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What have learned from products of
complex and quaternionic matrices?



Complex matrices

M = Xm -+« X1

m Matrices arei.id. Nx N
m Entries are i.i.d. complex Gaussians




Complex matrices (m=1)

1 N .
Pipar({z}) = EIA({Z})F [Te
k=1

m Determinantal point process
det[Kn(zi, Zj)ljj
m Orthogonal polynomials
pPk(z) =2z
m Global density: the circular law

1
P(2) = —1|z1<1
T

m Universal local correlation: bulk + edge



Complex matrices (general m)

1 N
Pjn;df({z}) = zlA({Z})|ZID1Wm(|Zk|)

m Determinantal point process
det[Kn(zi, Z))];j

m Orthogonal polynomials

pr(z) = 2K
m Global density: the circular law
|Z|2(1/m—1)
p(z) = Ljzj<1

mT

m New local correlations near the origin



Quaternionic matrices

M = Xm -+« X1

m Matrices arei.i.d. Nx N
m Entries are i.i.d. quaternionic Gaussians




Quaternionic matrices (m=1)

1 N
Pipar({x £iy}) = z|A({xﬂ: %3] l_[ zyke—(x§+yf)
k=1

m Pfaffian point process
Pf[Kn(zi, 2})lij

m Skew-orthogonal polynomials

k kN .
p2k+1(2) =221 and sz(Z):Z(zj)”ZZJ
j=1

m Global density: the circular law

1
P(2) = —1iz1<1
T

m Universal local correlation: bulk + edge + real axis



Quaternionic matrices (general m)

1 N
Ppar({x £ iy}) = _1A({x £ iy DI | [ wim(xe ye)
k=1

m Pfaffian point process
PfIKn(Zi, Z))]ij
m Skew-orthogonal polynomials

2k+1 & (k)
p2k+1(2) =2z and pa(2) 2121:( ) ”)

m Global density: the circular law
|Z|2(1/m—1)
P(2) = ———1jz<1
mT

m New local correlations near the origin



Products of real matrices?



Real matrices

Mm=Xm---X1

m Matrices arei.i.d. Nx N
m Entries are i.i.d. real Gaussians




Part 1
Eigenvalue JPDF



Joint densities

Eigenvalue JPDF for a single matrix assuming k real
eigenvalues

1
Hmﬂ{A}U{XiW}%=EZwAHA}U{XiW}H

Nk/2

k
<[ e i/ ]_[ 2¢% 7 erfc(v2y))
j=1

We might guess that the JPDF for general m reads

1
Pipaf({AY U {xxiy})= Zk—NIA({)\} U{xziy})l

k (N—k)/2

)
<[ Twr ) [T w6 )
j=1

=1



Generalised Schur decomposition

Xj = UjTjUj—_ll, j=1,....m  (Uo=Um)

-)\g) * * i
0
)\g) *
Ti=| . 0)
: 0 A;
. E 3
)
L 0 0 A(N—k)/2_

m A0): real numbers
m AV): two-by-two matrices



Weight functions
One-point weights
WA =e 2, wm(A) = (W))*M(A)
Two-by-two matrix weights
Wi(A)=e" A2 Wn(A) = (W1)*M(A)

Two-point weights

(9]
5] Uy O
€ (x,y) =2 46— W [+ ]
Wi, (X y) nf_oo Tan m( 0 H_)
with
1 2 2 2\11/2
e = (1814 [87 +40¢ +y2))2)



Example of two-point weight

For m = 2 the two-point weight reads

we _(x,y)=4 Ca exp(— 2(x2 —y?)t— i)
m=2"" o t at

x Ko(2(x2 + y2)t) erfc(2Vty)
for higher m the weight becomes even more complicated.

Rule of thumb:
Avoid use of the two-point weight whenever possible



Part 2
Generating functions
and skew polynomials



Generating function

N
Zn[u, v] = Z Zk,(N—k)/2[u, V],

where

K (N— )/2
Zi,(n—k)2[u, V] = l_[J dAju(A)) f dxidyv(xi, yi)

x Pipaf({A}Y U {x£iy}).



Pfaffian

The partition function has a Pfaffian structure

Z, (n—k)/21u, V] =[G 2] PEIG oty 1+ By il 1

where

a,-,k—f dxu(x)w;(x)J dy u(y)w” (y) sign(y — x)

—00 —00

X Pj-1(X)Pk—1(y)

Bk = ZIJ dxdy v(x, y)W; (X, ¥)
RxRy

X (pj-l (X +iY)pk=1(X —iy) = Pk—1(X + iy)pj—1(x — iy)),

and pj(z) are monic polynomials



Skew-orthogonal polynomials

It is unknown to find the skew-orthogonal polynomials for
general ¢ (and general u and v), but for

=1 (andu=v=1)

we can find the polynomials. This is sufficient to answer
several questions of interest.

m=1: paj(x) =x¥,  pgjy1(x) =x¥ T —(2))x¥1
m=2: p(X)=x¥,  pa1(X) =x¥t—(2j)2x%~1
General m?



How to find the skew orthogonal polynomials

p2n(z) = (det(z1—X))x
P2n+1(2) = zp2n(z) + (det(z1— X) TrX) x,

Use that all entries in all matrices are independent with zero
mean and unit variance



Part 3
How many eigenvalues are real?



Number of real eigenvalues
Probability of finding k real eigenvalues
Pk = [¢¥?] det[(¢a2j—1,21 + B2j—1,21)lu=v=1];./,

where

o2 -
(Gazj—1,21 + B2 1,2/)‘u:\/:1

=(¢— 1)O{2j—1,2/|u_v_

aj_ _
1+( 2j—1,21 + B2j—1,21) .

=(¢— 1)0121—1,2/| + (p2j-1, P21)s
u=v=1



Examples

me2 3821355 873624317 5 64011585
pe,=1— T+ e — T
’ 8388608 17179869184 68719476736

~ 0.0419
_ 3821355 873624317 5 192034755 3
pg5 <= m— e+ s
' 8388608 8589934592 68719476736
~ 0.5140
5 873624317 5 192034755 3
PR = - m
' 17179869184 68719476736
~ 0.4152
64011585
Pas’ = caroncrae™
' 68719476736

~ 0.0289

3



Expected number of real eigenvalues

N—2 . 2] .
Hk] =2 =) ai .
[ ] ;0( )j( ﬁ]') [j/2+11,1j/2+1]

with

ke = 02j-1,2k

Example

3821355
Elk] =————MN=~2.8622
N=6 4194304



Expected number of real eigenvalues

E[K] = c(m)V'N + o(NV/?)

m=1
E[k 2N O(1
=\|—+
k] - (1)
log Pm=1 Z(3/2 log Pm=1 log2
no _ S o P ———— 1 O(NY)
N1/2 m N2 4

Asymptotics for m > 1 is mainly open problems



Part 4
Global and local densities



Global densities

- IZlZ(l/m—l)

complex:  lim N1 oS (N2 Z) 1jz<1

mT

N(m—l)/Zpr(Nm/Zx) |X|1/m—1

real : lim

1
N—co E(K) 2m Mt




Local densities near the origin

Complex density

650, 70l - )

Real density

* 1,0 -
f dV|X—Vlwfn(X)an(V)Go,m(ol,,,,o| —xv)

—0o0



Thanks for your attention.
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