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Original Galton's quincunx, University College, London
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Matricial quincunx?

e Additive (algebraic) random walk: Galton board a.k.a "bean
machine”

e Multiplicative (geometric) random walk: take a log of the
"bean”, since ¥ - &’ = &Y

@ Matricial additive random walk: make an array of "bean
machines” and look at the flow of eigenvalues

@ Matricial multiplicative random walk 777
Lace piece for random product matrices !!!

[ Lace piece - (Shipbuilding) the main piece of timber which supports the beak or head projecting beyond

the stem of a ship.]
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Matricial Multiplicative Random Walk

@ N = 2 case [Jackson,Lautrup,Johansen,Nielsen;2002]
Yo(r) = TIM, (1 + o/ 7 Xi), where X; represent two by two
complex Gaussian matrices

e N = oo case [Gudowska-Nowak,Janik,Jurkiewicz, MAN;2003]
Yoo(r) = TIM, (1 + o/ Xi), where X; represent mutually
free Ginibre matrices
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Matricial Multiplicative Random Walk: Tools

@ Complex spectrum - generalized Green's functions

@ Strings of matrices Xj.....Xy - linearization trick

Maciej A. Nowak Products of large random matrices: Old laces and new pieces



Non-hermitian case - large N - electrostatic analogy

Analytic methods break down, since spectra are complex
p(z) = (832 = \)).
@ Electrostatic potential [Girko;1984],[Brown;1986],[Sommers et
al.;1988]
$(z,2) = lime_o limy_soo (FtrInf|z — X|? + €3])
@ Green's function (electric field)

. . 1 s XT
g = aqu = ||mEH0 ||mN_)oo <Ntr|zz)<w>

e Gauss law p(z,7) = zg’6 02 71r382('§52|6 0
Proof: 6()(z) = |Ime—>0 1(‘2‘26T2)2
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" Generalized Green's functions”

o #(z,2) = limeyolimyoo (FtrIn[lz — X|? + €3])
= lime—0 limpy_so0 (4 In Dy ) where
Dn(z,Z,e) = det(Z @ 1y — X) with

(ez) x5 )

z
1 1 _( G11 Gi1
o G(z,2) =1 <btr >_ < G oo

btr<A B> :<trA trB)
C D SNXON trC trD %2

e Gi11 = g(z, 2) yields spectral function

@ G;7 - U1 yields elements of a certain eigenvector correlator
[Janik, Noerenberg, MAN, Papp, Zahed;1999].
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Linearization trick

o Exact relation between the eigenvalues of a products of N by
N matrices A = X1X5.. Xy and the eigenvalues of a block

matrix
o XX 0 - 0
o 0 X .- 0
o 0 - 0 Xy
Xv 0 0--- 0 0
If {\;} are eigenvalues of A, then the eigenvalues of block
matrix are {/\}/Mezmlk/’v’}, where k =0,1,...,M — 1.
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Combining both tricks

@ We define auxiliary 2MN by 2MN Green's function of the form

Q(u)_<<_\/TZ//’il\/IXT — Z/TMX)1>

where
u -1 0 o 0
0 u -1 0
U=
0 o .- u -1
-1 0 O0-- 0 u
where uM = z.

@ Spectral density_follows from
p(x,y) = L4420, [%TrBMQ(U)]H
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Features of the solution

Using diagrammatics and (heavily) properties of the cyclic matrices
we solved in 2003 the problem for any M, including M = cc.
Highlights of the solution are:
@ Topological phase transition for finite 7.
@ Hole never vanishes, leading to singularity at the origin in the
large 7 limit
@ Links to Burgers equation
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Verifications and extensions of the results

e Topological phase transition confirmed [Lohmeyer, Neuberger,
Wettig; 2008], link to free Segal-Bargmann transformation
[Biane; 1997]

@ The large 7 limit - radial symmetry, relation between SV for
product of Ginibres and product of Wishart ensembles,
singularity from Haagerup-Larsen (single ring theorem), finite
N unfolding (G-Meijer kernels) [see Random Product Matrices
participation list]

e Links to Burgers equations (spectral and eigenvalue shock
waves in RMM, 1/N as a viscosity)[Krakéw & friends group]

