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Spectral Universality for Product Matrices
@ Let X9 g=1,..,mbe mindependent random matrices:

’
X .= %[Xj&q)]ﬁkﬂ :
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Spectral Universality for Product Matrices

@ Let X(@ g=1,...,mbe mindependent random matrices:
1
X(@ .— %[&&q)]ﬁkﬂ_

with i.id. X{? entries for 1 < j. k < n,
o forany 1 <j k<n EX{ =0andE(X) =1,
° E(XIS(Q))4 =: s < 00.
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Spectral Universality for Product Matrices

@ Let X(@ g=1,...,mbe mindependent random matrices:
1
X(@ .— 77[)(1,5(61)];31(:1_

with i.id. X{? entries for 1 < j. k < n,
o forany 1 <j k<n EX{ =0andE(X) =1,
° E(XIS(Q))4 =: s < 00.
Let W :=][g; X,
s2(W),...,s2(W)  denote the eigenvalues of WW'

with empirical spectral measure
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Spectral Universality for Product Matrices

@ Let X(@ g=1,...,mbe mindependent random matrices:

1
X .= % [)(jE(q)]j[Zk:1 .

with i.id. X{? entries for 1 < j. k < n,
o forany 1 <j k<n EX{ =0andE(X) =1,
° E(XIS(Q))4 =: s < 00.
Let W :=T[7 X,
s2(W),...,s2(W)  denote the eigenvalues of WW'
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Spectral Limit Laws for Singular Values of Products
Limit d.f. Gn(x) such that in Kolmogorov distance
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Spectral Limit Laws for Singular Values of Products

Limit d.f. Gn(x) such that in Kolmogorov distance
lim sup |EFY(x) — Gu(x)| =0,
n—oo XER

given by its moments:
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Spectral Limit Laws for Singular Values of Products

Limit d.f. Gn(x) such that in Kolmogorov distance

lim sup |EFY(x) — Gu(x)| =0,

n—oo XER

given by its moments:

= 1 K
_ K _
Mk_/o XdGm(X) = (mk+k>’

Fuss-Catalan numbers. (Alexeev-G-Tikhomirov (2010/11)).
m = 1: Marchenko and Pastur (1967) law for sample covariance matrices.
Alternatively Gm(x), confined to [0, K], Km = (m+1)(1 + L)™
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Spectral Limit Laws for Singular Values of Products

Limit d.f. Gn(x) such that in Kolmogorov distance

lim sup |EFY(x) — Gu(x)| =0,

n—oo XER

given by its moments:

> 1 k
_ K _
Mk‘/o XdG(X) = (mk+k>’

Fuss-Catalan numbers. (Alexeev-G-Tikhomirov (2010/11)).

m = 1: Marchenko and Pastur (1967) law for sample covariance matrices.
Alternatively Gm(x), confined to [0, K], Km = (m+1)(1 + L)™

is described via its Stieltjes transform:

Sm(2) ::/ Xlszm(x), z=u+iv, v>0.

— 00
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Spectral Limit Laws for Singular Values of Products

Limit d.f. Gn(x) such that in Kolmogorov distance

lim sup |EFY(x) — Gu(x)| =0,

n—oo XER

given by its moments:

> 1 k
_ K _
Mk‘/o XdG(X) = (mk+k>’

Fuss-Catalan numbers. (Alexeev-G-Tikhomirov (2010/11)).

m = 1: Marchenko and Pastur (1967) law for sample covariance matrices.
Alternatively Gm(x), confined to [0, K], Km = (m+1)(1 + L)™

is described via its Stieltjes transform:

Sm(2) ::/ Xlszm(x), z=u+iv, v>0.

satisfying (G.-Késters-Tikhomirov (2014))  (hypergeometric function)
14 28m(2) + (—1)™ 12"+ (2) = 0.
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Extensions to Singular and Complex Spectral Models

Singular values of sequences of products of m rectangular p; x p;. 1
matrices with limp,_ ﬁ =y € (0,1] have a limit df Gy such that
Theorem (G.-Kssters-Tikhomirov (2014))

Let Eng(”) =0, E|Xj$(”)]2 = 1. Assume Lindeberg: i.e. forany r > 0

Pv—1 Pv

. 1 ()2
Lo(7) := ,max ; ; E|X;”| /{|X,-(k”’|zTﬁ} —0 asn-— oo

Then,

Al B [A709) — Eyled) =B
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Elliptical Random Matrix Ensembles

@ let Xp(w) = {Xj(w) with condition CO:
a) (X, Xx) mutually independent for 1 < j < k < n;

7=t
b)foranyj,k=1,...n

EXj = 0and EX} = 1;
c)forany1 <j< k<n

E(XkXgy) =p, ol <1,
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Examples of Elliptical Laws
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Product Laws for Elliptical Matrices

