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Two Wishart Matrices

two complex Gaussians A & B:

e rectangular: Nx Ny & N x Ng,
e dimensions arbitrary, up to Na,Ng > N,
e complex entries Aj;,B; € C

distribution
_ —1aat —_Try - leat _ _
Py = Cpe~ T4 AAT o= TrEg BB o NN e —Niy,
covariance matrices: N x N & positive definite,

NiA <AAT>PW =5, NLB <BBT>PW —55

— correlations among entries of A & B

our interest: cross correlations

— eigenvalues of H = AAT 4+ BBt



Motivation: Time-Series Analysis

e time-series = measurements performed in discrete time steps

e {N observables & Ny time steps} = rectangular data sample W

e covariances: estimator for correlations between entries s, t & s/, t/,
(Wst Ws’t’>data = zss’,tt’ )

s, s’ label time series; t, t’ label time steps

simplifications:

® 3 o 1t = 0050 — no correlations (standard Wishart-Laguerre Ensemble)

o Yoot = Z:}&tt/ — no time dependence, one-sided correlated
Mar&enko, Pastur (1967); Muirhead (1982); Silverstein, Choi (1995); Recher, Kieburg, Guhr,
Zirnbauer (2012); ...

o Yoy = Z:,)Zg,) — independent spatial & time correlations, doubly correlated
Simon, Moustakas (2004); Burda, Jurkiewicz, Waclaw (2005); Simon, Moustakas, Marinelli
(2006); McKay, Grant, Collings (2007); Waltner, Wirtz, Guhr (2015); ...

Our Model: different spatial correlations in each of the two epochs,

N,
time steps: | ||| ..

w

observables -

A B




Starting Point

Santosh Kumar, Europhysics Letters 107, 60002 (2014) [arXiv:1406.6638 [math-ph]]

o distribution of H = AAT + BB
P =Cy detHMw ~Ne= D=y 7y (Ng s (5,0 = 55 ) H)

1F1 = confluent hypergeometric function with matrix arguments
e half degeneracy
Ta=oaly, Xp=diag(op1,0p2,..,08n),

= joint probability distribution function

Pn(A1; - An) ) 1) Ay (A) det [0i(M)] 5

<,0j(>\) EANw—Ne*U;lA R (NB + 1Ny +1; (UZI _ O_Ejl) )\) ’

1F1 = ordinary confluent hypergeometric function
o spectral density as (N + 1) x (N + 1) determinant



Goal: Determinantal Point Process

e k-point correlation function

N!

R (A1, M) = N= k)

/dA,PN (A1, An)

/ k+17
= det [KN (N> A7)

— What is the kernel Ky(x,y)?

e bi-orthogonal ensemble
A. Borodin, Nucl. Phys. B 536 (1998) [arXiv:math/9804027 [math.CA]]

1
Pu(Ar, s An) = oo det, [wiA)] det [0;(A)]

1. Inversion of the Gram matrix
N

oo
Kn(ey) = 32 0ib)e Do) e = [ dri(Neix
1,j=1 0
2. Construction of orthogonal functions
oo
(x,y) = ZP/ x)ai(y) » 5kI:/d>\Pk()\)ql(>\)
0



Polynomial Ensemble

e polynomial ensemble
A.B.J. Kuijlaars and D. Stivigny, Rand. Mat.: Theory and Applications 3 (2014)
[arXiv:1404.5802 [math.PR]]

j—1
$i(A)=X"5, det [ (A)] = An (N)
— orthogonal polynomials via Heine-like formula

() ~ ( et I - H]>7>H

e make use of a symmetry
©i(N) =@ (52)
° 4= 021 — a‘,;jl, thus:

1
Prn(A1, .y An) =7NAN(Ai)A§gRI [0(8A)]



Our Approach

NG T 1
KN(X7Y):W/d>\2---dANZ*NAN(XM\z,---,)\N)Ndf?V [0i(»)s 0i(A2), -5 i (An)]
0
N1yt 0
° . . w0 — —1Y1p: .
det [0j(v), #j(A2), -+, i (An))] ng( Y7hei() st [p(0ix0]

