
nX

i=1

wi

n

LDP

CLT
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x

rate function I(x)

Let’s toss coins! 
• n tosses: average number of heads 
• heads (1) or tails (0) with equal probability 
• compute via Bernoulli sequence 

• rate function of exponential decayI(x) ' 2(x� 1/2)2

I(x) = x ln[2x] + (1� x) ln[2(1� x)]

review paper 
Touchette ‘09
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Gärtner-Ellis Theorem 

• rate function is the Legendre transformation     
of the scaled cumulant generating function 

• heuristic: steepest decent method
I(⇢) = sup

�
(�⇢� '(�))

exp[n'(�)] =

Z
Pn(⇢) exp(n�⇢)d⇢ ⇡

Z
exp(�n[I(⇢)� �⇢])d⇢

Cramer `38, Varadhan `84, Gärtner `77 & Ellis `84

The guiding principles for large deviations

validity: large n = small variance �2
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Gärtner-Ellis Theorem 

• rate function is the Legendre transformation     
of the scaled cumulant generating function 

• heuristic: steepest decent method
I(⇢) = sup

�
(�⇢� '(�))

exp[n'(�)] =

Z
Pn(⇢) exp(n�⇢)d⇢ ⇡

Z
exp(�n[I(⇢)� �⇢])d⇢

Cramer `38, Varadhan `84, Gärtner `77 & Ellis `84

Contraction principle 

• based again on steepest decent 
• obtain rate function after any mapping 
• We will apply this in two ways 

• mapping between initial & final densities 
• mapping to optimise analytical approximation 

I(⇢) = inf
{⌧}:⇢({⌧})

I⌧ (⌧)

an unlikely fluctuation is brought about 
by the least unlikely of all unlikely paths  

The guiding principles for large deviations

validity: large n = small variance �2
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Going around in circles

Our knowledge: PDF of initial densities

PDF

rate  
function

cumulant 
generating 
function

LDP

Legendre

Laplace-1

'(�)  (⌧)

P (⇢)

Our desire: PDF of final densities

Ascending by contracting 

• mapping: initial -> final rate 
• 1:1 relation requires symmetry 
• spherical configurations 

 (⇢)

 (⌧)

Extrapolating to finite variance 

• theorems hold for limit  
• conjectured validity for finite   
• requires weak dependence on     

for cumulant generating function

� ! 0
� ! 0

� ! 0

Bernardeau  
& Reimberg `15



Large Deviation Statistics of the cosmic density field
Cora Uhlemann

Fiducial(cosmological(
experiment

1power1law(power(spectrum(with(index(ns((12.5)(

Predic8on(for(full(joint(PDF(densi8es(in(concentric(
cells:(

P (⇢(R1), ⇢(R2)) d⇢(R1) d⇢(R2)

which(is(gravity(and(cosmology1dependent(through(
the(linear(power(spectrum(and(the(dynamics(of(the(
spherical(collapse.(

1PDF(characterized(by(ns(and(ν$(which(parametrizes(the(
spherical(collapse,(3/2(here)(

1n=2,000(and(11,000(measurements(corresponding(to(a(
survey(volume(of((200(h11(Mpc)^3(and((360(h11(Mpc)^3((

n!  2 000
n!11 000

"0.05 0.00 0.05"0.02

"0.01

0.00

0.01

0.02

#Ν Ν

#
n s

n s

/

/

log1likelihood(contours(of(the(data(
(at(1,(3(and(5(sigmas

[encodes modifications of gravity]

[PS index]

35

R1

R2
⇢2

⇢1

R1

R2
⇢2

⇢1

R1

R2
⇢2

⇢1

R1

R2
⇢2

⇢1

R1

R2
⇢2

⇢1

Err
or$
bu
dg
et$
for
$fin
ite
$vo
lum

e$s
urv

eys
?

⌧1
⌧2 r1

r2

⌧1
⌧2 r1

r2
⌧1

⌧2 r1

r2

⌧1
⌧2 r1

r2

⌧1
⌧2 r1

r2

initial conditions 
CMB

final conditions 
cosmic web

spherical

collapse

Gaussian  
fluctuations

non- Gaussian  
fluctuations 

LDP @ Large Scale Structure



Outline

From the CMB to the Cosmic Web

Large deviation principle

Dark matter dynamics

Probability distribution of density in cells

Interesting first applications:  
clustering & constraining cosmology



Large Deviation Statistics of the cosmic density field
Cora UhlemannLDP @ Large Scale Structure

Our desire: PDF of final densities

going around in circles 
but still ascending

 (⌧) =
⌧2

2�2
⌧

Knowledge: PDF of initial densities



Large Deviation Statistics of the cosmic density field
Cora UhlemannLDP @ Large Scale Structure

Our desire: PDF of final densities

going around in circles 
but still ascending

 (⌧) =
⌧2

2�2
⌧

Knowledge: PDF of initial densities

1. Contraction principle 
• want 1:1 mapping initial -> final 
• consider density in sphere  
• use symmetry: spherical collapse