Examples
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Product Laws for Elliptical Matrices

Examples:
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Product Laws for Elliptical non Hermitian Matrices

@ Th. (non i.i.d. product case) (G.-Naumov-Tikhomirov, (2013)).
Let Xf,q), g > 2 beindependent n x nrandom matrices,
Assume CO and |p| < 1 and condition:
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Product Laws for Elliptical non Hermitian Matrices
@ Th. (non i.i.d. product case) (G.-Naumov-Tikhomirov, (2013)).
Let Xf,q), g > 2 beindependent n x nrandom matrices,
Assume CO and |p| < 1 and condition:
(L) supEXRIIXP| > M) — 0 as n — oo
a.j:K
LetV =n—m/2 Hg’:1 X9 m>2 and

1n - empirical spectral measure of the eigenvalues of V.
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Product Laws for Elliptical non Hermitian Matrices
Th. (non i.i.d. product case) (G.-Naumov-Tikhomirov, (2013)).
Let Xf,q), g > 2 beindependent n x nrandom matrices,
Assume CO and |p| < 1 and condition:

(LY sup E[X7 21X | > M) — 0as n— oo.
q./s

LetV =n-m2T]7", X9 m>2 and
1n - empirical spectral measure of the eigenvalues of V.
Then Eun — p, with density:

L+, x,ye{uveR:®+v2 <1},

g(x,y) = { mmHy) T
0, elsewhere.

F. Gotze (Bielefeld) Spectral Limits for Products Bielefeld, August 2016

9/25



Product Laws for Elliptical non Hermitian Matrices
@ Th. (non i.i.d. product case) (G.-Naumov-Tikhomirov, (2013)).
Let Xf,q), g > 2 beindependent n x nrandom matrices,
Assume CO and |p| < 1 and condition:

(LY sup E[X7 21X | > M) — 0as n— oo.
q./s

LetV=n""2T]7 X{?, m>2 and
1n - empirical spectral measure of the eigenvalues of V.

Then Epn — p, with density:
—1 +, xye{uveR:u*+v?<1},
alx,y) = wm(x2+y?) m
0, elsewhere.

which is independent of |p| < 1! Extension of (G.-Tikhomirov (2010))
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Product Laws for Elliptical non Hermitian Matrices
@ Th. (non i.i.d. product case) (G.-Naumov-Tikhomirov, (2013)).
Let Xf,q), g > 2 beindependent n x nrandom matrices,
Assume CO and |p| < 1 and condition:

(LY sup E[X7 21X | > M) — 0as n— oo.
q./s

LetV =n-m2T]7", X9 m>2 and
1n - empirical spectral measure of the eigenvalues of V.
Then Eun — p, with density:

L+, x,ye{uveR:®+v2 <1},
g(x,y) = q mmeE+ys

0, elsewhere.

which is independent of |p| < 1! Extension of (G.-Tikhomirov (2010))
Gaussian case: Akemann, Burda (2010,2012).
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Complex Spectra via Girko’s Hermitization

Singular values versus spectral values with emp. df. up:

|det(A)| = [TIN(A) = [ ] si(A).
i=1 i=1

F. Gotze (Bielefeld) Spectral Limits for Products Bielefeld, August 2016 10/25



Complex Spectra via Girko’s Hermitization

Singular values versus spectral values with emp. df. up:
n n
| det(A)] = [T IXi(A)] =[] si(A).
i=1 i=1

vn(+,Z):  empirical measure of singular values of (n~'/2X,, — z1).
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Complex Spectra via Girko’s Hermitization

Singular values versus spectral values with emp. df. up:
n n
|det(A)| = [T IN(A) =[] si(A)
i=1 i=1

vn(-,2):  empirical measure of singular values of (n~1/2X,, — zI).

det <%X - zI)‘
_% log det (%xn - zl> * (\%xn - zl) =— /Ooo log X vn(dx)

Uun(2) == [ 1og1z = W tn(cw) =~ log
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Complex Spectra via Girko’s Hermitization

Singular values versus spectral values with emp. df. up:
n n
|det(A)| = [T IN(A) =[] si(A)
i=1 i=1

vn(-,2):  empirical measure of singular values of (n~1/2X,, — zI).

det <%X - zl>‘
_% log det (%xn - zl> * (\%xn - zl) =— /Ooo log X vn(dx)

Complex spectra of smooth functions I of m independent matrices X:
F(Xn):  vrx) for matrices X, = (Xg), . ,Yﬁ,’"))
F(Yn):  vreyy for i.i.d. Gaussian matrices Y, = (Yg), . ,Yf{"))

Uun(2) == [ 1og1z = W tn(cw) =~ log
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Universality of Complex Spectra

Lemma ( Bordenave-Chafai (2009))
Weak convergence of vgx) and vg(yy to some limit vg:
condition (C1): Log-potential of shifted singular distr. vgxy and vgy)
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Universality of Complex Spectra

