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Introduction

Let X, be a random matrix with values in GL(n, C).

Definition:
X, is called bi-invariant (bi-unitarily invariant) (isotropic)
if V, X, W, g X, for any (fixed) unitary matrices V,, W,,.

Examples:
@ Ginibre matrices
@ truncated unitary matrices

@ products of independent bi-invariant random matrices (or their inverses)
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Introduction
Let X, be a random matrix with values in GL(n, C).

Definition:
X, is called bi-invariant (bi-unitarily invariant) (isotropic)
if V, X, W, g X, for any (fixed) unitary matrices V,, W,,.

Examples:
@ Ginibre matrices
@ truncated unitary matrices
@ products of independent bi-invariant random matrices (or their inverses)

Starting Point:
Products of independent Ginibre matrices (or their inverses)

have determinantal singular value and eigenvalue distributions.

Akemann-Burda (2012), Akemann-Strahov (2013), Akemann-Kieburg-Wei (2013), Akemann—Ipsen—Kieburg (2013),
Adhikari-Reddy—Reddy—Saha (2013), Ipsen—Kieburg (2014), Forrester (2014), Akemann—Ipsen—Strahov (2014),
Kuijlaars-Zhang (2014), Kuijlaars—Stivigny (2014), Kuijlaars (2015), Akemann—Ipsen (2015), ...
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Introduction

Ginibre Matrix

foqsv(a) o |An(a)[? He % oc det (Ksasv(a), ) 1,

va(Z) X ‘An(z)’2 H eilzj|2 o det (KEV(ZJ" ?k))jkzl,...,n
j=1

PI‘OdUCt Of p Ginibre Matrices Akemann—Kieburg-Wei (2013)  Akemann—Burda (2012)

foqsv(3) o An(a) det [ (~2i05)" " wpolay)] ox det (KSEdy(ay. )

k=1,...,n
fev(2) | wyo(|zi[2) o det ( K®)(z;,2)
EViZ p,0\14) EV\4r k) ).
Jjk=1,...,n
0 1 1+ic0
where wpo(x) = (e *)*P = G§ x)=-— MP(s)x~°ds
’ P 0,...,0 27'“ .
1—ioco
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Introduction

Starting Point:
Products of independent Ginibre matrices (or their inverses)

have determinantal singular value and eigenvalue distributions.

Akemann—Burda (2012), Akemann—Strahov (2013), Akemann—Kieburg-Wei (2013), Akemann-Ipsen—Kieburg (2013),
Adhikari-Reddy—Reddy—-Saha (2013), Ipsen—Kieburg (2014), Forrester (2014), Akemann—Ipsen—Strahov (2014),
Kuijlaars-Zhang (2014), Kuijlaars—Stivigny (2014), Kuijlaars (2015), Akemann—Ipsen (2015), ...

The same is true for products of independent truncated unitary matrices

(or their inverses).
Adhikari-Reddy—Reddy-Saha (2013), Ipsen—Kieburg (2014), Akemann—-Burda—Kieburg-Nagao (2014),
Kieburg—Kuijlaars-Stivigny (2015), Akemann—Ipsen (2015), ...

Moreover, it is possible to consider “mixed products”.
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The same is true for products of independent truncated unitary matrices
(or their inverses).

Adhikari-Reddy—Reddy-Saha (2013), Ipsen—Kieburg (2014), Akemann—-Burda—Kieburg-Nagao (2014),
Kieburg—Kuijlaars-Stivigny (2015), Akemann—Ipsen (2015), ...

Moreover, it is possible to consider “mixed products”.

Main Question:

Are there more examples of bi-invariant random matrices such that ...
@ the singular value and eigenvalue distributions are determinantal,
@ this structure is preserved when taking independent products?
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Harmonic Analysis on Matrix Spaces

Univariate Situation
X :r.v. with values in C
and a rotation-invariant density fx

dist. of X «+— dist. of | X|?

|X|? : r.v. with values in R
and a density fix):

Mellin Transform

9= [ty
e

for suitable s € C

Mx is defined on 1 + iR
Mx determines the dist. of X
X1, X2 ind. = Mx, x, = Mx, - Mx,