⇢(R) = ⇢(⌧(r))

 (⇢)
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going around in circles 
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1. Contraction principle 
• want 1:1 mapping initial -> final 
• consider density in sphere  
• use symmetry: spherical collapse

⇢(R) = ⇢(⌧(r))
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2. Large deviation principle 
• do Legendre transform 
• get cumulant generating function

'(�) = sup
⇢
[�⇢� R(⇢)]

'(�) = sup
⇢
[�⇢� (⇢)]



Large Deviation Statistics of the cosmic density field
Cora UhlemannLDP @ Large Scale Structure

Our desire: PDF of final densities

going around in circles 
but still ascending

 (⌧) =
⌧2

2�2
⌧

Knowledge: PDF of initial densities

3. Inverse Laplace transform

exp'(�) =

Z
P (⇢) exp(�⇢) d⇢

P (⇢)

1. Contraction principle 
• want 1:1 mapping initial -> final 
• consider density in sphere  
• use symmetry: spherical collapse

⇢(R) = ⇢(⌧(r))
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2. Large deviation principle 
• do Legendre transform 
• get cumulant generating function

'(�) = sup
⇢
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⇢
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Our desire: PDF of final densities

 (⌧) =
⌧2

2�2
⌧

Knowledge: PDF of initial densities

'(�) = sup
⇢
[�⇢� R(⇢)]

P (⇢)

 (⇢)
Spherical collapse piece of cake

⇢(⌧) = (1� ⌧/⌫)�⌫ , r = R⇢1/3

Legendre transform straightforward 
• rate function not everywhere convex 
• not valid everywhere

Inverse Laplace transform hard 
• path integration in complex plane 
• saddle-point approximation not good

� =  0(⇢)

P (⇢) '
r
 

00
(⇢)

2⇡
exp[� (⇢)]

going around in circles 
but still ascending
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Our desire: PDF of final densities
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Knowledge: PDF of initial densities
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Legendre transform straightforward 
• rate function not everywhere convex 
• not valid everywhere � =  0(⇢)
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Our desire: PDF of final densities

 (⌧) =
⌧2

2�2
⌧

Knowledge: PDF of initial densities

Legendre transform straightforward 
• rate function everywhere convex 
• valid everywhere 

Recall: Contraction principle 
• can take any mapping 
• take logarithmic transform 
• do same recipe, transform back in the end  

µ = log ⇢

 (µ)
� =  0(⇢)
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Our desire: PDF of final densities

 (⌧) =
⌧2

2�2
⌧

Knowledge: PDF of initial densities

P (⇢)

Spherical collapse piece of cake

⇢(⌧) = (1� ⌧/⌫)�⌫ , r = R⇢1/3

Legendre transform straightforward 
• rate function everywhere convex 
• valid everywhere

Inverse Laplace transform simple 
• path integration in complex plane 
• saddle-point approximation good

� =  0(⇢)
 (µ)µ = log ⇢

P (⇢) '
r
 

00
(⇢) + 0

(⇢)/⇢

2⇡
exp[� (⇢)]

The log is a game-changer!

Uhlemann, Codis, Pichon, Bernardeau & Reimberg `16
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Saddle point approximation for log density: 1 cell 

CU, Codis, Pichon,  
Bernardeau & Reimberg `16
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Saddle point approximation for log density: 1 cell 

• incredibly simple, for example for power law initial spectrum 

LDP @ Large Scale Structure

2 S. Codis, C. Pichon, F. Bernardeau, C. Uhlemann and S. Prunet

Figure 1. PDF of ⇢ measured (error bars) and predicted via a

saddle point approximation in the PDF of log ⇢ given by equa-

tion (1). Four di↵erent redshifts are shown : z = 1.36, 0.97, 0.65
and 0 (from light to dark blue), for a filtering scale R = 10 Mpc/h.

energy parameters (wa, wp) that characterize the equation
of state w(z) = wp + wa/(1 + z)(Laureijs et al. 2011). A
maximum likelihood estimator is built from the analytical
density PDF to extract a constraint on (wa, wp). We present
and distribute the corresponding code for wider use and ap-
plication to di↵erent linear power spectra, using e.g. camb
(?). Furthermore, we give an outlook of how the framework
allows to account for the extent of the survey and model the
corresponding biases.

This paper is organized as follows. Section 2 presents the
analytical PDF of the density in spherical cells parametrized
in terms of the underlying variance. Section 3 compares
the sample versus the maximum likelihood variance. Sec-
tion 4 describes a fiducial dark energy experiment for an
Euclid-like survey and presents the resulting constraints on
the equation of state parameters. Section 5 wraps up and
gives an outlook on how the finite separation between cells
can be taken into account. Importantly, Appendix A pro-
vides links to the relevant codes for arbitrary power-spectra,
while Appendix B compares the two di↵erent estimators of
the variance of the density field using the asymptotic Fisher
information.

