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Random matrices

I X(q) = [X
(q)
jk ]nj,k=1, q = 1, . . . ,m,m ≥ 1 � independent random

matrices

I Conditions (C0):

1. X
(q)
jk , 1 ≤ j, k ≤ n, q = 1, . . . ,m, are independent (identically) dis-

tributed.
2. EX(q)

jk = 0, E |X(q)
jk |

2 = 1.

I De�ne X := n−m/2
∏m
q=1 X(q) and introduce its eigenvalues

λ1(X), ..., λn(X).

I ESD: for any A ⊂ C

µ(m)
n (A) :=

1

n

n∑
k=1

I[λk(X) ∈ A]

.
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Circular law and its extension

I Let ξ ∼ Uniform(|z| ≤ 1). Denote by p(m)(z) the density function of
ξm:

p(m)(z) =
|z| 2m−2

πm
I[|z| ≤ 1], z ∈ C,

I Theorem. Assume (C0). In probability or a.s.

µ(m)
n

w−→ µ(m), n→∞,

where dµ(m)(z) = p(m)(z)dA(z).

Goetze and Tikhomirov (2010), Soshnikov and O'Rourke (2010).

In the case m = 1
� Ginibre (1965)
� Girko (1984)
� Bai (1997)
� G�otze and Tikhomirov (2007)
�Pan and Zhou (2007)
� G�otze and Tikhomirov (2010)
� Tao and Vu (2010)



Circular law

Figure: On the left: spectra of X with i.i.d. Gaussian entries. On the right:
spectra of X with i.i.d. ±1 entries.



Products of random matrices

Figure: n = 3000,m = 2 Figure: n = 3000,m = 10



Local law for products

I
1

πr2
µn(B(z0, r)) =

1

πr2

∫
B(z0,r)

p(m)(z) dA(z) +
Rn
πr2

, (1)

where for �xed r > 0
lim
n→∞

Rn = 0

and B(z0, r) := {z : |z − z0| ≤ r}.

I It is of interest to investigate the case of smaller r,

r = r(n)→ 0 as n→∞,

where the number of eigenvalues cease to be macroscopically large.

I m = 1: P. Bourgade, H.-T. Yau and J. Yin (PTRF, 2014, 3 parts);
Tao and Vu (Annals of Prob., 2015), J. Alt, L. Erd�os, T. Kr�uger (Ann.
Appl. Probab., 2018)

m ≥ 1 Y. Nemish (EJP, 2017).



Local law for products

I
1

πr2
µn(B(z0, r)) =

1

πr2

∫
B(z0,r)

p(m)(z) dA(z) +
Rn
πr2

, (1)

where for �xed r > 0
lim
n→∞

Rn = 0

and B(z0, r) := {z : |z − z0| ≤ r}.
I It is of interest to investigate the case of smaller r,

r = r(n)→ 0 as n→∞,

where the number of eigenvalues cease to be macroscopically large.

I m = 1: P. Bourgade, H.-T. Yau and J. Yin (PTRF, 2014, 3 parts);
Tao and Vu (Annals of Prob., 2015), J. Alt, L. Erd�os, T. Kr�uger (Ann.
Appl. Probab., 2018)

m ≥ 1 Y. Nemish (EJP, 2017).



Local law for products

I
1

πr2
µn(B(z0, r)) =

1

πr2

∫
B(z0,r)

p(m)(z) dA(z) +
Rn
πr2

, (1)

where for �xed r > 0
lim
n→∞

Rn = 0

and B(z0, r) := {z : |z − z0| ≤ r}.
I It is of interest to investigate the case of smaller r,

r = r(n)→ 0 as n→∞,

where the number of eigenvalues cease to be macroscopically large.

I m = 1: P. Bourgade, H.-T. Yau and J. Yin (PTRF, 2014, 3 parts);
Tao and Vu (Annals of Prob., 2015), J. Alt, L. Erd�os, T. Kr�uger (Ann.
Appl. Probab., 2018)

m ≥ 1 Y. Nemish (EJP, 2017).



Local law for products

I Let z0 : ||z0| − 1| ≥ τ > 0 and f(z) be a smooth non-negative
function with compact support, such that ‖f‖ ≤ C, ‖f ′‖ ≤ nC for
some constant C independent of n. For any a ∈ (0, 1/2) we de�ne
smoothed indicator

fz0(z) := n2af((z − z0)na).

I Theorem[Goetze, Naumov, T.] Let m ≥ 1. Assume (C0) and

maxj,k,q E |X(q)
jk |4+δ <∞ for some δ > 0.