Holger Késters (ZiF Conference) Products of Bi-Invariant Random Matrices

8/ 22



Harmonic Analysis on Matrix Spaces

Univariate Situation
X :r.v. with values in C
and a rotation-invariant density fx

dist. of X «+— dist. of | X|?

|X|? : r.v. with values in R
and a density fix):

Mellin Transform

9= [ty
e

for suitable s € C

Mx is defined on 1 + iR
Mx determines the dist. of X

Multivariate Situation
X : r.v. with values in GL(n, C)
and a bi-invariant density fx

dist. of X <— dist. of X*X

X*X : r.v. with values in Pos(n, C)
and a conjugation-invariant density fx«x

Spherical Transform
dy
Sx(s :/ fx« s
x(s) . x(¥) ws(y) (det )"

dx
= x(x) ps(x*x) ————
/GL(n,«:) (9 sl )\detX|2”

for suitable s € C"

Sx is defined on ¢ + iR”
Sx determines the dist. of X

X1, Xz ind. = Mx x, = Mx,-Mx, Xi,Xoind. = Sx,x, = Sx; - Sx,
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QR Decomposition |

Let X, be a random matrix with values in GL(n, C).
QR Decomposition (Gram decomposition, lwasawa decomposition)
Any matrix X, € GL(n, C) has a unique decomposition X, = Q,R,

with Q, unitary and R,, upper-triangular with positive diagonal elements.

(This is essentially the Gram—Schmidt orthonormalization theorem.)
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QR Decomposition |

Let X, be a random matrix with values in GL(n, C).

QR Decomposition (Gram decomposition, lwasawa decomposition)
Any matrix X, € GL(n, C) has a unique decomposition X, = Q,R,,
with Q, unitary and R,, upper-triangular with positive diagonal elements.

(This is essentially the Gram—Schmidt orthonormalization theorem.)

Proposition (QR Decomposition of Bi-Invariant Random Matrices)
If X, is bi-invariant, then

@ Q, and R, are independent,
@ dist. of Q, = normalized Haar measure,
@ dist. of X,, «+— dist. of R,
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QR Decomposition |

Let X, be a random matrix with values in GL(n, C).

QR Decomposition (Gram decomposition, lwasawa decomposition)
Any matrix X, € GL(n, C) has a unique decomposition X, = Q,R,
with Q, unitary and R,, upper-triangular with positive diagonal elements.

(This is essentially the Gram—Schmidt orthonormalization theorem.)

Proposition (QR Decomposition of Bi-Invariant Random Matrices)
If X, is bi-invariant, then

@ Q, and R, are independent,

@ dist. of Q, = normalized Haar measure,

@ dist. of X,, «+— dist. of R,

e dist. of X,, «— dist. of diag(R,) = (Ri1,..., Ran)-

Holger Késters (ZiF Conference) Products of Bi-Invariant Random Matrices 22.08.2016 9 /22



Let X, be a bi-invariant random matrix with values in GL(n, C).

Xn = Qan
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Let X, be a bi-invariant random matrix with values in GL(n, C).

Xn = Qan
Mellin transform

M(Rlzl,...,R,zm)(sb )

(non-symmetric in s, .

.. .Sn)
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Let X, be a bi-invariant random matrix with values in GL(n, C).

Xn = Qan

.

Mellin transform
M(Rlzl,...,R,zm)(sb )

(non-symmetric in sy,...,S,)
d d d
Xol = X02 = = Xon
d d d
Ri1 > Ry > -+ > Rpp

«O» «Fr «

i
it
it
S
¥l
i)




QR Decomposition Il

Let X, be a bi-invariant random matrix with values in GL(n, C).

Xn = Qan

e

Mellin transform modified Mellin transform
Mgz r2)(S1:---i80)  ——  Mge  gey(sito1—1,..., spton—1)

2
1127 nn
(non-symmetric in si, ..., sp) (symmetric in sq,...,s,)
d d d
Xe1 = Xez = -+ = Xop
d d d
Ri1 2 Re2 > -+ = Rpn

Holger Késters (ZiF Conference) Products of Bi-Invariant Random Matrices 22.08.2016 10 / 22



QR Decomposition Il

Let X, be a bi-invariant random matrix with values in GL(n, C).