2 THE ANALYTIC DENSITY PDF

It has been shown in Uhlemann et al. (2015) that the PDF,
PR(⇢|�), for the density within a sphere of radius R at red-
shift z (with corresponding variance � ⌘ �(R, z)) has a sim-
ple analytical expression given by

PR(⇢|�) =
r
 00

R(⇢) + 
0
R(⇢)/⇢

2⇡�2
exp

✓
� R(⇢)

�2

◆
, (1)

where prime stands for derivative w.r.t. ⇢ and

 R(⇢) =
�2

2�2(R⇢1/3)
⌧(⇢)2 , (2)

with ⌧(⇢) the linear density contrast within the Lagrangian
radius R⇢1/3. According to the spherical collapse model
⌧(⇢) = ⇣�1(⇢) can be expressed as a non-linear transform

of the density ⇢ within radius R via an accurate fit for ⇣(⌧)
given by

⇢ = ⇣(⌧) = (1� ⌧/⌫)�⌫ , (3)

presented in Bernardeau (1992) for ⌫ = 3/2. Here ⌫ = 21/13
is chosen to match the exact high redshift skewness as
described in Bernardeau et al. (2014). The density PDF
given by equation (1) depends on redshift only through
� = �(R, z), the amplitude of the fluctuation at scale R and
redshift z. In this work, �(R, z) will be assumed to scale like
the growth rate function, D(z), although it strictly speaking
holds only in the linear regime. In particular, note that in
equation (2), �(R⇢1/3)/� is a function of the density ⇢, and
cell size R but does not depend on redshift
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where W (k) = 3/k2(sin(k)/k � cos(k)) is the top-hat filter
at scale R. Equation (4) encodes the dependency of equa-
tion (1) w.r.t. the initial power spectrum.

The above prescription yields simple analytic expres-
sion for the PDF. For instance, for a scale-invariant power
spectrum of index n (< 2.6), and spherical collapse factor
⌫, the (un-normalised) PDF has this simple form
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Note that as suggested by Uhlemann et al. (2015), the den-
sity PDF given by equation (1) must be normalised by di-
viding the PDF by its integral and the density by its mean.

Figure 1 shows the comparison between the predicted
PDF given by equation (1), when only the spectral index and
running of the linear power spectrum at the scale of interest
(R = 10Mpc/h) are considered, and the density PDF mea-
sured in a N-body simulation (see Bernardeau et al. 2015,
for details). Percent accuracy is reached for � below 0.7.

In practice, equation (1) can be applied to arbitrary

linear power spectra. Note that this prediction for the den-
sity PDF depends on the cosmological model through i) the
linear power spectrum and ii) the dynamics of the spheri-
cal collapse (parametrized by ⌫ here, see equation (3)). Ap-
pendix A presents the code LSSFast to compute such PDFs
together with a bundle of PDFs for di↵erent variances and
radii.

3 MAXIMUM LIKELIHOOD VERSUS
SAMPLE VARIANCE

Because we have an accurate theoretical model for the full
density PDF given by equation (1), it is now possible to build
a maximum likelihood estimator for the density variance. In
order to compare this approach to the traditional sample
variance, we consider a set of 2, 500 spheres of radius R =
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Figure 1. PDF of ⇢ measured (error bars) and predicted via a

saddle point approximation in the PDF of log ⇢ given by equa-

tion (1). Four di↵erent redshifts are shown : z = 1.36, 0.97, 0.65
and 0 (from light to dark blue), for a filtering scale R = 10 Mpc/h.

energy parameters (wa, wp) that characterize the equation
of state w(z) = wp + wa/(1 + z)(Laureijs et al. 2011). A
maximum likelihood estimator is built from the analytical
density PDF to extract a constraint on (wa, wp). We present
and distribute the corresponding code for wider use and ap-
plication to di↵erent linear power spectra, using e.g. camb
(?). Furthermore, we give an outlook of how the framework
allows to account for the extent of the survey and model the
corresponding biases.

This paper is organized as follows. Section 2 presents the
analytical PDF of the density in spherical cells parametrized
in terms of the underlying variance. Section 3 compares
the sample versus the maximum likelihood variance. Sec-
tion 4 describes a fiducial dark energy experiment for an
Euclid-like survey and presents the resulting constraints on
the equation of state parameters. Section 5 wraps up and
gives an outlook on how the finite separation between cells
can be taken into account. Importantly, Appendix A pro-
vides links to the relevant codes for arbitrary power-spectra,
while Appendix B compares the two di↵erent estimators of
the variance of the density field using the asymptotic Fisher
information.