Lemma ( Bordenave-Chafai (2009))
Weak convergence of vgx) and vg(yy to some limit vg:
condition (C1): Log-potential of shifted singular distr. vgxy and vgy)

Ux(z) = — /C log | — ¢|vepe (dC) =
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Universality of Complex Spectra

Lemma ( Bordenave-Chafai (2009))
Weak convergence of vgx) and vg(yy to some limit vg:
condition (C1): Log-potential of shifted singular distr. vgxy and vgy)

Ux(2) = = [ logz = Clren(dC) = ~ logdet[F(X) — 2I.

converge to the log. potential of vp — zl  such that:
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Universality of Complex Spectra

Lemma ( Bordenave-Chafai (2009))
Weak convergence of vgx) and vg(yy to some limit vg:
condition (C1): Log-potential of shifted singular distr. vgxy and vgy)

Ux(2) = = [ logz = Clren(dC) = ~ logdet[F(X) — 2I.
converge to the log. potential of vp — zl  such that:

@ log is uniformly integrable,
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Universality of Complex Spectra

Lemma ( Bordenave-Chafai (2009))
Weak convergence of vgx) and vg(yy to some limit vg:
condition (C1): Log-potential of shifted singular distr. vgxy and vgy)

Ux(2) = = [ logz = Clren(dC) = ~ logdet[F(X) — 2I.
converge to the log. potential of vp — zl  such that:

@ log is uniformly integrable, i.e.
lim¢— o limsup,,_, ., Pr {‘ Jo~ log(x) l/l,]F(x)_z|(dX)‘ > t} =0.
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Universality of Complex Spectra

Lemma ( Bordenave-Chafai (2009))
Weak convergence of vgx) and vg(yy to some limit vg:
condition (C1): Log-potential of shifted singular distr. vgxy and vgy)

Ux(@) = - [ 1og|z - Cluepo(de) = ~ logdet[F(X) - 21|
(®)
converge to the log. potential of vp — zl  such that:
@ log is uniformly integrable, i.e.
lim;_, o limsup,,_, . Pr {‘ Jo~ log(x) l/l,]F(x)_z|(dX)‘ > t} =0.

@ forallz € C.
liMmp_ 00 Ux(2) = limpoo Uy(2) = Ur(2) in probability
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Universality of Complex Spectra

Lemma ( Bordenave-Chafai (2009))
Weak convergence of vgx) and vg(yy to some limit vg:
condition (C1): Log-potential of shifted singular distr. vgxy and vgy)

Ux(@) = - [ 1og|z - Cluepo(de) = ~ logdet[F(X) - 21|
(®)
converge to the log. potential of vp — zl  such that:

@ log is uniformly integrable, i.e.
lim;_, o limsup,,_, . Pr {‘ Jo~ log(x) l/l,]F(x)_z|(dX)‘ > t} =0.
@ forallz € C.
liMmp_ 00 Ux(2) = limpoo Uy(2) = Ur(2) in probability
with log potential determining distribution
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Universality of Complex Spectra

Lemma ( Bordenave-Chafai (2009))
Weak convergence of vgx) and vg(yy to some limit vg:
condition (C1): Log-potential of shifted singular distr. vgxy and vgy)

Us(2) =~ [ log|z — clue(d¢) = —logdet[F(X) - 2I.
(6]
converge to the log. potential of uvx — zI  such that:

@ log is uniformly integrable, i.e.
lim;_, o limsup,,_, . Pr {‘ Jo~ log(x) l/l,]F(x)_z|(dX)‘ > t} =0.
@ forallz € C.
liMmp_ 00 Ux(2) = limpoo Uy(2) = Ur(2) in probability
with log potential determining distribution

G.-Tikhomirov (2007), Tao and Vu (2010), methods: Rudelson (2006):
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Universality of Complex Spectra

Lemma ( Bordenave-Chafai (2009))
Weak convergence of vgx) and vg(yy to some limit vg:
condition (C1): Log-potential of shifted singular distr. vgxy and vgy)

Us(2) =~ [ log|z — clue(d¢) = —logdet[F(X) - 2I.
(6]
converge to the log. potential of uvx — zI  such that:

@ log is uniformly integrable, i.e.
lim;_, o limsup,,_, . Pr {‘ Jo~ log(x) l/l,]F(x)_z|(dX)‘ > t} =0.
@ forallz € C.
liMmp_ 00 Ux(2) = limpoo Uy(2) = Ur(2) in probability
with log potential determining distribution

G.-Tikhomirov (2007), Tao and Vu (2010), methods: Rudelson (2006):
(Co) yields unif. log-integr. for m=1 and F(X) = X", (Circular law)
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Universality of F
Theorem (G.-kssters-Tiknomirov (2014), RMTA)
Assume that
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Universality of