Then for any Q > 0 there exists c > 0 such that with probability at

least 1− n−Q:∣∣∣∣ 1n
n∑
j=1

fz0(λj)−
∫
C

fz0(z)p(m)(z)dA(z)

∣∣∣∣ ≤ q(n)

n1−2a
‖∆f‖L1 ,

where q(n) < c log4 n.
I Previous results with q(n) ≤ nε under condition:

∃ θ > 0 : max
1≤q≤m

max
1≤j,k≤n

P(|X(q)
jk | ≥ t) ≤ θ

−1e−t
θ

.

(or existence of su�cient number of moments)+ Tao, Vu 4-moment
theorem.
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Products of random matrices

Figure: n = 10000, a = 2/n
1
5



Products of random matrices

Figure: n = 10000, a = 2/n
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Products of random matrices

Figure: n = 10000, a = 2/n
1
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Products of random matrices

Figure: n = 10000, a = 2/n
1
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Linearization

I Consider block-matrix

V :=


O X(k) O · · · O
O O X(2) · · · O
· · · · · · · · · · · · · · ·
O O · · · O X(n−1)

X(n) O · · · O O


Note that Vm is equal to diagonal matrix∏m

k=1 X(1) O · · · O
O

∏m
k=2 X(k)X(1) O · · ·

· · · · · · · · · · · ·

O · · · X(m−1)X(m)
m−2∏
k=1

X(k) O

X(n) O · · · X(m)
m−1∏
k=1

X(k)

and has eigenvalues λ1, . . . , λm with multiplicity m.



Logarithmic potential and Stieltjes transform

I Logarithmic potential of ν is given by

Uν(z) := −
∫
C

log |z − w|ν(dw), z ∈ C.

I Let F be an arbitrary d.f. on R. The Stieltjes transform of F is given
by

mF (z) =

∫
R

1

x− z
dF (x), z ∈ C.
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From logarithmic potential to Stieltjes transform

I Assume that

Uν(z) = −
∫
R

log |x|dF (z, x), z ∈ C,

where F (z, x), x ∈ R, is some d.f. for any z.

I Let us de�ne the following function

gF (z, v) :=

∞∫
−∞

log |x− iv| dF (z, x), Uν(z) = −gF (z, 0)

By the Newton-Leibniz formula

gF (z,M)− gF (z, 0) =

M∫
0

ImmF (z, iv) dv.
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From logarithmic potential to Stieltjes transform

I Green's formula: For any compactly supported f ∈ C2(C)∫
f(z)ν(dz) = − 1

2π

∫
∆f(z)Uν(z) dA(z),

I Let µ1 and µ2 be arbitrary probability measures on C and f ∈ C2
0 (C).

Then∫
f(z)d(µ1 − µ2) =

1

2π

∫
∆f(z)

M∫
0

[ImmF2(z, iv)− ImmF1(z, iv)] dv dA(z)

− 1

2π

∫
∆f(z)[gF2(z,M)− gF1(z,M)] dA(z).

Moreover,

gFk (z,M) = logM + rM,k, |rM,k| ≤
1

M2

∞∫
−∞

x2 dFk(z, x), k = 1, 2.
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I Introduce the following matrix

V(z) :=

[
O V − zI

V∗ − zI O

]
,

and let sj(z) := sj(X − zI), j = 1, . . . , n, be the singular values of
X− zI.

I Then ±sj(z), j = 1, . . . , nm, are the eigenvalues of V(z). Let

Fn(z, x) :=
1

2n

n∑
j=1

I[sj(z) ≤ x] +
1

2n

n∑
j=1

I[−sj(z) ≤ x].

I Following Girko we use hermitization trick and write

Uµn(z) = − 1

2n
log |det V(z)| = −

∞∫
−∞

log |x| dFn(z, x).
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Moreover, there is d.f. G(z, x):

Uµ(1)(z) = −
∞∫
−∞

log |x|dG(z, x).

The Stieltjes transform of the distribution G(w, z) we denote by
s(w, z). It is well-known that

s(z, w) = − w + s(z, w)

(w + s(z, w))2 − |z|2
. (2)



Local law for singular values of shifted matrices

I I The Stieltjes transform of Fn may be rewritten as follows

mn(z, w) =

∞∫
−∞

dFn(z, λ)

λ− w
=

1

2nm
Tr(W−wI)−1 =:

1

2nm
Tr R(w, z),

where w = u+ iv, v ≥ 0 (i.e. w ∈ C+) and

W − wI =

[
−wI V(z)

V∗(z) −wI

]
(3)

. We introduce the functions, for ν = 1, . . . , 2m,

m(ν)
n (w, z) =

1

n

νm∑
j=(ν−1)m+1

Rjj(w, z).