2 THE ANALYTIC DENSITY PDF

It has been shown in Uhlemann et al. (2015) that the PDF,
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where prime stands for derivative w.r.t. ⇢ and
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with ⌧(⇢) the linear density contrast within the Lagrangian
radius R⇢1/3. According to the spherical collapse model
⌧(⇢) = ⇣�1(⇢) can be expressed as a non-linear transform

of the density ⇢ within radius R via an accurate fit for ⇣(⌧)
given by

⇢ = ⇣(⌧) = (1� ⌧/⌫)�⌫ , (3)

presented in Bernardeau (1992) for ⌫ = 3/2. Here ⌫ = 21/13
is chosen to match the exact high redshift skewness as
described in Bernardeau et al. (2014). The density PDF
given by equation (1) depends on redshift only through
� = �(R, z), the amplitude of the fluctuation at scale R and
redshift z. In this work, �(R, z) will be assumed to scale like
the growth rate function, D(z), although it strictly speaking
holds only in the linear regime. In particular, note that in
equation (2), �(R⇢1/3)/� is a function of the density ⇢, and
cell size R but does not depend on redshift
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where W (k) = 3/k2(sin(k)/k � cos(k)) is the top-hat filter
at scale R. Equation (4) encodes the dependency of equa-
tion (1) w.r.t. the initial power spectrum.

The above prescription yields simple analytic expres-
sion for the PDF. For instance, for a scale-invariant power
spectrum of index n (< 2.6), and spherical collapse factor
⌫, the (un-normalised) PDF has this simple form
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Note that as suggested by Uhlemann et al. (2015), the den-
sity PDF given by equation (1) must be normalised by di-
viding the PDF by its integral and the density by its mean.

Figure 1 shows the comparison between the predicted
PDF given by equation (1), when only the spectral index and
running of the linear power spectrum at the scale of interest
(R = 10Mpc/h) are considered, and the density PDF mea-
sured in a N-body simulation (see Bernardeau et al. 2015,
for details). Percent accuracy is reached for � below 0.7.

In practice, equation (1) can be applied to arbitrary

linear power spectra. Note that this prediction for the den-
sity PDF depends on the cosmological model through i) the
linear power spectrum and ii) the dynamics of the spheri-
cal collapse (parametrized by ⌫ here, see equation (3)). Ap-
pendix A presents the code LSSFast to compute such PDFs
together with a bundle of PDFs for di↵erent variances and
radii.

3 MAXIMUM LIKELIHOOD VERSUS
SAMPLE VARIANCE

Because we have an accurate theoretical model for the full
density PDF given by equation (1), it is now possible to build
a maximum likelihood estimator for the density variance. In
order to compare this approach to the traditional sample
variance, we consider a set of 2, 500 spheres of radius R =
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Figure 5. Left-hand panel: PDF of the density in cells of radius 10Mpc/h as a function of � from 0.05 (dark blue) to 1 (dark red)

computed from the LSSFast code. In the low � limit, the PDF is essentially Gaussian, while it becomes very skewed at larger � (in
red). Here the linear power spectrum is for a WMAP7 cosmology and the spherical collapse dynamics is parametrized by ⌫ = 21/13.
Right-hand panel: same as left-hand panel but for � = 0.5 and cells of radius from R=1Mpc/h (blue) to 20 Mpc/h (red).

mean anymore but is shifted in under-dense regions as voids
are getting emptier and nodes denser.

APPENDIX B: COMPARING ESTIMATORS

Let us compare, from a theoretical point of view, our two
di↵erent estimators of the variance of the density field. The
first one is the sample variance defined as usual as

�̂2
A =

1
N

NX

i=1

(⇢i � 1)2 , (B1)

where the measured densities ⇢i in N cells are rescaled by
their mean. It can be shown that the expectation value of
this estimator is the underlying “true” variance

⌦
�̂2
A

↵
= �2.

The typical variance of this estimator can also be computed
as

⌦
(�̂2

A � �2)2
↵
=

S4�
6 + 2�4

N
, (B2)

where S4 is the kurtosis
⌦
⇢4
↵
c
/�6.

Let us now compare the estimator of the sample vari-
ance to the maximum likelihood estimator

�̂2
ML = argmax

�̃2

NY

i=1

P(⇢i|�̃2) , (B3)

where the modelled PDF P(⇢|�̃) depends on the value of the
variance �̃. It is a well-known result (?) that the estimate of
the variance in this case converges towards the true value �
in a probabilistic sense (via the so-called relation of consis-
tence). In addition, there is an asymptotic normality in the
sense that the asymptotic distribution of

p
N(�̂2

ML � �2) is
a Gaussian of zero mean and variance given by the inverse
Fisher information

⌃2
ML = �1/

⌦L00(⇢|�2)
↵
, (B4)

where L00(⇢|�2) = @2 logP(⇢|�2)/
�
@�2

�2
. Assuming the

PDF is given by equation (1), the Fisher information of ⇢
can be easily computed

� ⌦L00(⇢|�2)
↵
=

2 h i
�6

� 1
2�4

. (B5)

Note that here we did not take into account the normali-
sation of the PDF but as its � dependence is rather small,
its contribution is expected to be negligible. The mean of
the rate function appearing in equation (B5) can then be
perturbatively computed

h (⇢)i = 1
2

⌧
[⇣�1(⇢)]2

�2(R)

�2(R⇢1/3)

�

=
1
2
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6⌫

S3�
4 + . . . (B6)

Using this perturbative approach, one can show that the
inverse Fisher information is given by

⌃2
ML=

�1
hL00(⇢|�2)i =2�4 + �6

✓
S4 � 5S2

3

3

◆
+O(�8) . (B7)

As expected, the variance obtained for the sample variance
estimator is larger than the one obtained in the maximum
likelihood approach by a factor �5S2

3�
6/3 proportional to

the square of the skewness of the density field. In particular,
we recover that both approaches are equivalent only in the
Gaussian limit. As soon as non-Gaussianities appear, the
sample variance is not optimal anymore.