Theorem (G.-kssters-Tiknomirov (2014), RMTA)

Assume that

@ X,Y satisfy moment conditions (C0)
(normalizing + uniform integrable 2nd moments)
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Universality of

Theorem (G.-kssters-Tiknomirov (2014), RMTA)

Assume that
@ X,Y satisfy moment conditions (C0)
(normalizing + uniform integrable 2nd moments)

@ [y, Fy satisfy condition (C1)
(uniform log integrability of shifted singular values of F)
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Universality of

Theorem (G.-kssters-Tiknomirov (2014), RMTA)

Assume that
@ X,Y satisfy moment conditions (CO0)
(normalizing + uniform integrable 2nd moments)

@ [y, Fy satisfy condition (C1)
(uniform log integrability of shifted singular values of F)

@ [y, Fy satisfy condition (G) (Smoothnesss of IF).
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Universality of

Theorem (G.-kssters-Tiknomirov (2014), RMTA)

Assume that
@ X,Y satisfy moment conditions (CO0)
(normalizing + uniform integrable 2nd moments)

@ [y, Fy satisfy condition (C1)
(uniform log integrability of shifted singular values of F)

@ [y, Fy satisfy condition (G) (Smoothnesss of IF).

Then Fx and Fy have the same (complex) limit distribution of eigenvalues.
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Universality of

Theorem (G.-kssters-Tiknomirov (2014), RMTA)

Assume that
@ X,Y satisfy moment conditions (CO0)
(normalizing + uniform integrable 2nd moments)

@ [y, Fy satisfy condition (C1)
(uniform log integrability of shifted singular values of F)

@ [y, Fy satisfy condition (G) (Smoothnesss of IF).

Then Fx and Fy have the same (complex) limit distribution of eigenvalues.

Universality of the singular values distribution of shifts holds.

F. Gotze (Bielefeld) Spectral Limits for Products Bielefeld, August 2016

12/25



Universality of

Theorem (G.-kssters-Tiknomirov (2014), RMTA)

Assume that

@ X,Y satisfy moment conditions (CO0)
(normalizing + uniform integrable 2nd moments)

@ Ty, Fy satisfy condition (C1)
(uniform log integrability of shifted singular values of F)

@ [y, Fy satisfy condition (G) (Smoothnesss of IF).

Then Fx and Fy have the same (complex) limit distribution of eigenvalues.

Universality of the singular values distribution of shifts holds.
Hence universality of (complex) eigenvalue distribution follows. Laws
determined by asymptotic freeness and free calculus of S-transforms for

product type functions IF of X;, X*, X
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Example: Singular Values of Products of Spherical Matrices

m>1, X% = (ng(q)) independent, independent entries.

a4
vn
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Example: Singular Values of Products of Spherical Matrices

m>1, X = ﬁ()(jg(q)) independent, independent entries.
Product function

F = [Tqmq XBa=1 (X))~ and W = FF*.

Gn(x): empirical distribution function of W.

Theorem (G.-kssters-Tikhomirov (2014))

Assume that Xj(q), forq=1,....2mandj k =1,..., n satisfy uniform 2nd
order moment conditions. Then

lim Gn(x) = Gm(x) in probability, —where,
1 sin =M
PrlX) = Gp(X) =~
T xmiT (X — 2XWT cos ATk 4 1)

Forrester (2014), free multiplicative Levy processes Biane (1998)
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Linear Statistics of Singular Values of Product Matrices

@ Let X(@ g=1,...,mbe mindependent random matrices:
1
X(@ .— 77[)(1,5(61)];31(:1_

with i.id. X{? entries for 1 < j. k < n,
o forany1 <j k<n EX{ =0andE(X) =1,
° E(XIS(Q))4 =: s < 00.
Let W :=][g; X,
s2(W),...,s2(W)  denote the eigenvalues of WW'

with empirical spectral measure
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Linear Statistics of Singular Values of Product Matrices

@ Let X(@ g=1,...,mbe mindependent random matrices:

1
X .= % [)(jE(q)]j[Zk:1 .

with i.id. X{? entries for 1 < j. k < n,
o forany1 <j k<n EX{ =0andE(X) =1,
° E(XIS(Q))4 =: s < 00.
Let W :=T[7 X,
s2(W),...,s2(W)  denote the eigenvalues of WW'

with empirical spectral measure
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CLT for Singular Values of Products
Limit d.f. Gn(x) such that

= & - = DA
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CLT for Singular Values of Products

Limit d.f. Gn(x) such that

lim sup |EFY(x) — Gn(x)| =0,

n—oo XER

Recall Gi(x), is confined to [0, K], Km = (m+1)(1+ )™
and described via its Stieltjes transform:

Sm(2) ::/ Xlszm(x), z=u+iv, v>0.