Xn = Qan
Mellin transform modified Mellin transform
Mry,...R2,) (51, -, 5n) r o Mz rey (it .. spton—1)
(non-symmetric in si, ..., sp) (symmetric in sq,...,s,)
Xeo1 4 Xe2 4.4 Xen spherical transform
d d d . dx
Ri1> R > -+ > Rpp Sx(s) = /G fx(x) ps(x"x) Tdet x2n
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QR Decomposition Il

Let X, be a bi-invariant random matrix with values in GL(n, C).

Xn = Qan

/ \spherical inversion

Mellin transform modified Mellin transform
Mgz r2)(S1:---i80)  ——  Mge  gey(sito1—1,..., spton—1)

2
1127 nn
(non-symmetric in si, ..., sp) (symmetric in sq,...,s,)
d d d .
Xe1 = Xe2 == Xop spherical transform
RuZRnS SR s f ) &
s) = X X' X) ———=
12 Re e 2 R K(s) = [ K0 el o
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Spectral Densities

Let X, be a bi-invariant random matrix with values in GL(n, C).

Xn = Qan
/ \spherical inversion
Mellin transform modified Mellin transform
Mra,,...R2,)(SL: - - 5n) — Mgz, ey (s1to1—1, ... spton—1)
(non-symmetric in si, ..., sp) (symmetric in sq,...,sp)

spherical transform
dx
S = | f X)) ———
X(S) /G X(X) QOS(X X) |detx|2"
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Spectral Densities

Let X, be a bi-invariant random matrix with values in GL(n, C).

jpdf of the singular values

!

Xn = Qan
/ \spherical inversion
Mellin transform modified Mellin transform
Mra,,...R2,)(SL: - - 5n) — Mgz, ey (s1to1—1, ... spton—1)
(non-symmetric in si, ..., sp) (symmetric in sq,...,s,)

spherical transform
dx
S = | f X)) ———
X(S) /G X(X) QOS(X X) |detx|2"
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Spectral Densities

Let X, be a bi-invariant random matrix with values in GL(n, C).

jpdf of the singular values

!

Xn = Qan
/ \spherical inversion
Mellin transform modified Mellin transform
Mg ray(st050)  ———  Mge go(srterl,.. ., syten—1)
(non-symmetric in sy, ..., S,) (symmetric in sq,...,5s,)
jpdf of the eigenvalues spherical transform
special property . dx
S; = f o
of GL(n,C) x(s) /G X(x) ps(xx) | det x|2"
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Polynomial Ensembles of Derivative Type

Main Question:
Are there more examples of bi-invariant random matrices such that ...

@ the singular value and eigenvalue distributions are determinantal,
@ this structure is preserved when taking independent products?
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Polynomial Ensembles of Derivative Type

Main Question:

Are there more examples of bi-invariant random matrices such that ...
@ the singular value and eigenvalue distributions are determinantal,
@ this structure is preserved when taking independent products?

P0|yn0mia| Ensembles Kuijlaars-Stivigny (2014), Kuijlaars (2015), Claeys—Kuijlaars-Wang (2015)

fsqsv(a) o< An(a) det (‘/‘/j(ak)>j,k:1

Holger Késters (ZiF Conference) Products of Bi-Invariant Random Matrices 22.08.2016 13 / 22



Polynomial Ensembles of Derivative Type

Main Question:

Are there more examples of bi-invariant random matrices such that ...
@ the singular value and eigenvalue distributions are determinantal,
@ this structure is preserved when taking independent products?

P0|yn0mia| Ensembles Kuijlaars-Stivigny (2014), Kuijlaars (2015), Claeys—Kuijlaars-Wang (2015)

fsqsv(a) o< An(a) det (‘/‘/j(ak)>j,k:1

Theorem (Tra nsfer LaW) Kuijlaars-Stivigny (2014), Kuijlaars (2015), Claeys—Kuijlaars~Wang (2015)
If X, ~ PE(w1,...,w,) and Y, ~ Ginibre be independent.
Then X,Y, ~ PE(w1 ® wg, ..., w, ® wg), where wg(x) := e .
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Polynomial Ensembles of Derivative Type

Main Question:

Are there more examples of bi-invariant random matrices such that ...
@ the singular value and eigenvalue distributions are determinantal,
@ this structure is preserved when taking independent products?

