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General IntroductionModified Theories of Gravity
Based on
V.V., Luca Amendola, "How can we tell whether dark energy iscomposed by multiple fields?", gr-qc:1502.05922

Modifications of the standard theory of General Relativity toexplain many fundamental phenomena in cosmology (theaccelerated expansion of the Universe, Inflation, etc.)Brans-Dicke (strong motivations from higher dimensionaltheories, such as String Theory)Standard Brans-Dicke Action
SBD = ∫ d4x

√−g (φR − ωBD
φ gµν∂µφ∂νφ − V (φ)) + ∫ d4x

√−gLmatter
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Multiscalar Brans-Dicke TheoryIntroduction

One might think to generalize single-field theories to multi-fieldones. (From compactifications of extra dimensions.)

2-Field Brans-Dicke Action
S2−field = ∫ d4x

√−g [φ1R − ω1
φ1

gµν∂µφ1∂νφ1 + φ2R − ω2
φ2

gµν∂µφ2∂νφ2-V(φ1, φ2)] + ∫ d4x
√−gLmatter .

N-Field Brans-Dicke Action
SN−field = ∫ d4x

√−g [∑N
i=1(φiR − ωi

φi
gµν∂µφi∂νφi )− V (φ1, φ2, ..., φN )]+∫

d4x
√−gLmatter .
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Multiscalar Brans-Dicke TheoryIntroduction
There exist a single-field potential V (φ) that reproduces anyobserved Hubble parameter.From Friedmann equations:

H(z)2(1 + z)2(dφ
dz

)2 = 2(1 + z)H(z)dH
dz
− ρm(z)(1 + wm(z))

(Find ρm(z) from continuity eq.)
V (z) = 3H(z)2 − (1 + z)H(z)dH(z)

dz
+ ρm(z)

2
(wm(z)− 1)

Linear Cosmological Perturbations!!
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Perturbations
gµν = g (0)

µν + δgµν and ds2 = a2(η)[−(1 + 2Ψ)dη2 + (1 + 2Φ)dx idxi ]
also φ(t, ~x) = φ(t) + φ(t, ~x)
Interested in:

η = −ΦΨThe effective gravitational constant Y which enters themodified Poisson equation: k2

a2 Ψ = −4πGY δρ
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PerturbationsContinuation

η and Y for Standard Brans-Dicke Theory
η = h2

(
1+k2h4
1+k2h5

)
, Y = h1

(
1+k2h5
1+k2h3

)
with hi some known time-dependent functions.
η and Y for Multiscalar Brans-Dicke Theory
η = h2

P (1)
n (k)

P (2)
n (k) , Y = h1

P (2)
n (k)

P (3)
n (k)

The exact forms of the coefficients are important!!
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PerturbationsContinuation

2-Field Brans-Dicke Action
S2−BD = ∫ d4x

√−g [φ1R − ω1
φ1

gµν∂µφ1∂νφ1 + φ2R −
ω2
φ2

gµν∂µφ2∂νφ2 − V (φ1, φ2)] + ∫ d4x
√−gLmatter

Equations of Motion(φ1 + φ2)Gµν + [�(φ1 + φ2) + 1
2
ω1
φ1

(∇φ1)2 + 1
2
ω2
φ2

(∇φ2)2]gµν −
∇µ∇ν(φ1 +φ2)− ω1

φ1
∇µφ1∇νφ1− ω2

φ2
∇µφ2∇νφ2 + V

2 gµν = 8πGTµν
φiR + 2ωi�φi − ωi

φi
∂αφi∂αφi − φiV,φi = 0, i = 1, 2(3 + 2ω1)�φ1 + (3 + 2ω2)�φ2 + 2V (φ1, φ2)− V,φ1 − V ,φ2 = 8πGT .
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PerturbationsContinuation
2-Field Perturbation Equations