— 00
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CLT for Singular Values of Products

Limit d.f. Gn(x) such that

lim sup |EFY(x) — Gn(x)| =0,

n—oo XER

Recall Gm(x), is confined to [0, K], K = (m+ 1)(1 + L)m

m

and described via its Stieltjes transform:

Sm(2) ::/ Xlszm(x), z=u+iv, v>0.

— 00

satisfying  (hypergeometric function)
14 z8m(2) + (=1)™ 1 2MsM 1 (z) = 0.

CLT for linear statistics: Wigner and Marcenko-Pastur: Jonsson (82),
Bai-Silverstein (10), Sinai-Soshnikov(98), Anderson-Zeitouni(06), Lytova-Pastur (09), Zheng (12)

F. Gotze (Bielefeld) Spectral Limits for Products Bielefeld, August 2016 15/25



CLT for Linear Statistics of Eigenvalues of WW' for m = 2

Consider functions f : R — Rwith  [*_(1 + |¢|5)[f(t)|dt < co.
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CLT for Linear Statistics of Eigenvalues of WW' for m = 2

Consider functions f : R — Rwith  [*_(1 + |¢|5)[f(t)|dt < co.
Let Swif] :=>y_,f(s?)and m=2. Then

Theorem (G.-Naumov-Tikhomirov (2015, Bernoulli))

Swif]—ESw[f] = N(0,0%), with
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CLT for Linear Statistics of Eigenvalues of WW' for m = 2
Consider functions f : R — Rwith  [*_(1 + |¢|5)[f(t)|dt < co.
Let Swif] :=>y_,f(s?)and m=2. Then
Theorem (G.-Naumov-Tikhomirov (2015, Bernoulli))

Swif]—ESw[f] = N(0,0%), with
a 2
o2 = [ 109)P0) + (] 0

RO E

Iy p(A)(A )] 1401 (1)* + 11p1 (1) + 4]
3p(1) 402(1) + 3

axdu,

where kg :==my — 3, pi(\) :==7p(N), p(\) = |AP2(N?)
is the symmetrized Fuss-Catalan density, and a := /K.
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The Gaussian Case and Stein-Tikhomirov
Assume W to be Gaussian. Use "linarisation” (Burda-Nowak-Swiech-al (2011)) of
s2(W), ..., s2(W) constructing a 2n x 2n hermitian block matrix Y with
eigenvalues \;(Y):
+51(W),...,£5,(W)

F. Gotze (Bielefeld) Spectral Limits for Products Bielefeld, August 2016 17/25



The Gaussian Case and Stein-Tikhomirov

Assume W to be Gaussian. Use "linarisation” (Burda-Nowak-Swiech-al (2011)) of
s2(W), ..., s2(W) constructing a 2n x 2n hermitian block matrix Y with
eigenvalues \;(Y):

+51(W),...,£5,(W)

For an even function f let
2n

Sni=>_(F(\(Y)) — Ef(N(Y)) and  Zn(x) := Eexp{ixSy}.
j=1
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The Gaussian Case and Stein-Tikhomirov

Assume W to be Gaussian. Use "linarisation” (Burda-Nowak-Swiech-al (2011)) of
s2(W), ..., s2(W) constructing a 2n x 2n hermitian block matrix Y with
eigenvalues \;(Y):

+51(W),...,£5,(W)

For an even function f let
2n

Sni=>_(F(\(Y)) — Ef(N(Y)) and  Zn(x) := Eexp{ixSy}.
j=1

Show: lim Z,(x) =Z(x) := exp{—%o?xz}.
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The Gaussian Case and Stein-Tikhomirov

Assume W to be Gaussian. Use "linarisation” (Burda-Nowak-Swiech-al (2011)) of
s2(W), ..., s2(W) constructing a 2n x 2n hermitian block matrix Y with
eigenvalues \;(Y):

+£51(W),...,£5,(W)

For an even function f let
2n

Sn =S (F(N(Y)) — Ef(N(Y)) and  Zi(x) := Eexp{ixSn}.
j=1

Show: lim Z,(x) =Z(x) := exp{—%o?xz}.
If converging subsequences {Z, } and {Z}, } satisfy
Jim Zo(x) = 2(x).  Jim_Z;,(x) = —xZ(x)af

we are done via
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The Gaussian Case and Stein-Tikhomirov

Assume W to be Gaussian. Use "linarisation” (Burda-Nowak-Swiech-al (2011)) of
s2(W), ..., s2(W) constructing a 2n x 2n hermitian block matrix Y with
eigenvalues \;(Y):

+£51(W),...,£5,(W)

For an even function f let
2n

Sn =S (F(N(Y)) — Ef(N(Y)) and  Zi(x) := Eexp{ixSn}.
j=1

Show: lim Z,(x) =Z(x) := exp{—%o?xz}.
If converging subsequences {Z, } and {Z}, } satisfy

lim Z,(x)=2Z(x), lm Z}(x)=—xZ(x)o?

