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General Introduction
Modified Theories of Gravity

Based on

V.V., Luca Amendola, "How can we tell whether dark energy is
composed by multiple fields?", gr-qc:1502.05922

@ Modifications of the standard theory of General Relativity to
explain many fundamental phenomena in cosmology (the
accelerated expansion of the Universe, Inflation, etc.)

@ Brans-Dicke (strong motivations from higher dimensional
theories, such as String Theory)

Standard Brans-Dicke Action
Sep = [ d*x\/—g(¢R - “B2 gH0,dp0ve — V(¢)) + [ d*x\/=gLmatter
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Multiscalar Brans-Dicke Theory
Introduction

@ One might think to generalize single-field theories to multi-field
ones. (From compactifications of extra dimensions.)

2-Field Brans-Dicke Action

So—field = [ d*x\/=g[$1R — §-&""0ud10ud1 + $2R — §2g" 020,02
—V(¢1,¢2)] + f d4X\/ _gofmatter-

N-Field Brans-Dicke Action

SN field = fd4X\/_ Z, 1 ¢I - —g”vapﬁb: ‘U¢I) - V(¢'L ¢2:---: ¢N)]+
fd4x\/_<;€matter-
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Multiscalar Brans-Dicke Theory

Introduction

@ There exist a single-field potential V(¢) that reproduces any
observed Hubble parameter.
From Friedmann equations:

d¢

2
HER + 27 (5] = 20+ 21 = pla) + wnlz)

(Find p,,(z) from continuity eq.)

dH(z)  pm(z) (

V(z) = 3H(z)? — (1 + 2)H(z) e 5

@ Linear Cosmological Perturbations!!
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Perturbations

guv = 810 + Sguy and ds? = a2(n)[—(1 + 2¥)dn? + (1 + 2d)dx’ dx;] |

also ¢(t, ) = P(t) + (¢, %) J

Interested in:

on:—%

@ The effective gravitational coglstant Y which enters the
modified Poisson equation: ’;—2‘}’ = -4 GYép
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Perturbations

Continuation

n and Y for Standard Brans-Dicke Theory

_ 1+k2h4 1+k2h5
n=h <1+k§h5> = ( T+k%hs

with h; some known time-dependent functions.

n and Y for Multiscalar Brans-Dicke Theory

PRy py PR
PRk)’ PR (k)

n=h

The exact forms of the coefficients are important!!
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Perturbations
Continuation

2-Field Brans-Dicke Action

® So_pp = [ d*x/=g[¢1R — §" 8ud10vh1 + 2R ~
%g”vap@avd)z — V{1, ¢2)] + [ d*x/=8Lmatter

Equations of Motion

® (§1 + $2) Gy + [O(d1 + d2) + 35 (VP1)* + 3 2(V )]y —
vav(d)l +¢2) - %Vud)lvvd)l - % 12 Voo + %gpv = 87rGTpv
® ;R + 2wide; — %aad)iaa(bi —¢iVg, =0,i=1,2

1

] (3 + 20)1)D¢1 + (3 + 20)2)D¢2 + 2V(¢1,¢2) - \/,q51 — V,¢2 = 8 GT.
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Perturbations

Continuation

2-Field Perturbation Equations
0 21 + $o) k2 ® + 255 (1 + o) + 2(P1 + o)V = 247 Gc2Sp
o 4lod olow Uik 4 Mg =0,i=1,2
° 2(¢1 + ¢2)§;¢ + g(cm + @) = 81GSp

N-Field Perturbation Equations
0 2V 0450 + 25 Y g + 2 5 ¥ = —247Gc26p
o 4lod yolow Uik 1 Mg =0,i=1,2,.,N
0 2k + K Y g = 8GSp
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Perturbations

Continuation

_ ol Gk A 1YN Gk
" 01y, Dik?’ 014N, Dik2i
v
Coefficients
where ,
- 1 ~ _ 1+3cS
Co= 132 Co= S aaaand...
V.
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Perturbations

Continuation

_ 1 N \nd Wiy Wi wj 2
Cq = _azdc*[(2i=1 Di)2°Y s i >y ¢_i¢_§¢le [iciioiy Mi +
2\ nd-1 v N o Wiy Wiy Wiy 2
(2+3¢2)29 0L Y P T [itiiipnia Mi]

Jj=1,..d—
1>i>..>ig_1

Co= (2N o) [T, M2
(d=1,...,N)
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Perturbations

Continuation

Cd—

N d Wj; Wi wj D)
2dC [(1+3¢2) (2 0i)2 Db ig ¢_,1¢_,zﬁ [isiiis M; +

d— N Wi, Wy Wiy 2
(2 + 3Cs) 291 Zi=1 Z Uil ¢_i¢_§—¢:_i nj#i,il,iz,...,id_l Mj]
J:

1>0>..>ig_1

a 1 N 2nd Wiy Wi 2
Dg = a2d D, KZI:I ¢/) 2 Z:1>12> S>ig ¢,i ¢,§ ¢’d nﬁ’:/l i2,eee) M

N d-1 N Wj; Wj Wj 2
3(Z:i=1 ¢i)2 Zi:l Z IJ#I . ¢li ¢,§ ¢'"§—i l—[jr'éi:illi%m:id—l IVIJ]

.....

i1>12> >Id 1

.

C. = (1+3¢2) Sy o) TT7La M5 Do = (7 6P Ty M
(Note: Dy = Cy)
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Non-Triviality

Effectively lower order polynomials only in one of the following
cases:

@ a) 2 =1/3

@ b) at least one of the coupling constants is infinitely large,

@ c) one or more M? — oo,

@ d) one or more ¢; — 0,

@ e) there are / and j such that w;; — 0,

@ f) there are j and j such that “" = a@ and M? = ocl\/lj2.
(Note the difference between a = —1 and all the other a’s.)
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@ Multiscalar Brans-Dicke Theory.

@ Generic fluid matter source with equation of state w and sound
speed c;. This might turn out useful to compare real data to
models in which dark matter includes hot or warm
components.

@ There are no non-trivial cases in which the higher-order k
terms in the polynomials cancel out = the k-structure of Y, n is
a unique signature of the number of dark energy fields coupled
to gravity.
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