Note that

mn(w, z) =
1

2m

2m∑
ν=1

m(ν)
n (w, z)



Local circular law

I Introduce the notations for ν = 1, . . . , 2m

Λ(ν) = m(ν)
n (w, z)− s(w, z),

and
Λn = (Λ(1)

n , . . . ,Λ(2m))T .

I Let a = −s−2(w, z) and b = |z|2
|w+s(w,z)|2 . Introduce matrices

A11 :=


a 0 0 · · · 0 b
b a 0 · · · 0 0
0 b a · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · a 0
0 0 0 · · · b a





Local circular law

I and

A12 :=


0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0 · · · 0 0
· · · · · · · · · · · · · · ·
0 0 0 · · · 0 1
1 0 0 · · · 0 0


I We de�ne now matrix

A :=

[
A11 A12

A12 AT
11

]



Local circular law

I Using Shur complement formula, we may show that

AΛn = rn +
1

s(w, z)
Tn

, where
‖rn‖ ≤ C(|z|, w, s(w, z))‖Λn‖2,

and vector Tn de�ned as follows

T (ν)
n :=

1

n

n∑
j=1

εjνRjνjν , jν := (ν − 1)m+ j.

The error term εjν are de�ned in standard way via linear and quadratic
of q-th row and q-th column of matrices X(q).



Local law for singular values of shifted matrices

I Let

v0 :=
A log n

n
, V0 � 1

and de�ne the following region in the complex plane

D(z) := {v0 ≤ v ≤ V0, u ∈ suppG},

I Theorem. Let m ≥ 1. Assume (C0) and maxj,k,q E |X(q)
jk |4+δ < ∞

for some δ > 0.
Let V0 > 0 be some constant. For any Q > 0 there exist positive
constants A and C depending on V0, δ, Q such that

P
(
|mn(z, u+ iv)− s(z, u+ iv)| ≥ C log n

nv

)
≥ 1− n−Q

for all u+ iv ∈ D(z)



Local law for singular values of shifted matrices
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A log n
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Stein's approach to estimation of E ‖Tn‖p for p ∼ log n

I Let Mj be σ-subalgebras of M and denote Ej(·) := E(·
∣∣M(j)).

I Assume that ξj , fj , j = 1, . . . , n, are M-measurable r.v. and

Ej(ξj) = 0. (4)

I We consider the following statistic:

T ∗n :=

n∑
j=1

ξjfj +R,

where R is some M measurable function.
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Stein's approach

I Let f̂j be an arbitrary M(j)-measurable r.v. and

T (j)
n := Ej(T ∗n).

I Lemma. For all p ≥ 2 there exists some absolute constant C such that

E |T ∗n |p ≤ Cp
(
Ap + p

p
2 B

p
2 + ppC + ppD + E |R|p

)
,

where

A := E
1
p

(
n∑
j=1

Ej |ξj(fj − f̂j)|

)p
,

B := E
2
p

(
n∑
j=1

Ej(|ξj(T ∗n − T (j)
n )|)|f̂j |

) p
2

,

C :=

n∑
j=1

E |ξj ||T ∗n − T̃ (j)
n |p−1|f̂j |,

D :=

n∑
j=1

E |ξj ||f − f̂j ||T ∗n − T (j)
n |p−1.
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Stein's approach, Toy example
I Let EX2

j = 1 and

T ∗n =
n∑
j=1

ajXj . (5)

ξj := Xj , fj := aj =: f̂j ,R = 0. It is easy to see that T
(j)
n =

∑
k 6=j akXk.

I

E |T ∗n |p ≤ Cp
(
Ap + p

p
2 B

p
2 + ppC + ppD + E |R|p

)
,

where

A = E
1
p

(
n∑
j=1

Ej |ξj(fj − f̂j)|

)p
= 0,

B = E
2
p

(
n∑
j=1

Ej(|ξj(T ∗n − T (j)
n )|)|f̂j |

) p
2

=

n∑
j=1

a2j ,

C =

n∑
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n |p−1|f̂j | =

n∑
j=1

apj E |Xj |
p,

D =

n∑
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E |ξj ||f − f̂j ||T ∗n − T (j)
n |p−1 = 0.
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Stein's approach, for matrices

I ξj := n−1(εj1 + εj2 + εj3), fj := Rjj ,R = n−1∑
j εj4Rjj .