ny—oo n—oo

we are done via (Tikhomirov (1980))
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Integral Equations
Represent f(\) = ff"w?(t)e’“; expand factor S, in Z!(x) as

~

Z}(x) = IES,e"®r =é / f(HE(Tre™ — ETreY)e*S at,

—00

i / S F ) Yolx,

—00
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Integral Equations
Represent f(\) = ff‘;o?(t)e’“; expand factor Sy, in Zi(x) as

~

Z,(x) = IES,e"r :é / f(HE(Tre™ — ETre™)e*S gt
—0o0

i / S F ) Yolx,

—00

Let p(x) denote spectral density of Y. Since ¥ =1+ [} Y&’ ds
and for a standard Gaussian random variable £ (Stein)

E¢f(¢) = ECEF(€).
calculations leads to:  sub-limiting equation for Y(x, t) := lim, Yn(x, t)
t
Y(x, 1)+ 3 / Y(x, $)P(s — t) ds
0

t —~ —~
— —xZ(x) /0 [2B(s)Fp(t — ) + Fip(s)] s,
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Fourier-Laplace Transforms and Volterra-Equations

A Fourier-Laplace transform of this Volterra equation with

p(z):=i"" /exp{—izt}f)(—t) dt = / ﬁp(x) dx = s(2)
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Fourier-Laplace Transforms and Volterra-Equations

A Fourier-Laplace transform of this Volterra equation with

p(z):=i"" /exp{—izt}b(—t) dt = / ﬁp(x) dx = s(2)

yields an equation for the Stieltjes transform s(z) of p
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Fourier-Laplace Transforms and Volterra-Equations

A Fourier-Laplace transform of this Volterra equation with

p(z):=i"" /exp{—izt}b(—t) at =/ 1Zp(x) dx = s(2)

X

yields an equation for the Stieltjes transform s(z) of p and the

Fourier-Laplace transforms F(x, z) of Y(x,t) and R(z) of f'p(t):
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Fourier-Laplace Transforms and Volterra-Equations

A Fourier-Laplace transform of this Volterra equation with

B(z) = i / exp{—izt}p(—1) dt — / !

X J—
yields an equation for the Stieltjes transform s(z) of p and the

—
!

Fourier-Laplace transforms F(x, z) of Y(x,t) and R(z) of f'p(t):

1/z —25(2)

F(x,z) = ixZ(x)F.’(z)Tsz(z).
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Fourier-Laplace Transforms and Volterra-Equations

A Fourier-Laplace transform of this Volterra equation with

p(z) =i / exp{—izt}p(—t) ot — / 1Zp(x) dx = §(2)

X
yields an equation for the Stieltjes transform s(z) of p and the
Fourier-Laplace transforms F(x, z) of Y(x,f) and R(z) of f/';)(t):
. 1/z —25(2)
F(x,z) = le(x)R(z)m.
Since 1 + zs(z) = zs(z)3, Fourier inversion of

K(z:) = 1/23822322)) — 1( )332(2()2) can be determined as
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Fourier-Laplace Transforms and Volterra-Equations

A Fourier-Laplace transform of this Volterra equation with

p(z) =i /exp{—izt}b(—t) dt:/ 1

X J—
yields an equation for the Stieltjes transform s(z) of p and the

Fourier-Laplace transforms F(x, z) of Y(x,f) and R(z) of f/';)(t):

. 1/z —25(2)
F(x,z) = le(x)R(z)m.
Since 1 + zs(z) = zs(z)3, Fourier inversion of
K(z:) = 1/23322322)) = 1( )332(2()2) can be determined as

1% @™ Api(u)* +11pi(n)? +4
_a3p1(p) 4pi(p)? +3

using contour integration with py (1) := wp(}\),

du,

and evaluating 3K, RK in terms of Ss, Rs.
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Stein-Tikhomirov Equation
Then we finally arrive at

= & - = DA
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Stein-Tikhomirov Equation

Then we finally arrive at

y(x, 1) = - X2) / t / " e (0)p(2) o
0 J—a

2
T
2 @79 4py (u)* + 11y (p)® + 4
—a 3p(k) 4p1(p)? +3

av.

which leads to
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Stein-Tikhomirov Equation
Then we finally arrive at

a
M (N)p(N) dA

—a
2 =S 4py (u)* + 11py (n)* + 4
—a 3p(k) 4pi(pn)* +3

Y(x,t)

av.

which leads to

200 = //_ f((AA_Z

P — )] [4ps(a)* + 11y ()2 + 4]
30(1) i rs o
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Stein-Tikhomirov Equation
Then we finally arrive at

a
e M ' (N)p(\) dA

—a
2 =S 4py (u)* + 11py (n)* + 4
—a 3p(k) 4pi(pn)* +3

27r /a/fa (/\ u =

— PO — )] [4p1 (12)* + 111 (1) + 4]
3p(k) 4p1(pn)* +3

Furthermore needed: Gaussian approximations as well as concentration of

Y(x,t)

av.

which leads to

Z'(x) = —

axdu.

measure for Lipschitz functions.
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Thank you!

