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-
Eigenvector correlations Chalker and Mehlig '99

Right/Left
XIRy) = Ao |Ra) s (Lol X = (Lol Aa

@ Bi-orthogonality
<La’Rﬁ> = dap , Z [La) (Ra =1

Scale transformation

|Ra) = Ca|Ra) 5 (La| = (Lo C071

Overlap function:

Oap = (LalLp) (Rs|Ra)
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Local and global averages

@ Diagonal

o Off-diagonal
O(z, w) = </v(/v2—1) S Ousd(z — Aa)(w — A5)>

a>f

@ Global overlap

0— /d2zO(z) - <Z /bO“a>
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Ginibre ensemble

@ Measure
du(X) o e NTXXT px

@ Schur decomposition: X = UrUT

A1 otz tizo... tin
0 Ao b3 ... ton

0 0 0 An-1 tn—in

@ Joint probability

N
du(r,t) = 27 AN 2e M PP T a2, [T Ze Mo FaPey,

o B<y
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Calculations of the overlap

o Calculate Oy = <L1|L1> <R1|R1>
e Use the basis of 71 Ry = (1,0,0,...)" , Ry =(0,1,0,...)7, ...
e Denote Ly = (b1, by, b3, . ..)

1 =
b, = bgt
P Al_)\p; q-ap

b =1
t12
b pr—
SR VW
t13 ti1pt23
bs = + , etc.
TN () Ag)
o Finally:
1 2
0= <NZ Ooux> = (On) = <Z |bp’ )
a p
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Integration

o First integrate t's out

(On1) = / (), D)0\, ) = / du(\) / du(t) O\, 1)

O¢(N)

o -1 (1+ wmenr)

q=2

@ Result

@ Then integrate over \'s
0=2z"1 / 0:(\)| AN e N Ea Pal? I RS
@ Integrate over all but one

0(z) = /5 (2 — M) 0N AN 2e N T ol [T
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-
Results Chalker and Mehlig '99

o N=2 5
O(z) = - (1+12%) e 21
/d2z0(z) _3
o Large N-limit
O(z)
N — = (1- |z[2)
o_ 1
N 2
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Products of m Ginibre matrices

Product iid Ginibre matrices X;
P=X1X5...Xn
@ Generalised Schur decomposition Akemann, Burda '12
Xi = UiamiUl, Un=Ug
e P= UmTUrTn

T =7T2...Tm
o Measure

dp(, ) =Z7HA (Arha ... A Pe™ M i Ml TT a2

i
N —N|tig~ |2 42
H ;e ‘JBW' d tjﬁ'y
JB<y
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Examples
o N=2 m=2
T_ A1t A1 k12 \ _ (M T2
0 A2 0 Ao 0 A
/\a:)\l,aAZ,a

Tio = A1t 12 + t1,12A22

o N=3 m=2
A T2 T3
0 0 A3

T2 = A1t 120 + t112M22
T13 = A1,1t0,13 + t1,10t2.23 + t1.13A23
To3 = A12t223 + t123A23
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-
Strategy

@ B-coefficients

Bi=1
T2
B =
2T AN A,
T T T:
B3 13 + 12 723 ,etc.

T A=A (M =AM —As)

° 0= (3,|Bpl)ex
o O(Z) = <(5(Z — /\1) Zp ’Bp‘2>t,)\ where /\1 = )\1}1)\2’1 . )\m,l
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|
Global overlap O = [ d?z0(z)

@ Specific cases

° m:l—)Ozl—i-%(N—l)
oN=2—0=1+7
em=2N=234...—0=23,4,...
oem=3N=3—0=4
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|
Global overlap O = [ d?z0(z)

@ Specific cases

° m:l—)Ozl—i-%(N—l)
oN=2—0=1+7
em=2N=234...—0=23,4,...
oem=3N=3—0=4

Generally
0O=1+ g (N —1)

e Limit N — o0
_>

=0

m
2
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|
Local overlap O(z) , N=2, m=2
e Radial profile: O,q4(r) = 27rO(r)
Orad(r) = 16r(1 4 2r*) Ko (4r) 4 16r°Ky (4r)

o Global overlap [ O(z)d?z = 3/2
@ Monte Carlo check

25

2.0

05 10 15 20 25 3.0
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]
Local overlap O(z) , N=3, m=2

o Radial profile
Orad(r) = 9r (4 +24r +27r*) Ko (6r) + 2 (36r° + 81r*) Ky (6r)

o Global overlap [ O(z)d?z =3

@ Monte Carlo check

25 3.0
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|
Local overlap O(z) , N=2, m=3

o Radial profile
Orad(r) :8r{\/§rG§3? (

+268 (500[er?) + 638 (50
o Global overlap [ O(z)d?z = 3
@ Monte Carlo check

w

~

05 1.0 15 20 25 3.0 35
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Large N limit
@ Local Ornal(?)
rad\ I 2_1 2
aT — 2rm (1 — rm) 1[0,1](r)
o Global
o . m
N 2

o Example m =2
Orad(r)