P0|yn0mia| Ensembles Kuijlaars-Stivigny (2014), Kuijlaars (2015), Claeys—Kuijlaars-Wang (2015)

fsqsv(a) o< An(a) det (‘/‘/j(ak)>j,k:1

Theorem (Tra nsfer LaW) Kuijlaars-Stivigny (2014), Kuijlaars (2015), Claeys—Kuijlaars~Wang (2015)
If X, ~ PE(w1,...,w,) and Y, ~ Ginibre be independent.
Then X,Y, ~ PE(w1 ® wg, ..., w, ® wg), where wg(x) := e .

Polynomial Ensemble of Derivative Type  kieburg-Kssters (2016)

fsqsv(a) o< Ap(a) det ((—akd%k)jflWo(ak))ﬁk:l’__?n
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Polynomial Ensembles of Derivative Type

Polynomial Ensemble of Derivative Type

X, is from a polynomial ensemble of derivative type if it is bi-invariant and
fsqsv(a) o< Ap(a) det ((—akd#;'k)jflwo(ak))j*:l

for some weight function wy (with suitable properties).
Abbreviation: X, ~ DPE,(w).

-
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Polynomial Ensembles of Derivative Type

Polynomial Ensemble of Derivative Type
X, is from a polynomial ensemble of derivative type if it is bi-invariant and

fsqsv(a) oc Ap(a) det ((_3kd%k)j71WO(ak)>j7k:17...,n

for some weight function wy (with suitable properties).
Abbreviation: X, ~ DPE,(w).

Examples
@ induced Wishart-Laguerre ensemble: wp(a) = a¥e™?
@ induced Jacobi ensemble: wo(a) = a”(1 — a)* 1 1)(a)
@ induced Cauchy—Lorentz ensemble: wo(a) = a¥(1 + a) v+t
@ products of such random matrices: wo(a) = Meijer-G-function

@ Muttalib—Borodin ensemble (of Wishart—Laguerre type)
Muttalib (1995), Borodin (1999), Cheliotis (2014), Forrester—Liu (2014), Forrester-Wang (2015), Zhang (2015), ...

(a) foqsv(a) o< An(a) Ap(a?) (deta)” e tr?’ wo(a) = a’e=o%’
(b) fegsv(a) ox An(a) An(In a) (det a)” e~ trina)’ wo(a) = ave—o(na)’
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Theorem 1 (Spherical Transform)

Kieburg-K. (2016)

Let X, ~ DPE,(wp). Then Sx,(s) H(Mwo)(sk — o1y,

k=1
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k=1

Df (x) := (—x)f'(x)
Sx(s) = /G

Theorem 1 (Spherical Transform)  kieburg—k. (2016)
n
Let X, ~ DPE,(wp). Then Sx,(s) H(Mwo)(sk — o1y,
Proof:

. dx
50 9500 [ = () o

d\

A (det \)"



Main Results

Theorem 1 (Spherical Transform)

Kleburg—K (2016)

Let X,, ~ DPE,(wo). Then Sx, (s

).
k= 1
Proof: Df(x) := (—x)f'(x)

5x(5) = [ &) ulx'A) 1 = /m,oo)n Basv )25 ey

Spherical Functions for GL(n, C)

Gelfand—Naimark (1950)

de ))sHn-1)/2
0s(x*x) = An(0) té(jé) () = ) e xe QL)
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Main Results

Theorem 1 (Spherical Transform)

Kleburg—K (2016)

Let X,, ~ DPE,(wo). Then Sx, (s

).
k= 1
Proof: Df(x) := (—x)f'(x)

. det (()\ )Sk+(n 1)/2> d\
~ /(OOO)" A,(3) det (D' wo(M) 1SR Taera)

Spherical Functions for GL(n, C)

Gelfand—Naimark (1950)

de ))skH(n=1)/2
os(x*x) = An(0) ti(:\(Js() () ) ) , s€C" ,xeGL(nC).
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Main Results

Theorem 1 (Spherical Transform)

Kieburg-K. (2016)