= & - = DA
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Multiplicative Free Convolution on R

14+ Mu(2) = Gu(z")/z, (=1+>_ mZz*, formally)
k=1
S.2) = 'R = E M),
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Multiplicative Free Convolution on R

1+M,(2) = Guz")/z, (:1+kazk, formally)
k=1
S.2) = 2RI =2 M),

1, po: distribution on Ry : S, %, = Sy Sy

Lemma
A, € M(n x n), n € N Gaussian complex random matrices, independent
entries. Then

o X,
Xnﬂ<

O -—al
—al O

A, = and B,:=J(a)=

)

are asymptotically free, where « = u+ iv,u,v € R.

y
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2n x 2n block-matrix

R-Transform of J(«)
O —ad

J(@) = ,

() —al O

= & - = DA
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R-Transform of J(«)
2n x 2n block-matrix

o —al
J(a) = E

—al O
spectral distribution 4i(-) = 3|4 + 30_ja),

= & - = DA
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2n x 2n block-matrix

R-Transform of J(«)
O —ad
J(a) = R
() (—m O)
spectral distribution 4i(-) = 3|4 + 30_ja),

2,2
M(z) = la|cZ

1 |afPz2

(=] = = D Q QR
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R-Transform of J(«)

2n x 2n block-matrix

0O —al
J(a) = R
() —al O

spectral distribution 4i(-) = 3|4 + 30_ja),

|a|222

M(2) = ez

R-transform of p:
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R-Transform of J(«)

0O -«
Je) = (—al OI)7

spectral distribution 4i(-) = 3|4 + 30_ja),

2n x 2n block-matrix

|a|222
M(2) = 5"y nEa

R-transform of p:
/:;;1 (2) = 7Vz(1+z).

|
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R-Transform of J(«)

0O -«
Je) = (—al OI>7

spectral distribution 4i(-) = 3|4 + 30_ja),

2n x 2n block-matrix

|a|222

M(2) = ez

R-transform of p:
/:;;1 (2) = 7Vz(1+z).

|

R2(2) + Ra(2) — |a?Pz2 = 0.
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R-Transform of J(«)

0O -«
Je) = (—al OI>7

spectral distribution 4i(-) = 3|4 + 30_ja),

2n x 2n block-matrix

|a|222

M(2) = ez

R-transform of p:
A ()= VAL E2)
|al
R2(z) + R.(2) — |a?Z% = 0.
Solving this equation, we obtain

R.(2) = -1+ 1+ 4|al2z?

2

F. Gotze (Bielefeld) Spectral Limits for Products Bielefeld, August 2016 23/25



o —al
V(a) =V —J(a) = [ v F(Y) — ol

o

)

= & - = DA
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(o] F(Y) —al
V(a) =V - J(a) = (¥)—a
FY—al O
Theorem (G.-Késters-Tikhomirov 2014)
Assume

)

= & - = DA
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o F(Y) — al
FY)'-al O

)

V(a) =V -J(a) = [

Theorem (G.-Késters-Tikhomirov 2014)
Assume

@ V has spectral limit uy with R-transform Ry(z) and
V(«) has limit Stieltjes transform g(z, «)
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o F(Y) — al
FY)'-al O

)

V(a) =V -J(a) = [

Theorem (G.-Késters-Tikhomirov 2014)
Assume
@ V has spectral limit uy with R-transform Ry(z) and
V(«) has limit Stieltjes transform g(z, «)
@ V and J(«) are asymptotically free.
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o F(Y) — al
FY)'-al O

)

V(a) =V -J(a) = [

Theorem (G.-Késters-Tikhomirov 2014)
Assume
@ V has spectral limit uy with R-transform Ry(z) and
V(«) has limit Stieltjes transform g(z, «)

@ V and J(«) are asymptotically free.

Then g(z,a) and w = w(z, «) are determined by the system
Ra(-9(2,2))
9(z,a)
9(z,a) = (1 +wg(z,a))Sv(-(1 + wg(z, @)).

w=2z+ ,  Zlarge,
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o F(Y) — al
FY)'-al O

)

V(a) =V -J(a) = [

Theorem (G.-Késters-Tikhomirov 2014)
Assume
@ V has spectral limit uy with R-transform Ry(z) and
V(«) has limit Stieltjes transform g(z, «)

@ V and J(«) are asymptotically free.