Figure B1 compares, in the asymptotic limit (N goes to
infinity), the sample variance to the maximum likelihood
variance obtained by a non-perturbative approach where⌦L00(⇢|�2)

↵
is integrated numerically. It shows that the sam-

ple variance is sub-optimal when � increases and the PDF
becomes non-Gaussian. This result is in good agreement
with the Monte-Carlo estimate shown in Figure 2. The per-
turbative analytical prediction given by equation (B7) is
found to reproduce well the expectation at low � (. 0.5).

Note that, in order to account for the spatial correla-
tions between the cells (measured densities are not inde-
pendent!), one can model the joint statistics in the large-
separation limit using equation (11). In that case, an addi-
tional error is made so that eventually the sample variance
is given by

⌦
(�̂2

A � �2)2
↵
=

S4�
6 + 2�4

N
+

P
I 6=J ⇠(rIJ)

N2

�
B2

2 � 4B2 + 4
�

where B2 =
⌦
b(⇢)⇢2

↵
, hb(⇢)⇢i = 1 and hb(⇢)i = 0.
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Figure 10. PDF of the inner density ⇢ = ⇢̂1 and slope s = (⇢̂2 � ⇢̂1)R1/(R2 �R1) within cells of radii R1 = 10 and R2 = 11Mpc/h at
redshift z = 0.97. The right panel displays the log-mass saddle approximation given by equation (30) compared to the measured PDF
while the left panel shows the numerical integration (solid lines) and density saddle approximation (dashed lines) of the joint PDF.
Contours are displayed for LogP(⇢, s) = 0,�1/2,�1, . . . ,�3. The grey solid line is the no-shell crossing limit s > �10⇢(1� r3), the red
solid line is the critical line for the log-mass saddle approximation while the purple solid line is the critical line for the density saddle
approximation.

4.1.3 Large density tail of the PDF

Using the saddle-point approximation for the log density,
equation (11), we can straightforwardly obtain the large den-
sity tails of the PDF as

P
R

(⇢̂)
⇢̂�1�! (n

s

+ 3)⌫

6
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(R)
exp
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ns+3
3 � 2

⌫

2�2
µ

(R)

#

⇢̂
ns�3

6 .

(27)

Equation (27) is surprisingly simple and general w.r.t.
the parameters of the theory, in contrast to the analyt-
ical asymptotic around the critical point ⇢̂

c

presented in
Bernardeau, Pichon & Codis (2014), equation (45). In par-
ticular, it shows explicitly how fitting the rare event tail of
the PDF allows us to estimate ⌫ and accordingly quantify
possible modifications of gravity.

4.2 The 2-cell log density PDF saddle

Let us now explore the two-cell PDF P
R1,R2(⇢̂1, ⇢̂2) in the

saddle approximation limit; this is a straightforward gener-
alization of equation (9) (see Bernardeau, Codis & Pichon
2015, for the general expression of the 2-cells PDF)

P
R1,R2(⇢̂1, ⇢̂2) =

exp [� 
R1,R2(⇢̂1, ⇢̂2)]
2⇡

s

det



@2 
R1,R2

@⇢̂
k

@⇢̂
l

�

.

(28)
If the densities {(⇢̂1, ⇢̂2)} are used as variables, the issue

of criticality for the Hessian

det



@2 
R1,R2

@⇢̂
k

@⇢̂
l

�

(⇢̂1, ⇢̂2)c = 0

becomes more severe compared the one-cell case where the

saddle-point approximation broke down above a critical den-
sity. As demonstrated in the left panel of Fig. 10 there is a
roughly elliptical critical boundary {(⇢̂1, ⇢̂2)c} beyond which
the saddle-point method breaks down. Since the slope, given
by the di↵erence between the central and the overall density,
is much more restricted, this suggests to apply the logarith-
mic transform not to the densities individually but to their
di↵erence and sum.

