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Figure 1: The galaxy Centaurus A shown as a superposition of sub-
milimeter (APEX, orange), X-ray (Chandra, blue) and optical observations
[et al. (Submillimetre); NASA/CXC/CfA/R.Kraft et al. (X-ray), 2009].

1 Introduction

Our knowledge of the universe as a whole is based upon the observation of photons of different energies.
Yet radiating objects that are far away, or radiate at low fluxes can hardly be observed. But this is also the
case for the universe as a whole prior to re-ionization at a redshift of z = 7. Prior to re-ionization we can
only observe the cosmic microwave background (CMB) (only is a slight understatement), that originated
at the decoupling between radiation and matter at z ∼ 1100. The epoch between the reionization and
decoupling is dubbed the dark ages. After decoupling or at the time of decoupling the electrons and
atoms recombine, due to the cosmic expansion. In general even then the universe is still slightly ionized.
This epoch stands out by the fact that photons with energies > 10eV are going to be absorbed and
therefore can not be observed. Therefore only the CMB photons with energies < 10eV are observable
and there are initially no radiation producing sources, as the universe is initially very homogenous (except
for slight deviations). The epoch ends when the first stars have produced enough radiation to fully ionize
the universe. Therefore the formation of the first stars occurs at a time that we cannot observe. In that
time not only the first stars originated but also the first galaxies and also the massive black holes that
are found in their center.

Black holes are very interesting objects, as these are extreme objects. In a sense they are more easily
described than stars (practically by only two parameters), yet we can hardly observe them. Actually
there are no direct observations of them, yet there do exist many strong indirect observations that
strongly suggest their existence. We generally expect that massive stars end up as a black hole as the
end-stage of their evolution, these have likely masses of about ∼M�. Yet evidence accumulated over
time that there exist very massive black holes with masses of around & 106M�, so-called supermassive
black holes. We do actually expect that such black holes are located in the center of most galaxies and
we also expect them to be present even at the end of the dark ages. Our evidence is usually based on
the observations of very extreme events or objects.
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In figure 1 we see the Centaurus galaxy, that is a so called radio galaxy (galaxies that emit a significant
flux of radio photons). One sees the galactic plane with a very bright and luminous center, such galaxies
are also called active galactic nuclei (AGN). Interestingly there do exist significant outflows of mass on
top and below the galactic plane, that do have an extent that is comparable with the galaxy itself and
these outflows are called jets. This obviously begs the questions towards the origin of these large jets
and the very luminous galactic center. We do expect that the origin of such phenomena are very massive
highly accreting super-massive black holes.

The phenomena of very luminous AGN can also be observed up to very high redshifts and there are
even observations that indicate the existence of supermassive black holes with masses of about 2×109M�
[Mortlock et al., 2011] at redshift z ∼ 7 (roughly 700 Myr after the big bang). This requires that a black
hole would have to accrete at more than 1M�/yr over the entire cosmic history up to z ∼ 7. That
requires very large initial black hole masses. Most super-massive black holes, that we observe have
generally masses of & 106M�. So the black hole mass function is quite varied.

There do exist several scenarios how these initial black holes could have formed. In general there
are four classes, stellar dynamical models, supermassive stars or quasistars, Pop III stars and primordial
black holes [Volonteri, 2010]. Primordial black holes are expected to have been produced prior to the
epoch of recombination with masses of up to 105M� [Khlopov et al., 2005], yet observational limits from
the CMB restrict the mass by 103M� [Ricotti et al., 2008]. Such black holes arise e.g. due to the collapse
of horizon sized bubbles in phase transitions (e.g. the QCD phase transition). The stellar dynamical
models are based on the formation and evolution of massive and dense stellar clusters, where a massive
black hole forms due to stellar core collapse and these can have potentially masses of up to ∼ 103M�
[Devecchi and Volonteri, 2009], yet mass losses can also be of significant importance in these systems.
The formation of such dense stellar clusters can occur in slightly metal enriched mini-halos (Tvir < 104K,
see later), in which the gas can effectively fragment. A third class is introduced by the collapse of gas in
zero-metallicity mini-halos, in which stars form with masses of up to several 100M� form and these can
then collapse to black holes at the end stages of their evolution. The last class of interest is the collapse
of gas in low-metallicity halos (Z< 10−5Z�, as will be shown later) with Tvir > 104K. In this case the
formation of stars or quasi-stars with masses of around ∼ 105M� is possible. Here we primarily consider
the two latter cases.