@ Is anything left undone in the realm of random product
matrices?
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Loophole in the standard arguments

@ For non-hermitian matrices X, we have left and right
eigenvectors X = >, A\¢|Rk >< Li| where X|R >= A(|Ry >
and < Lk|X =X < Lk‘

o < Lj|Rx >=0j, but < Lj|L; ># 0 and < Rj|R; ># 0.

o Dy =det(Z — X) =det[A"1(Z — X)A] =

qor [ PN —ie<LL>
lic<RIR>  zly-A

@ Naive limit € — 0 kills the entanglement leading to incomplete
description of the non-hermitian RM
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Cure: Hidden variable

Then, "orthogonal direction” w unravels the eigenvector correlator
0(z) = % >k O 0@ (z — Ak)), where

O,‘j =<< L,"Lj >< Rj’R,‘ > and ’L,‘ > (‘R,' >) are left (right)
eigenvectors of X. [Savin, Sokolov; 1997|, [Chalker,Mehlig; 1997]

. V4 1€ . V4 — W
Replacing Z = < e 3 ) by quaternion Q = ( w3 >
provides algebraic generalization of free random variables calculus
for nonhermitian RMM: R[G(Q)] + G 1(Q) = @

[Janik, MAN,Papp, Zahed; 1997], [Feinberg, Zee; 1997],[Jarosz,

MAN; 2006], [Belinschi, Sniady, Speicher; 2015].
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" Quaternionization trick”

o ¢(z,w) = limy_oo (Ftrinf|lz — X[> + wiw])

aZ w
e G(z,w) = <btr(Q X)> ( _3;5(;5 (692;5 )
@ On top of the vector "electric field” G(z,w) = 0,¢ we have
second vector, "velocity” field V(z, w) = dy¢.
p(z) = 10:G(2,0) = 20,5¢(z,0) gives spectral function
O(z) = L|V(z,0)|? yields eigenvector correlator
OwG(z,w) = 0, V(z,w) so both vector fields are intertwined.
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Simplified proof

. zly — A —V_V<L‘L>
°det(Q_X)_dEt<w<RR> Z1y - A >
det(A+ F) =detA+detF +S1+ S+ ...+ Son_1, where

det A
Sk= > 9 detF

] ] M yeenyig
. . aj, ... aj,
1<h<..<ix<2N

a; denotes the i-th element on the diagonal of A, and F;;
is a k X k submatrix the element of which lie at the
intersections of i, ..., ik-th rows and columns.

@ In the |w| — 0 limit, the dominant term in the expansion is

det A 0 —w < Lyl > >
52 = — det
2 g—:l - M)GE—N) ( w < Ri|Ri > 0
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° 5= N wl0i + [wlO(lz — Ail)
@ Since Jy, logdet(Q — X) = s therefore (for any N)
+|w

\Z—Ai\z
Ojj

1
10(z,Z) = lim < 0, logdet(Q — X')0y logdet(Q — X) >
|w|—0 N

o Large N:

70(z,2) = lim 9, ®07® = —G170711 |0 -

|w|—0
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Why bother about O(z, z)?

Sensitivity to perturbation of non-normal operators
X(€) = X + €P.
[Ai(€) = Ai(0)] = |e < Li|P|Ri > | <
lelv/< LilL; >< Ri|R; >||P]l,
The bound is reached if the perturbation is of rank one
P = |L; >< R;j| (Wilkinson matrix)
V/Oji is known in the numerical analysis community as the
eigenvalue condition number
In RMT C(Z,Z) =EP (O,';N_1|)\; = Z) =

A2 Oy = sy [ Gz = M)p(X)aX = TEF
is known as a Petermann factor (excess noise factor),
reflecting the non-orthogonality of the cavity modes in open
chaotic scattering [Beenakker, Berry, Fyodorov, Savin,
Sokolov, Chalker-Mehlig]
Crucial element in free and Ornstein-Uhlenbeck Ginibre
processes [Blaizot, Burda, Grela, MAN, Tarnowski, Warchot;
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Single ring (Haagerup-Larsen theorem)

o R-diagonal operator reads X = PU, where U is Haar and P
positive and P, U are mutually free. Then

@ H-L th.: For R-diagonal operators, cumulative radial spectral
distribution F(r) follows simply from S.(F(r) —1) = 712 and

the spectrum p(r) = %W‘C’,—f is spanned between two circles
with known radii ripper (from F(r) = 0) and router (from

F(r)=1).
@ R-diagonal operators are non-normal. Does it mean that there
is an "eigenvector” part in Haagerup-Larsen theorem?