Let X, ~ DPE,(wo). Then Sx,(s) o [ [(Mwo)(sk — %5%).
k=1
Proof: Df(x) := (—x)f'(x)

o dA
Sx(s) z/Gfx(X) ps(x X)W = /(0 o fasv(A) s() (det \)"

. det (()\j)5k+(n*1)/2) d\
~ /(Ow A,(3) det (D' wo(M) 1SR Taera)

1 > —1 sk—(n+1)/2
O(A,,(s) det (/0 D' wp(A)A dA
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Main Results

Theorem 1 (Spherical Transform)

Kleburg—K (2016)

ocH (Mwo)(sk — 25L).

k=1

Let X,, ~ DPE,(wo). Then Sx, (s

Proof: Df(x) := (—x)f'(x)

S(9) = [ B i = [ o) 00 s

. det (()\ )Sk+(n 1)/2) d\
~ /(OOO)" A,(3) det (D' wo(M) 1SR Taera)

1 > —1 sk—(n+1)/2
O(A,,(s) det (/0 D' wp(A)A dA

det((sk— 52V T (Mwo)(sk— 52)) 1
= ; An(s) - 1w

k=1
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Main Results

Polynomial Ensemble of Derivative Type

X, is from a polynomial ensemble of derivative type if it is bi-invariant and

fsqsv(a) X A,,(a) det ((*akd;;'k)jilwo(ak))j?k:lw_n

for some weight function wy (with suitable properties).
Abbreviation: X,, ~ DPE,(wyp).

Theorem 1 (Spherical Transform) Kleburg—K (2016)

Let X, ~ DPE,(wo). Then Sx, (s O(HMWO )(sk — "5%) -
k=1

Theorem 2 (Joint Density of Eigenvalues) Kishurg-K. (2016)

Let X, ~ DPE,(wp). Then fey(z) o |An(2) HWO E1R!
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Main Results
Theorem 3 (Transfer Law)  kieburg«. (2016)
Let X, ~ DPE,(wo(x)). Then X, ~ DPE,(wo(x~1) x~"71).

Theorem 4 (Transfer Law)  kieburg«. (2016)
Let X, ~ DPE,(wp) and Y, ~ DPE,(vy) be independent.
Then X, Y, ~ DPE,(wo ® v), where

(w0 ® w0)(x) = /O T ol wly) dy/y. x> 0.

Remark compare Kuijlaars-Stivigny (2014), Kuijlaars (2015), Claeys—Kuijlaars-Wang (2015)
Theorem 4 admits the following generalization:

Let X, ~ PE(wa,...,w,) and Y, ~ DPE,(vp) be independent.
Then X,Y, ~ PE(ws ® vp, ..., wp, ® vp).
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Main Results

Theorem 5 (Determinantal Point Processes)
Let X, ~ DPEn(w

Kieburg—K. (2016)
0). Then the point processes of the singular values
and of the eigenvalues are determinantal with the correlation kernels

n

Ksqsv(aj, ak) = pi(aj) qi(ax)
I

[ay

I
o

and

(Z'Zk)l
Kev(zj, Zx) \/WO (1zj1?) wo (| z«|? )Zm

respectively, for certain polynomials p;(a) and functions g;(a) satisfying
the bi-orthogonality relations [, pj(a)qj(a) da = §;;

° pa)= %fooo f+7r ae'” —r) Kev(y/r,re™ %) dp dr

o gi(a) = 5 (- L) [T €% Kev(v/a, vVae ) dy
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(a = o0)

The products of p Ginibre matrices and g inverse Ginibre matrices
lead to heavy-tailed 1-point densities (in the limit as n — 0o):
_gt3
gsv(a) < a o

_2q42
gev(z) <z e (z = o)
Is it possible to interpolate between these ensembles of product matrices?
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Application

The products of p Ginibre matrices and q inverse Ginibre matrices
lead to heavy-tailed 1-point densities (in the limit as n — 0o):

2g+42

43
gsv(a) <a 1 (a—o00)  gev(z)<|z| ¢ (z— o0)

Is it possible to interpolate between these ensembles of product matrices?

1 1+4ico
x) = — / MP(s)F9(14+n—s)x °ds
1

27 —ico

wa) = 625 ( 75y
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Application

The products of p Ginibre matrices and q inverse Ginibre matrices
lead to heavy-tailed 1-point densities (in the limit as n — 0o):

2g+42

43
gsv(a) <a 1 (a—o00)  gev(z)<|z| ¢ (z— o0)

Is it possible to interpolate between these ensembles of product matrices?