In the first section we introduce the concept of black holes and several important properties of black
holes. Then we give a more detailed overview on what we seem to know about super-massive black holes
(observationally). In the fourth section we review the basic ingredients from structure formation that are
required to understand the formation of halos, as these set the initial conditions that are subsequently
required to understand the formation of black holes. At the end of section four we also describe a method
that can be applied for studying the abundance and evolution of the initially seeded black holes, yet the
method is not applied in this thesis. In the fifth section we review the basic ingredients that are required
to understand the evolution of the gas content within these halos, as this sets again significant limits
on the masses of the initial formed black holes. Yet we do not include a varied discussion on the the
growth and evolution of stars. In the last two sections we then study how the initial black holes could
have formed and what masses they might have had. We focus on the formation of supermassive stars
(SMS) and the formation of the first stars, that might have then collapsed into a massive BH. At first
we present rough criteria for the masses of halos, in which such stars might have formed and we estimate
the intensity of the radiation field that is required, so that SMS rather than Pop III stars form. We
do estimate roughly the proprties of protogalactic disk in the case of Pop III stars and provide a slight
review for the SMS case.

Then we conclude the thesis. Note that we have not included a detailed discussion on the abundances
and further evolution of those seed black holes.

2 Black Holes

Black holes are objects that have an event horizon, for stationary black holes the event horizon is given by
the so called Schwarzschild radius rs. The Schwarzschild radius describes the region where no information
can escape due to the curvature that is generated by the contained mass within r < rs. The geometry of
the spacetime around a static spherical symmetric black hole is described by the Schwarzschild metric
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(for r > rs with coordinates t, r, θ, φ)

ds2 = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 − r2dΩ, (2.1)

where M is the mass of the black hole and dΩ = sin2(θ)dφ2 + dθ2. Here a unit system with G = c = 1
is applied.

Astrophysical black holes are expected to have a spin and to be neutral charged (no electroweak or
strong charge). If black holes had a significant charge, then particles with the same sign of their charge
should be repelled whereas particles with opposite sign of their charges should still be accreted and so
the black hole should end up neutral. The spin should be of important, because the black hole is likely
accreting matter with non-zero spin, e.g. disk accretion. In the following several important features of
spinning black holes (Kerr black holes) are described.

2.1 Kerr Black Hole

Spinning neutral charged black holes are described by the Kerr-metric. In Boyer-Lindquist coordinates
(t, r, θ, φ) the Kerr metric is [Frolov and Zelnikov, 2011]:

ds2 = −
(

1− 2Mr

Σ

)
dt2 − 4M2ra sin2θ

Σ
dtdφ+

A sin2θ

Σ
dφ2 +

Σ

∆
dr2 + Σdθ2, (2.2)

with

Σ = r2 +M2a2 cos2θ, ∆ = r2 − 2Mr + a2M2, A = (r2 + a2M2)2 −∆a2M2 sin2θ. (2.3)

Here a = J/M2 is the spin parameter and J is the spin of the black hole. The space around a rotating
black hole has certain properties that depend on the distance r towards the center of the black hole.
These regions are

1. the event horizon rH = M +
√
M2 − a2M2 gives the region at which information that is located at

r < rH is contained inside the event horizon,

2. the ergosphere is a region with r < rE = M(1+
√

1− a2 cos2 θ and in this region particles co-rotate
with the black hole,

3. the innermost stable circular orbit rISCO is the smallest distance at which a circular orbit of a
particle is stable, but there are also unstable circular orbits at distances r > rISCO.