A suitable and physically motivated choice for the
di↵erence is a mass-weighted one which ensures a well-
behaved logarithm as long as the no-shell crossing condition
R3

2⇢̂2 � R3
1⇢̂1 > 0 is satisfied. This suggest to perform the

following logarithmic transform of the sum and di↵erence of
mass

µ1 = log
�

r3⇢̂2 + ⇢̂1
�

, (29a)

µ2 = log
�

r3⇢̂2 � ⇢̂1
�

, (29b)

where the relative shell thickness is r = R2/R1 and the no-
shell crossing condition enforces µ2 to be real. The PDF
P(⇢̂1, ⇢̂2), or equivalently P(⇢, s) the PDF of the inner den-
sity ⇢ = ⇢̂1 and slope s = (⇢̂2 � ⇢̂1)/(r � 1), can then be
approximated via a saddle-point approximation by

P
R1,R2(⇢̂1, ⇢̂2) =

exp [� 
R1,R2(⇢̂1, ⇢̂2)]
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,

which can explicitly be rewritten as

P
R1,R2(⇢̂1, ⇢̂2) =

exp [� 
R1,R2(⇢̂1, ⇢̂2)]
2⇡

p

p
R1,R2(⇢̂1, ⇢̂2) ,
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with
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with  
,1 and  

,2 denoting partial derivatives with regard to
⇢̂1 and ⇢̂2 respectively.

This change of variables allows to get analytical approx-
imations valid for a wide range of densities and variances.
In particular, for a variance � = 0.48, the right panel of
Fig. 10 shows that the critical line (in red) only excludes a
marginal fraction of the ⇢�s plane (between the red and the
grey lines) which has very little weight (P ⇡ 0 in those re-
gions). The full joint PDF of concentric densities and slopes
computed from equation (30) is also shown in Fig. 10 while
Fig. 11 uses the two-dimensional knowledge of the PDF to
predict the PDF of the slope in subregions (under-dense,
over-dense or unconstrained inner cells). The agreement be-
tween measurements and the analytical predictions given by
equation (30) is remarkably good, even better than the nu-
merical integration of Bernardeau, Codis & Pichon (2015),
which probably su↵ers from numerical inaccuracies in the
rare event tails of the distribution. The success of this ana-
lytical approach is to be contrasted with the severely limited
range of validity of the saddle-point approximation of the
density PDF illustrated in the left panel of Fig. 10.

5 CONCLUSION

5.1 Summary

The large deviation principle allows us to make simple and
accurate predictions for the cumulants of the distribution of
the density within concentric shells based on spherical col-
lapse dynamics. Using the log density considerably extends
the regime where the PDF derived from the saddle-point
approximation matches the exact PDF because it remedies
the problem of criticality reported before.

In particular, the simple analytic model is shown to be
able to match the PDF of the density for all densities when
compared with a numerical integration in the complex plane.
The result for the log-density can be easily linked to the PDF
of the density as a one-line approximation, equation (11)
and also yields excellent results over a large range of den-
sity values when compared to measurements from N -body
simulations as illustrated in Fig. 8. In particular, this ex-
pression gives immediate access to the rare event tail of the
density PDF for large positive densities. The two cells joint
PDF of the log density was also presented in the saddle ap-
proximation limit. The mass weighted logarithmic mapping
performed according to equation (29) yields also an analytic
PDF and works very well, making almost the entire space
of density and slope {⇢, s} accessible as shown in Fig. 10.

The origin of the success of the log-density lies in the
applicability of its saddle-point approximation and is sup-
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Figure 11. Top panel: PDF of the slope, of the slope when the
inner density is below one and of the slope when the inner den-
sity is above one. Error bars represent the error on the mean
as measured in our simulation, red lines represent the numerical
integration while blue lines are the log-mass saddle approxima-
tion given by equation (30). The agreement is very good for the
whole range of density and slope probed by the simulation. Bot-
tom panel: residuals of measured slope PDFs compared to the
log-mass saddle approximation corresponding to the blue lines in
the top panel.

ported by the quality of the Ansatz corresponding to equa-
tion (7), as the cumulants of the log transformed field de-
pend more weakly on their (finite) variance, as illustrated
in Fig. 2. This can also render tree-level perturbation the-
ory in the log density more successful in predicting reduced
cumulants of the density.

5.2 Perspectives for Dark Energy

Statistics for densities in concentric shells will prove very
useful in upcoming surveys as they allow us to study the
clustering of peaks (or voids) in the mildly non linear regime
(� ⇠ 1) and serve as a statistical indicator to test gravity
and dark energy models and/or probe key cosmological pa-
rameters in carefully chosen subsets of surveys.

A clear asset of the analytical saddle approximation is
that it provides means of simply probing the variation of
counts in cells for arbitrary initial power spectra and spheri-
cal collapse models, which is clearly of interest in the context
of dark energy/modified gravity investigations. In particu-
lar, it has to be noted that unlike the numerical integra-
tion in the complex plane given by equation (8), the saddle-
point method equations (11) in the one-cell case and (30) in
the two-cell configuration do not require an analytical lin-
ear power spectrum. In particular, ⇤-CDM-like power spec-
tra can be used in this context. Recall that the knowledge
of the linear power spectrum determines the values of the
cross-correlation matrix elements, ⌃

ij

, that are explicitly
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Figure 4. The constrained e↵ective slope bias function for under-

densities b⇢<1(s) (red line) and overdensities b⇢>1(s) (blue line)
compared to the unconstrained slope bias b(s) (green line). All

results are obtained from the saddle point approximation for log-

density with the variance �µ=0.50 and radii R1 = 10Mpc/h and

R2 = 11Mpc/h. The solid lines are the result after normalization

while the dashed lines without normalization.

numerical
σρ=0.39

σρ=0.48

σρ=0.55

saddle
σμ=0.37

σμ=0.44

σμ=0.50
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Figure 5. The slope bias function b(s) predicted from the sad-

dle point approximation of the joint bias for the log-density for

di↵erent values of the variance (�⇢=0.39, 0.48 and 0.55 for re-

spectively the red, orange and blue lines). The thick solid lines

are the saddle point prediction after normalization while the thin

solid lines are the numerical integration of equation [} ?] for the

slope.