Then g(z,a) and w = w(z, «) are determined by the system
Ra(-9(2,2))
9(z,a)
9(z,a) = (1 +wg(z,a))Sv(-(1 + wg(z, @)).

w=2z+ ,  Zlarge,

Note that Ry )(2) = Ry(2) + Ra(2).
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0 F(Y) - ol
FY)'-al O

)

V(a) =V -d(a) = [

Theorem (G.-Késters-Tikhomirov 2014)
Assume
@ V has spectral limit uy with R-transform Ry(z) and
V(«) has limit Stieltjes transform g(z, «)

@ V and J(«) are asymptotically free.

Then g(z,a) and w = w(z, «) are determined by the system
Ra(-9(2,2))
9(z,a)
9(z,a) = (1 +wg(z,a))Sv(-(1 + wg(z, @)).

w=2z+ ,  Zlarge,

Note that Ry(4)(2) = Rv(2) + Ra.(2).
THE S-TRANSFORM NEEDS TO BE EXTENDED TO V WHERE E(V) =0
WITH TWO BRANCHES Sy(z) AND Sy(2)
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0 F(Y) - ol
FY)'-al O

)

V(o) =V -J(a) = [

Theorem (G.-Késters-Tikhomirov 2014)
Assume
@ V has spectral limit uy with R-transform Ry(z) and
V(«) has limit Stieltjes transform g(z, «)
@ V and J(«) are asymptotically free.

Then g(z,a) and w = w(z, «) are determined by the system
Ra(-9(2,2))
9(z,a)
9(z,a) = (1 +wg(z,a))Sv(-(1 + wg(z, @)).

w=2z+ , Zlarge,

Note that Ry )(2) = Ry(2) + Ra(2).
THE S-TRANSFORM NEEDS TO BE EXTENDED TO V WHERE E(V) = 0

WITH TWO BRANCHES Sy(Z) AND Sy(z) AS FUNGTIONS OF v/Z (seecen

AND RAO 2009) .
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Spectral Limit Density of F(Y)
a=u+iv, u,veR,

- = DA
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Spectral Limit Density of F(Y)

; s s
a=u+1iv, u,veR, A=g5+35z

Theorem ( G.-KOSTERS-TIKHOMIROV 2014, RMTA)

@ [iv(a) has limit density

V.
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Spectral Limit Density of F(Y)

. 82 32
a=u+1iv, u,veR, A=g5+35z

Theorem ( G.-KOSTERS-TIKHOMIROV 2014, RMTA)
@ [iv(a) has limit density q(y,«) and require decay of tails of jy,

@ V and J(a) are asymptotically free

V.
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Spectral Limit Density of F(Y)

. 82 62
a=u-+iv, u,veR, A=g5+35z

Theorem ( G.-KOSTERS-TIKHOMIROV 2014, RMTA)
@ [iv(a) has limit density q(y,«) and require decay of tails of jy,
@ V and J(a) are asymptotically free

Let Sy resp. p(u, v) denote the limit S-transform resp. limit density of V for
n — oo. Define

V.

F. Gotze (Bielefeld) Spectral Limits for Products Bielefeld, August 2016 25/25




Spectral Limit Density of F(Y)

; s 9%
a=u-+iv, u,veR, A=g5+35z

Theorem ( G.-KOSTERS-TIKHOMIROV 2014, RMTA)
@ [iv(a) has limit density q(y,«) and require decay of tails of jy,
@ V and J(a) are asymptotically free

Let Sy resp. p(u, v) denote the limit S-transform resp. limit density of V for
n — oo. Define

s(a) == —limyoig(ix,a) >0, (a)=Ilimyo(—i)g(ix,a)(—i)w(ix,a) > 0.
Then v = v¢(a) > 0 and » = »(a) > 0 satisfy the equations

P(1 =) =|afs? and s =—i(1—¢)Sy(—(1 - ),

V.
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Spectral Limit Density of F(Y)
a=u-+iv, u,veR, A:;—;Jraa—;.
Theorem ( G.-KOSTERS-TIKHOMIROV 2014, RMTA)

@ [iv(a) has limit density q(y,«) and require decay of tails of jy,
@ V and J(a) are asymptotically free

Let Sy resp. p(u, v) denote the limit S-transform resp. limit density of V for
n — oo. Define

s(a) == —limyoig(ix,a) >0, (a)=Ilimyo(—i)g(ix,a)(—i)w(ix,a) > 0.
Then v = v¢(a) > 0 and » = »(a) > 0 satisfy the equations

P(1 =) =|afs? and s =—i(1—¢)Sy(—(1 - ),

Let Qy(e) := [(log|y|)q(y,a)dy. Then

i

8v)’ a=Uu-+iv,

1 1 0
Pu, V) = 5-BQy(a) = W(“a% +v

assuming that 1) («) is differentiable up to a finite set of values |«|.

p
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