It is noticeable that for a spin parameter |a| > 1 the event horizon is complex valued. This is a
troublesome feature and this gives rise to the notion of the naked singularity. In the case that a ≤ 1,
one finds that the singularity at r = 0 is hidden behind the event horizon, but in the case that a > 1 the
event horizon itself disappears (because it is no longer an observable) and the singularity is visible. It is
expected that these naked singularities do not exist (Cosmic Censorship Hypothesis). Another thing to
note is, that for a non-rotating black hole the ergosphere and the event horizon overlap.

The radius of the innermost stable circular orbit is

rISCO = M(3 + Z2 ∓ [(3− Z1)(3 + Z1 + 2Z2)]
1
2 ), (2.4)

Z1 = 1 + (1− a2)
1
3 [(1 + a)

1
3 + (1− a)

1
3 ],

Z2 = (3a2 + Z2
1 )

1
2 .

Where the +-sign gives the orbit for counter-rotating particles (retrograde) and the −-sign gives the
orbit of co-rotating particles (prograde). For a black hole with a = 1 one finds rE(θ = 0) = rISCO. The
specific binding energy of a particle (binding energy normalized to particle mass) that moves in a circular
orbit is

Ebind = 1− r2 − 2Mr ± aM
√
Mr

r
√
r2 − 3Mr ± 2aM

√
Mr

. (2.5)
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Figure 2: Radiative efficiencies of a Kerr BH for different values of the spin parameter at the ISCO.

So a particle that comes from infinity and is captured at the ISCO or is moving on slightly non-
circular trajectories has to have radiated away between 42.36% (co-rotating and a = 1) and 5.72%
(a = 0) or 3.77% (counter-rotating and a = −1) of its proper energy (mc2). As one can see in figure
2, the radiative efficiency rises sharply at a ∼ 0.9, but prior to this the binding energies are around
10%. For astrophysical black holes one usually assumes radiative efficiencies of about 10%, due to the
fact that this is the case for black holes with 0.8 > a > 0.5 and that it is even a qualitatively good
approximation for a ∼ 0. Inside the ISCO the particle will fall into the black hole. That indicates that
spinning black holes can have very large radiative effeciencies. Because the radiative efficiency strongly
depends on the dynamics in the disc (e.g. the effect of magnetic fields), the values presented give only an
approximation. In the ergosphere the so-called Penrose-process can occur. Inside the Ergo-Sphere the
energy of a particle can be negative. If a particle with energy E0 decays into two particles with energy
E1 = E0−E2 and E2 < 0 the particle with increased energy can escape, while the particle with negative
energy is absorbed into the black hole and decreases the energy of the black hole by E2 = E0 − E1.

2.2 No-Hair-Theorem (Uniquness Theorem)

Stationary black holes can be described by three parameters, their mass M , spin parameter a and
electrical charge Q. This property of black holes is referred to as the No-Hair-Theorem because stationary
black holes are expected to have no further structure (hair). Black Holes can only exist if those three
parameters obey the following relation

M2(1− a2)−Q2 ≥ 0. (2.6)

One can show that rotating black holes obey the following relation

µl + ıjl = M(ıaM)l, (2.7)

where µl and jl are the multipole coefficients of the black hole with µ0 = M and j1 = aM2 and ı
is the imaginary unit. So black holes that have the same mass M and angular momentum parameter
a describe the same geometry. This means that stationary black holes with same M and a have no
further substructure (hair) that can be used to distinguish them. In general accreting black holes are
not stationary and therefore these might also have hair, e.g. a non-zero quadrupole moment.

2.3 Black Hole Growth

There are two possibilities for a black hole to grow more massive. The black hole can either accrete
mass or it can merge with another black hole to form a more massive black hole. There are also two
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possibilities for a black hole to lose energy, that is it can lose energy either by the Penrose process or by
Hawking radiation (negligible for massive black holes).

Hawking radiation is only of importance for very low mass black holes (M = 1014g gives a lifetime
of about 1010 years and the lifetime scales with M3), while the Penrose process is only of importance
for highly spinning black holes. For most black holes only growth processes are of importance on the
time-scales and for the masses of interest. From here on out we adapt units G 6= 1 and c 6= 1 (e.g. cgs
units).