Hence, we still have to normalize the bias function b obtained
from the saddle-point approximation (27) according to

b̃({⇢k}) = b({⇢k})�
Z 1

0

d⇢kP̂({⇢k}) b({⇢k}) (43)

b̂({⇢k}) =
b̃({⇢k})R1

0
d⇢k⇢kP̂({⇢k}) b({⇢k})

(44)

4 VALIDATION

4.1 The Horizon-4 simulation

[� placeholder for description of simulation: what do
we want to be measured ?]

5 CONCLUSION

Codis et al. (2014) recently presented bias functions as mean
of mitigating correlation errors when computing count-in-
cell statistics on finite surveys. These bias functions gen-
eralize the so-called Kaiser bias in the mildly non-linear
regime for (not so) large separation when considering the
density as measured in spherical cells. We extended here
their formalism by providing simple parameter-free ana-
lytic bias functions for the 2-points correlation of density
in spheres. The derivation was carried in the Large Devia-
tion framework while relying on the spherical collapse model.
A logarithmic transformation allowed for a saddle approx-
imation which was shown against N-body simulation to be
accurate throughout the range of densities XXXX. The con-
ditional density-given-slope and slope given density biases
were also presented as a quasi-linear proxy to the BBKS ex-
tremum correlation function. We argued that these analytic
bias functions should be used for primordial power-spectrum
estimation as they capture the non-linear regime of struc-
ture formation at the percent level down to scales of ⇠ 10
Mpc/h at redshift 0.

6 STUFF

[�

• discuss failures/limitation: redshift space dis-
persion; galactic bias, variance poorly estimated by
PT;

• consider higher order correlation and Bispec-
trum bias?

]

6.1 Bias through higher order clustering

It should be straightforward to show that

'123 =
X

i

'i +
X

i<j

⇠ijbibj + ⇠123⇧ibi

or more generally

'1234 =
X

i

'i +
X

i<j

⇠ijbibj +
X

i<j<k

⇠ijkbibjbk + ⇠1234⇧ibi

where the short notation '123 stands for:

'({�k},{µk}, {⌫k}; r12, r23, r13) = '({�k})+'({µk})+'({⌫k})+
⇠(r12) b'({�k}) b'({µk}) + ⇠(r13) b'({�k}) b'({⌫k})+
⇠(r23) b'({µk}) b'({⌫k})+
⇠(r12, r13, r23) b'({�k}) b'({µk}) b'({⌫k}) , (45)

where ⇠(r12, r13, r23) is the underlying dark matter point
function.
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covariance matrix between initial densities in spheres of radii
Ri and Rj

�

2(Ri, Rj) =

Z
d3k
(2⇡)3

P

lin(k)W3D(kRi)W3D(kRj) (23)

where W3D is the top-hat filter function

W3D(k) =
3
k

2
(sin(k)/k � cos(k)) . (24)

For the sake of simplicity, we choose to parametrize this
covariance matrix in analogy to a power-law initial spectrum
with spectral index n by [} modified G function]

�

2(Ri, Ri) = �

2(Rp)

✓
Ri

Rp

◆�n(Rp)�3

, (25)

�

2(Ri, Rj>i) = �

2(Rp)G
✓
Ri

Rp
,

Rj

Rp
, n(Rp)

◆
, (26)

where

G(x, y, n) =

Z
d3k k

n
W3D(kx)W3D(ky)

Z
d3k k

n
W3D(kRp)W3D(kRp)

=
(x+y)↵

�
x

2+y

2�↵xy

�
�(y�x)↵

�
x

2+y

2+↵xy

�

2↵(n+ 1)x3
y

3
,

with ↵ = 1 � n. We are now in a position to compute the
decay rate function, the saddle-point PDF and finally the
e↵ective bias functions.

The key parameter in the prediction of the PDF is the
value of the variance at the pivot scale Rp. In principle, the
variance �2 can be predicted by linear theory but in practice,
our strategy is to treat it as a free parameter to be adjusted
to the observations.
[} Discuss here the adjustment of the variance, de-
pending on how relevant it is to obtain the bias func-
tions]

3.2 The saddle point bias functions

Since the PDFs can be obtained from a saddle point approx-
imation, the same holds true for the joint PDF and hence the
e↵ective bias functions, b({⇢k}), have an analytical asymp-
tote which can be derived using a steepest descent method
in equations (12) and (16)

b({⇢k}) ⇡ b'

 (
�k =

@ ({⇢i})
@⇢k

)!
(27)

=
nX

i,j=1

⌅ij(Ri⇢
1/3
i , Rj⇢

1/3
j )⌧i(⇢i) , (28)

where ⌧i(⇢i) = ⇣

�1(⇢i) can be determined from the inverse
spherical collapse mapping equation (5). This saddle point
approximation is valid as long as the PDF of the density can
be obtained via a saddle point approximation. [} Well, we
don’t know yet if it is valid, but it should be.]

