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> # Wigner Semicircle law

> seq(int(SQrt (x* (4-%x))*x"n/ (2*Pi),x=0..4),0=0..8);

1,2,5,14,42, 132,429, 1430, 4862 1)
> # moments=Catalan(n+l)
1,2,5,14,42, 132,429, 1430 2)
[> plot(sqrt(x*(4-x))/(2*Pi),x=0..4,axes=boxed);
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> seq((binomial (2*n,n)) " 2,n=0..10);
1, 4, 36, 400, 4900, 63504, 853776, 11778624, 165636900, 2363904400, 34134779536

Warning, premature end of input, use <Shift> + <Enter> to avoid
this message.

> W:=proc(x)EllipticK(sqrt(1l-x/16))/(2*Pi"2*sqrt(x));end;
W := proc(x) 1/2*EllipticK (sqrt(1 — 1/16*x))/(Pi*2*sqrt(x)) end proc
> W(x);

1
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> W(16);

[> plot (W(x),x=0.1..16,y=0..0.4,axes=boxed);
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> plot([w(9,x) ,w(10,x) ,w(ll,x) ,w(1l2,x) ,w(1l3,x)],x=0.009...3.97,axes=
boxed,color=[red,blue,green,magenta,brown]) ;
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3
FIG. 1. A rooted 3-constellation and its canonical labelling.

o the group generated by o4, ..., 0, acts transitively on {1,2, ...,n},
o YI,c(o;)=n(m—1)+2, where oy = 0105 - Oy,

and rooted m-constellations formed of n polygons, labelled from 1 to n in such
a way that the root polygon has label 1. Moreover, if the constellation has d;
white faces of degree mi, then oy has d; cycles of length i.

Proof. Let C be a rooted m-constellation formed of n polygons labelled
from 1 to n. Recall that there is a canonical labelling (by 1,2, ...,m) of
the vertices of C. For 1 < i < m, each m-gon is adjacent to exactly one
vertex of label i: hence, turning clockwise around vertices of label i defines
a permutation of the n pdlygons, denoted o;, which we identify with a
permutation of &,,.

As the constellation is connected, the group generated by o7, ..., 0,, acts
transitively on {1,2, ..., n}.

Moreover, let W be a white face of degree mi: it has exactly i vertices
of label m. Let By, B,, ..., B; denote the i black faces adjacent to W by an
edge labelled (1, m), arranged in counterclockwise order around W. Then

1
i
|
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!
|
!
|
|
!
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t

-

FIG. 2. How constellations appear.
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> # Constellation weights:
Blue->5/4 ,Red->6/5,Green->7/6,Black->8/7,
,BlueNavy->10/9

> plot([wratcon(6,5,x) ,wratcon(5,4,x) ,wratcon(7,6,x) ,wratcon(8,7,x),
wratcon (9,8,x) ,wratcon(10,9,x)],x=0.001..1.55,y=0..1.37,color=[red,
blue,green,black, "HotPink" , "Navy"] ,axes=boxed) ;
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> # BINOMIAL(2*n+1,n)
> seq(binomial (2*n+1,n),n=0...7);
1, 3,10, 35, 126, 462, 1716, 6435 (€))
> # This was A001700
> plot(sqrt(x/(4-x)),x=0..4,axes=boxed);
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> sum(binomial (2*n+1,n)*z"n,n=0..infinity)=rationalize((1l-sqrt(1-4*z)
)/ (2*sqrt (1-4*z)*z));
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