— 2(1 — r) 11[0’1](r)

N

@ MC check N =100

02 04 06 0.8 1.0 12
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Planar combinatorics

Planar limit N — oo 't Hooft '74

Planar diagrams enumeration Brezin, Itzykson, Parisi, Zuber '78
Non-crossing partitions Speicher, '97

Non-Hermitian matrices Janik, et al '97
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Planar combinatorics
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G=(Q-X) 1 =Q 1 +(QXQ ) +(QIXQXQ ) + ...
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Planar combinatorics

Planar limit N — oo 't Hooft '74

Planar diagrams enumeration Brezin, Itzykson, Parisi, Zuber '78
Non-crossing partitions Speicher, '97

Non-Hermitian matrices Janik, et al '97

G=(Q-X) 1 =Q 1 +(QXQ ) +(QIXQXQ ) + ...

Wick's theorem — Feynman diagrams
Dyson-Schwinger equations

_@4: + 3D + (D [ -
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Green's function for non-Hermitian matrices

@ Matrix resolvent 2N x 2N Janik, et al '97

o {((% )en (5 2)))

@ Limits
~ . . 1 ~ g v
= [ —TrpG = _
£ el%NinooN b <_7 g)
@ Density
1
plz) = —0z8(2)
@ Overlap Janik, et al "99
O(z) 1 2
N — ;”7(2)\
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One Ginibre ensemble

@ Green function

and
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One Ginibre ensemble

@ Green function

1
g(z)=—, 7(z)=0 for|z| =1
and
g(z2)=2, (z)=y/1—|z]* for|z] <1
@ Overlap
O(z) 1

— — = (=12 1z(2)

o Radial profile

Orad( )
N
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Products of Ginibre matrices Burda, Janik, Waclaw, '09

@ Root matrix 2N x 2N
_ 0 X 2 X1 Xo 0
R_<X2 o)_”?_( 0 szl)

@ Matrix resolvent 4N x 4N

a:<(< L)t (5 8 >>>
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Products of Ginibre matrices Burda, Janik, Waclaw, '09

@ Root matrix 2N x 2N
_ 0 X 2 X1 Xo 0
R_<X2 o>_>R_< 0 szl)

@ Matrix resolvent 4N x 4N

a:<(< L)t (5 8 >>>

e m=3
0 Xl 0 X1X2X3 0 0
R=| 0 0 X | —R= 0 XoX3X1 0
X3 0 0 0 0 X3X1.X2
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Overlap for the product of m Ginibre matrices

@ Resolvent for R: 1
o~ — |. I. 7’I‘I‘ =
&m em) Ninoo N me
@ Solution
é\m — §1 ® ]lm
@ Overlap for the product (R — R™)
O,ad,m(r)dr = O,ad,l(s)ds, s=1r"

@ Result

Or d,m(r) 2 2_1q 2
= (1) 1ea0)
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Overlap for the product of m Ginibre matrices

@ Resolvent for R:

B =l Jim_ TG
@ Solution

é\m = gl ®1ny
@ Overlap for the product (R — R™)

O,ad,m(r)dr = O,ad,l(s)ds, s=1r"

@ Result o B )
rad,m\l 2_4 2
— N —>Erm <1—rm> ]1[071](r)
@ or o
r 2 2
ra;\il( ) —2rm 1 (1 — rE) Tjo,11(r)
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Summary

e Finite N (generalised Schur decomposition)
o Global overlap Oy,;m =1+ F(N — 1)
o Large N limit
Orad(r 2_ 2
aN( ) — 2rm L (1 — rrn) 1[071](r)

@ The same result: Belinschi, Nowak, Speicher, Tarnowski, '16

Zdzislaw Burda (AGH) EIGENVECTOR CORRELATIONS ZIF 22 /22



Summary
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Product of elliptic Gaussian matrices (the same result) !!

Zdzislaw Burda (AGH) EIGENVECTOR CORRELATIONS ZIF 22 /22



Summary
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o Global overlap Oy,;m =1+ F(N — 1)
o Large N limit
Orad(r 2_ 2
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Product of elliptic Gaussian matrices (the same result) !!

Open problems: ..., O(z,w) for product?
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Summary

e Finite N (generalised Schur decomposition)
o Global overlap Oy,;m =1+ F(N — 1)
o Large N limit

Orad(r)
N

sy orml (1 - ré) 1p,15(r)

@ The same result: Belinschi, Nowak, Speicher, Tarnowski, '16

Product of elliptic Gaussian matrices (the same result) !!

Open problems: ..., O(z,w) for product?

Thank you!
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