I For all p ≥ 2 there exists some absolute constant C such that

E |T ∗n |p ≤ Cp
(
Ap + p

p
2 B

p
2 + ppC + ppD + E |R|p

)
,

where

A = E
1
p

(
n∑
j=1

Ej |ξj(fj − f̂j)|

)p
∼ 1

(nv)
,

εjα ∼ (nv)−1/2, fj − f̂j ∼ (nv)−1/2

B = E
2
p

(
n∑
j=1

Ej(|ξj(T ∗n − T (j)
n )|)|f̂j |

) p
2

∼ 1

(nv)2
,

εjα ∼ (nv)−1/2, T ∗n − T (j)
n ∼ (nv)−3/2

C =

n∑
j=1

E |ξj ||T ∗n − T (j)
n |p−1|f̂j | ∼

Cp

(nv)p
,

D =

n∑
j=1

E |ξj ||f − f̂j ||T ∗n − T (j)
n |p−1 ∼ Cp

(nv)p
.



Stein's approach, for matrices

I ξj := n−1(εj1 + εj2 + εj3), fj := Rjj ,R = n−1∑
j εj4Rjj .

I For all p ≥ 2 there exists some absolute constant C such that

E |T ∗n |p ≤ Cp
(
Ap + p

p
2 B

p
2 + ppC + ppD + E |R|p

)
,

where

A = E
1
p

(
n∑
j=1

Ej |ξj(fj − f̂j)|

)p
∼ 1

(nv)
,

εjα ∼ (nv)−1/2, fj − f̂j ∼ (nv)−1/2

B = E
2
p

(
n∑
j=1

Ej(|ξj(T ∗n − T (j)
n )|)|f̂j |

) p
2

∼ 1

(nv)2
,

εjα ∼ (nv)−1/2, T ∗n − T (j)
n ∼ (nv)−3/2

C =
n∑
j=1

E |ξj ||T ∗n − T (j)
n |p−1|f̂j | ∼

Cp

(nv)p
,

D =
n∑
j=1

E |ξj ||f − f̂j ||T ∗n − T (j)
n |p−1 ∼ Cp

(nv)p
.



Stein's approach, Toy example

I Let EX2
j = 1 and

T ∗n =

n∑
j=1

ajXj . (6)

(ξj := Xj , fj := aj =: f̂j). It is easy to see that T
(j)
n =

∑
k 6=j akXk.

I For all p ≥ 2 there exists some absolute constant C such that

E |T ∗n |p ≤ Cpp
p
2

( n∑
j=1

a2j

) p
2

+ Cppp
n∑
j=1

apj E |Xj |p
)
,
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ajXj . (6)

(ξj := Xj , fj := aj =: f̂j). It is easy to see that T
(j)
n =

∑
k 6=j akXk.

I For all p ≥ 2 there exists some absolute constant C such that

E |T ∗n |p ≤ Cpp
p
2

( n∑
j=1

a2j

) p
2

+ Cppp
n∑
j=1

apj E |Xj |p
)
,



How to reduce the condition E |Xjk|4+δ <∞ with δ > 0 to

δ = 0.

I De�ne

Ajk := {|Xjk| < n
1
4 log n}, Bjk := Acjk = {n 1

4 log n ≤ |Xjk| ≤ n
1
2R−1},

and pn := P(B11). Moreover pn ≤ β4 n−1 log−4 n.

I De�ne L := L(X) := [Ljk]nj,k=1, where Ljk := I[Ajk]. Let ξjk
and ηjk, j, k = 1, . . . , n be mutually independent and P(ξjk ∈ ·) =
P(Xjk ∈ ·

∣∣Ajk) and P(ηjk ∈ ·) = P(Xjk ∈ ·
∣∣Bjk).

I De�ne X(L) := [Xjk(Ljk)]nj,k=1, where

Xjk(Ljk) :=

{
ξjk, if Ljk = 1,

ηjk, if Ljk = 0.



Local semicircle law, z = 0. 4 moments.

I Let r := rn := log3 n. We say that L is r-admissible, if L can be
represented as follows (up to the permutation of rows and columns)

L =



A1 1 . . . 1 . . . 1 . . .
1 . . . A2 . . . 1 . . .
. . . . . . . . .

1 . . . 1 . . . AL 1 . . .
1 . . . 1 . . . . . . 1 . . .
. . . . . . . . .

1 . . . 1 . . . . . . 1 . . .


,

where Aν random Hermitian of size rν ≤ r, ν = 1, . . . , L. Here
r1 + . . . + rL ≤ log3 nmax(1, n2pn). Moreover, the zero-entries of
matrix L can only be inside of Aν , and in each row (column) may
contain at most r zero-entries.

I

P(L is not r-admissible) ≤ n−c log
2 n, (7)

where c > 0



Thank you!