Density bias The density bias can be straightforwardly
obtained by evaluating equation (28) for a given ⇢ in a cell
of radius R as

bR(⇢) =
⇣

�1(⇢)

�

2(R⇢

1/3)
=

⌫(1� ⇢

�1/⌫)

�

2(R⇢

1/3)
(29)

numerical σρ=0.39

numerical σρ=0.48

numerical σρ=0.55

saddle σμ=0.37

saddle σμ=0.44

saddle σμ=0.50
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Figure 1. The density bias function b(⇢) predicted from the sad-

dle point approximation for the log-density µ = log ⇢ for di↵erent

values of the variance (�⇢=0.39, 0.48 and 0.55 for respectively

the red, orange and blue lines). The thick solid line is the saddle

point prediction after full normalization

ˆb(⇢) while the dashed line

without normalization b(⇢). The thin solid line is the numerical

integration of equation (16) for the density.

Ensuring normalization. Because of the normalisation
of the PDF and the definition of the DM correlation func-
tion, the bias function must obey the following two relations

Z 1

0

d⇢ P̂(⇢) b(⇢) = 0 , (30a)

Z 1

0

d⇢ ⇢ P̂(⇢) b(⇢) = 1 . (30b)

Hence, we still have to normalize the bias function b(⇢) ob-
tained from the saddle-point approximation (27) according
to

b̃(⇢) = b(⇢)�
Z 1

0

d⇢ P̂(⇢) b(⇢) (31a)

b̂(⇢) =
b̃(⇢)

R1
0

d⇢ ⇢ P̂(⇢) b̃(⇢)
(31b)

The result is plotted in Figure 1 for a radius of R =
10Mpc/h and di↵erent redshifts z = 0.65, 0.97 and 1.46 cor-
responding to variances �⇢ = 0.55, 0.48 and 0.39.

Joint density slope bias In the two-cell case, instead of
(⇢1, ⇢2), we will use the variables (⇢, ŝ) describing the inner
density ⇢ = ⇢1 and slope ŝ = (⇢2 � ⇢1)R1/�R with �R =
R2 � R1. The result is straightforwardly obtained from the
general formula after replacing the densities ⇢1 and ⇢2 in
terms of the central density ⇢ and the slope s

bR1,�R(⇢, s) = bR1,R2

✓
⇢1 = ⇢, ⇢2 = ⇢+

�R

R1
s

◆
(32)

= ⌫

2X

i,j=1

⌅ij

⇣
Ri⇢

1/3
i , Rj⇢

1/3
j

⌘
(1� ⇢

�1/⌫
i )

The result is shown in Figure 2.
Consistency check. Note that by decimation of variables

we can obtain the density bias b(⇢) from the joint density
and slope bias b(⇢, s) by evaluating it along the line sstat(⇢)
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density bias slope bias

numerical integration: Codis, Bernardeau & Pichon `16  
saddle: work in progress with Codis, Bernardeau & Pichon  

P (⇢(x), ⇢0(x+ r))

P (⇢)P (⇢0)
= 1 + ⇠(r)b(⇢)b(⇢0)

DM correlation
(In)dependence of spheres for finite separation 

• correlations of density in spheres 
• large separation regime predictable 
• as for PDF: numerical integration or saddle cell bias 
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Correlation functions from PDFs: BAO signature

⇢1

⇢23

r

P (⇢1, ⇢23|r) = P (⇢1)P (⇢23)⇥ (1 + ⇠(r))

Perspective: Clustering from 3 cell PDF 

• from 3-cell PDF: correlation function info 

• demands computing 3-cell PDF 
• logarithmic transform trick again

P (⇢1, ⇢2, ⇢3)

• BAO scale ~100 Mpc

work in progress  
with Codis, Bernardeau, Pichon 



Take home messages
From the CMB to the Cosmic Web 
• CMB provides Gaussian initial conditions for structure formation 
• gravitational evolution is nonlinear and leads to non-Gaussianity 

Large deviation principle 
• rate function to identify `least unlikely`path in the evolution 
• contraction principle: rate <-> cumulant generating fct., mappings

Dark matter dynamics  
• in general: perturbation theory based on fluid or simulations 
• for highly symmetrical situation: spherical collapse

Probability distribution of density in spheres 
• densities in spheres allows to use spherical collapse 
• log is clever variable, fully analytical saddle point approximation

Applications: Clustering, Constraining, … 
• joint PDFs of densities as alternative to correlation functions 
• constraints on cosmology (dark energy) and gravity