2(φ1 + φ2)k2

a2 Φ + 2k2

a2 (φ1 + φ2) + 2(φ1 + φ2)k2

a2 Ψ = −24πGc2
s δρ

4k2

a2 Φ + 2k2

a2 Ψ− [2ωi
φi

k2

a2 + M2
i ]φi = 0, i = 1, 2

2(φ1 + φ2)k2

a2 Φ + k2

a2 (φ1 + φ2) = 8πGδρ

N-Field Perturbation Equations
2
∑
φi k

2

a2 Φ + 2k2

a2

∑
φi + 2

∑
φi k

2

a2 Ψ = −24πGc2
s δρ

4k2

a2 Φ + 2k2

a2 Ψ− [2ωi
φi

k2

a2 + M2
i ]φi = 0, i = 1, 2, ...,N

2
∑
φi k

2

a2 Φ + k2

a2

∑
φi = 8πGδρ
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PerturbationsContinuation

η and Y

η = C0
1+∑N

i=1 Cik2i

1+∑N
i=1 Dik2i , Y = C̄0

1+∑N
i=1 C̄ik2i

1+∑N
i=1 D̄ik2i

Coefficientswhere
C0 = 1

1+3c2
s
, C̄0 = 1+3c2

s∑N
i=1 φi

, aaaand...
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PerturbationsContinuation

Coefficients
Cd = 1

a2dC?
[(∑N

i=1 φi )2d∑i1>i2>...>id
ωi1
φi1

ωi2
φi2
...ωid
φid

∏
j 6=i1,i2,...,id M2

j +(
2 + 3c2

s
)
2d−1∑N

i=1
∑

ij 6=i ,
j=1,...,d−1

i1>i2>...>id−1

ωi1
φi1

ωi2
φi2
...ωid−1
φid−1

∏
j 6=i ,i1,i2,...,id−1

M2
j ]

C? = (∑N
i=1 φi )∏N

j=1 M2
j ;

(d = 1, ...,N)
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PerturbationsContinuation
Coefficients
C̄d =

1
a2d C̄?

[(1 + 3c2
s
) (∑N

i=1 φi )2d∑i1>i2>...>id
ωi1
φi1

ωi2
φi2
...ωid
φid

∏
j 6=i1,i2,...,id M2

j +
2
(
2 + 3c2

s
)
2d−1∑N

i=1
∑

ij 6=i ,
j=1,...,d−1

i1>i2>...>id−1

ωi1
φi1

ωi2
φi2
...ωid−1
φid−1

∏
j 6=i ,i1,i2,...,id−1

M2
j ]

Coefficients
D̄d = 1

a2d D̄?
[(∑N

i=1 φi )22d∑i1>i2>...>id
ωi1
φi1

ωi2
φi2
...ωid
φid

∏
j 6=i1,i2,...,id M2

j +
3(∑N

i=1 φi )2d−1∑N
i=1
∑

ij 6=i ,
j=1,...,d−1

i1>i2>...>id−1

ωi1
φi1

ωi2
φi2
...ωid−1
φid−1

∏
j 6=i ,i1,i2,...,id−1

M2
j ]

C̄? = (1 + 3c2
s
) (∑N

i=1 φi )∏N
j=1 M2

j ; D̄? = (∑N
i=1 φi )2∏N

j=1 M2
j ;

(Note: Dd = C̄d )
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Non-Triviality
Effectively lower order polynomials only in one of the followingcases:

a) c2
s = 1/3,

b) at least one of the coupling constants is infinitely large,
c) one or more M2

i Ï∞,
d ) one or more φi Ï 0,
e) there are i and j such that ωi ,j Ï 0,
f ) there are i and j such that ωi

φi
= αωj

φj
and M2

i = αM2
j .(Note the difference between α = −1 and all the other α’s.)
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Summary
Multiscalar Brans-Dicke Theory.Generic fluid matter source with equation of state w and soundspeed cs . This might turn out useful to compare real data tomodels in which dark matter includes hot or warmcomponents.There are no non-trivial cases in which the higher-order kterms in the polynomials cancel out Ñ the k-structure of Y , η isa unique signature of the number of dark energy fields coupledto gravity.
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