N
e Vandermonde: An(x,A2,...,An) = [T Ak — x)An—1 (A2, ..., An)
k=2
& ()
e each summand: ~ ] (A — x)Pp’; (A2,..., An)

k=2

TAOBL--TBN

N
= Knlay) =Y o0 (0ei(y), YL (x) = G (detixty_y — HYN D) :
j=1

where 0o



Generating Function Zg,

7 (X) = 7y det[x; 1y — H] 3 7y det[x 1y — WWI]
AP =\ T2, detly iy — H T\ TI7, dety, Iy — WWT] ’
= PN} =

o detM~—1 ~ fd[z]e’ZMZT, det M ~ fd[(]e*CMﬂ with z; € C, ¢; Grassmann var.
= characteristic function in superspace:
Zyp (X) = SdetNW*NX/d[¢>] ol StrxoTo <effStrofwfwo>P 7
w
X :dla‘g [y17 s Ygr XL - - 7XP]

©| | boson-boson boson-fermion
b| ~— |fermion-boson fermion-fermion

. a
® supermatrix: |:V

I
b

e superdeterminant: In [Sdet(...)] = Str [In(...)]

e supertrace: Str L‘j ] = Tra — Trb, cyclicity regained



Superbosonisation

duality: superspace <+ ordinary space & superbosonisation formula on ®Td ~ U:

Zajp(X) =Cap (Na) [ dis(Un)Scdet™ (Ua)Cop (N) [ diu(Ug)Sdets (Up)

x e StrUa=StrUsget =11y @ X — T4 @ Us — T ® Ug),

e ’‘radial’ supermatrices

U | Pa/B wWa/B pa/B € positive definite, g X q
AlB = _‘UI\/B za/8 | " za/e € U(p)

e Cqp (NA/B) normalization const.

o du(Uasg) Haar measure



Results

e general X4 & >3

o as "two-epoch’ supermatrix model:

qlp
Zugp(X) =Cap (M) [ dia(Un)Sdet™ (U) Co o (Vi) [ di(Up)Scdet® (U)
x e STUaA=SUBGet "Iy @ X — T4 @ Us — S5 @ Up)

o spectral density via resolvent, Z;;:

1
Riy)= = lim  Tm0,Zy (diagly; x])

T Im(y)—0

x=y

e analogously k-point density correlation functions via Zj|x

o half degeneracy: Y4 = o1, X = diag(og1,...,08N)

o kernel Ky(x,y),

d21 de 1

N
21+2p (
— ¢ le—zerA—zzzTBk)
; i Nat+l_Ng+l
2ni Jo 2mi ZlA 22B

pu(x) NNA!NBIf
0 k=1



Spectral Density Ri(x) = Kn(x, x)

e analytic result: red curve <+ 100 realisations: blue dashed area (histogram),
N=09,04=1& ¥ =diag(0.02,0.2,0.3,1.5,2.01,2.25,2.27,4.03, 4.05)
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Figure : left: Ny = 35 & Ng = 40; right: Ny = 350 & Np = 400

N
e for NA,NB >>N Rl(X) Zé(X_(NAO'A“‘NBUBk))
k,



Outlook & Generalisations

starting with more general Py & Pp

arbitrary number of epochs T

.
Zgip(X) :HCq,P(NA,-)/dM(UAj)SdetNAf (UAj)

Jj=1

-
x Qa;(Up)) .- Qa;(Ua;) Sdet™ <ILN ®X =D 54, ® UAk>
k=1
rigorously exact results for finite N, Ny, Ng
asymptotic analysis for N, Ny, Ng — oo
asymptotic analysis with fixed ratios, e.g. NA/B/N

k-point correlation functions for real & quaternion time series
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