@ H-L th.+: [Belinschi, MAN, Speicher, Tarnowski; 2016]
Eigenvector correlator reads O(r) = 25 F(r)(1 — F(r))

W7
@ Proof borrows heavily from formalism of [Belinschi, Speicher,
Sniady; 2015].
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Example: Product of n free Ginibres
Oy n(r) = 71:2%722//:9(1 — r), For completeness we note that
py.n(r)= %r%d@(l — r). Interestingly, even for the case n =1
the result for Oy 1(r) = 7 1(1 — r?)0(1 — r) was obtained first
time 33 years after the spectral density result py 1 = 710(1 —r)
derived in the seminal paper by Ginibre. Figure confronts our
prediction with the numerical calculations.

4ra) \
® n=2
® n=4

0.0 0.2 0.4 0.6 0.8 1.0

FIgU €. A numerical simulation (dots) of the eigenvector correlator for the product of n = 2, 4 complex Ginibre

matrices of the size 1000 by 1000, averaged over the sample of 2000 matrices. The solid lines represent the

analytic prediction.
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Example: Product of n truncated unitary matrices

Y = X1 X5...X,,, where X; are truncated unitary matrices, i.e. Haar
matrices of the size (N + L) x (N + L), in which L columns and
rows are removed. In the limit where both L and N tend to infinity

in such a way that k = L/N is fixed, Fy = K1t /2/n for

< (14 k)~"?2 and 1 otherwise, hence
. 1-r?/"(14k) 1 .
Oy nx(r) = %rz(nfl)/n(l_ﬂ/n)ﬁ ) Figure confronts
our prediction with the numerical calculations.

Flgu €. n =2, 3 truncated unitary matrices of the size L = 1000, N = kL done on the samples of 2000

matrices. The solid lines represent the analytic prediction.
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Example: Ratios of Ginibre's

Let us consider k Ginibre ensembles X; and the same number of
inverse Ginibre ensembles X,-_l. Defining Y as the product
Y =X;.. .Xkal .. .X,:l, we get a rather unexpected result:

2

Oy «(r) = #W = kpy k(r). Figure confronts our result for

the eigenvector correlator with numerical simulations.

0.30]
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o)

0.15]
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0.05]

0% o5 10 15 20 25 30
r
FIgU €. The eigenvector correlator calculated by a numerical diagonalization of 4000 matrices that are ratio of
two Ginibres (also known as the spherical ensemble) of size N = 1000 presented on linear and double logarithmic

(inset) scales.
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Example: Finite N Ginibre

Combining results of [Chalker, Mehlig;1998] and [Walters, Starr;

i eiN‘Z‘Z(N‘ZF)N

2016] c(z,2) =1~ |z + § “roynzey

b)

o N=2

0.0 05 1.0 15 20 25 3.0
12

FIgU €. Mean eigenvalue condition number of the Ginibre ensemble. The complex plane was divided into the
hollowed cylinders of radii r and r + Ar, eigenvalues and their condition numbers were assigned to cylinders,
according to the modulus of the eigenvalue. The dots denote the average eigenvalue condition number within each
cylinder, the lines present formula above formula. Numerical distribution was obtained by the diagonalization of
10° matrices of size N = 2 and 4 - 10° matrices of size N = 10.
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Conclusions and open problems

° This is the time of eigenvectors.

@ Several open problems: Finite N formalism, arbitrary 3, role
of the off-diagonal Oy, hierarchy of "Ward identities” from
bi-unitarity invariance, combinatorics, beyond radial symmetry,
microscopic properties....

@ Applications in the theory of stability
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