1 1+4ico
x) — / MP(s)F9(14+n—s)x °ds
1

27 —ico

wa) = 625 ( 75y

Proposition (Interpolating Ensembles)  «ieburg-k. (2016)
For general p,q > 0, DPE,(w, ) is a probability measure if and only if

(peNorp>n—1)and (geNorg>n—1).
Furthermore, DPE,(wp, q,) ® DPEy(Wp,,q,) = DPEn(Wpy4py,1+a2)-
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Application

The products of p Ginibre matrices and q inverse Ginibre matrices
lead to heavy-tailed 1-point densities (in the limit as n — 0o):

2g+42

43
gsv(a) <a 1 (a—o00)  gev(z)<|z| ¢ (z— o0)

Is it possible to interpolate between these ensembles of product matrices?

14-ico
x) 1 / MP(s)F9(14+n—s)x °ds
1

27 —ico

—n,...,—n
weal) = 625 70,

Proposition (Interpolating Ensembles)  «ieburg-k. (2016)
For general p,q > 0, DPE,(w, ) is a probability measure if and only if

(peNorp>n—1)and (geNorg>n—1).
Furthermore, DPE,(wp, q,) ® DPEy(Wp,,q,) = DPEn(Wpy4py,1+a2)-

Thus, in general, one can’t let n — oo for fixed p,q > 0.
(However, one can use Muttalib-Borodin ensembles (wy(x) = e~") instead.)
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Characterization

Proposition (Characterization)  kieburgk. (2016)
Let X, have a bi-invariant density f € L}(GL(n,C)), and let X, = Q,R,.
Then the following are equivalent:
(i) X, is from a polynomial ensemble of derivative type.
(i) The diagonal elements R11, ..., Ran are independent,
and R2, has a density in L[1 ] ( +)-
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Let X, have a bi-invariant density f € L}(GL(n,C)), and let X, = Q,R,,.

Then the following are equivalent:
(i) X, is from a polynomial ensemble of derivative type.
(i) The diagonal elements R11, ..., Ran are independent,
and R2, has a density in L[1 ] ( +)-

Examples
@ Ginibre ensemble ( “multivariate gamma distribution”):
Ri1,..., Ry, are independent with Rj- ~T(1l,n—j+1)
@ truncated unitary ensemble (“multivariate beta distribution”):
Ri1,..., Ry, are independent with Rj ~B(n—j+1,m—n)
@ general polynomial ensemble of derivative type:
Ri1,..., Ry, are independent with Rj o X" wp(x)
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Proposition (Characterization)  kieburgk. (2016)
Let X, have a bi-invariant density f € L}(GL(n,C)), and let X, = Q,R,.
Then the following are equivalent:
(i) X, is from a polynomial ensemble of derivative type.
(i) The diagonal elements R11, ..., Ran are independent,
and R2, has a density in L[1 ] ( +)-

Examples
@ Ginibre ensemble ( “multivariate gamma distribution”):
Ri1,..., Ry, are independent with Rj- ~T(1l,n—j+1)
@ truncated unitary ensemble (“multivariate beta distribution”):
Ri1,..., Ry, are independent with Rj ~B(n—j+1,m—n)
@ general polynomial ensemble of derivative type:
Ri1,..., Ry, are independent with Rj o X" wp(x)

Corollary compare Kostlan (1990), Akemann-Strahov (2013)
The eigenvalue radii may be regarded as independent random variables.
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Summary and Open Problems

e Summary
e the spherical transform is a useful tool for investigating products
of independent bi-invariant random matrices
e special class: polynomial ensembles of derivative type

@ the singular value and eigenvalue distributions are determinantal
@ this structure is preserved when taking independent products

] Open Problems (partly work in progress)
e which functions wy define polynomial ensembles of derivative type?
e limiting spectral distributions at the global and local level ?
e beyond free probability: refined convergence results
e power-law decay: new applications of random matrix theory ?
e extension to real and / or quaternionic matrices ?
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Thank you very much for your attention!
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