2.3.1 Eddington Limit

As already mentioned black holes have high radiative efficiencies. Therefore the accretion onto a black
hole will also generate radiative feedback. Therefore the radiation pressure that is generated can in
principle push the in-falling gas away and therefore stop accretion. Then this process provides a limit
for the accretion rate, the Eddington limit [Loeb and Furlanetto, 2013]. The luminosity generated due
to the accretion of matter onto the black hole is

L = f
GMṀε

(1− ε)Rs
= f

Ṁ(ε)c2

2(1− ε)
. (2.8)

The term (1 − ε) is taken into account because the black hole does not grow by the amount of energy
that is radiated away. Here L is the luminosity generated due to the accretion and ε is the radiative
efficiency (similar to E). The factor f describes the specific details of the disk and it also contains the
ratio Rs/RISCO, because the binding energy that is radiated away is that at the ISCO and not at the
event horizon, as there are no more stable orbits beyond the ISCO. The factor f depends on the geometry
of the surrounding disk and on the spin of the black hole, e.g. for a non-spinning black hole for which
the accretion is spherical symmetric, one finds f ∼ 1/3, because RISCO = 3Rs. In the case of steady
state disk accretion, one finds for a thin Keplerian disk and a non spinning black hole f = 1/6, due to an
additional factor of 1/2 (see later). For spinning black holes the factor f is going to be smaller, because
the RISCO is smaller for spinning black holes.

If the gas is fully ionized than the photons couple with the protons and electrons. Yet the cross section
for electron photon scattering is significantly larger than the proton photon cross section (due to the elec-
trons having a significant smaller mass). Then only Compton (or non-relativistic Thompson) scattering
between the electron and photons is of importance, yet due to the electromagnetic interactions between
the electron and the protons, the electrons cannot directly escape the gas (even though the radiation
accelerates the electrons) as long as the gravitational pull on the more massive protons is stronger than
the electromagnetic pull of the electrons on the protons. Therefore the photons effectively push on the
protons with the electrons acting as mediators. Bremstrahlung (free-free emission or absorption) gives
also another interaction channel for ionized particles with radiation that becomes negligible at very high
temperatures. These interactions make the gas opaque, because the radiation cannot directly escape the
gas. The intensity of radiation that is emitted at r = 0 and detected at r = l is I(l) = I(0) exp(−τ). τ
gives the optical depth of the medium through which the radiation is traveling.

τ =

∫ l

0

κρdz, (2.9)

where κ is the Rosseland mean opacity (average over frequencies). The case κ = 0 states that radiation
can freely escape without exerting any pressure on the gas. Thompson scattering gives

κes = σT /mp ≈ 0.4
cm2

g
, (2.10)

where σT is the Thompson cross section and mp is the proton mass and the gas has been assumed to
purely consist of protons (the lightest particles) and electrons. If one neglects free free scattering and
assumes that pressure forces due to radiation equal the gravitational attraction one finds

GMmp

r2
=
LEddσT
4πr2c

. (2.11)
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LEdd is then the luminosity that corresponds to the equilibrium:

LEdd =
4πGMc

κes
. (2.12)

This gives then the a limit for the accretion. Additional effects like free-free scattering would effectively
lower the equilibrium luminosity, therefore the Eddington luminosity gives a strong upper bound. In
general the effective radiative efficiencies might be lower if photons were optically trapped (e.g. accretion
in a thick disk) and then the accretion rates might be potentially higher. Therefore accretion of an optical
thick gas might occur at Ṁ > ṀEdd and such an accretion is also called super-Eddington accretion.

The total accretion rate as a fraction α of the Eddington luminosity is then

Ṁ =
2c2αLEdd(1− ε)

fε
=

8πc3αGM(1− ε)
fεκes

= C ×M, (2.13)

where

C = 1.4× 10−16s−1α

f

1− ε
ε

= α
(
4.2× 107yr

)−1
(2.14)

is a constant, where we have taken ε = 1 and f = 1/6 and usually α = 1. For the total mass after a
given time one finds

M(t) = M0e
Ct. (2.15)

2.4 Black Hole Binary / Coalescence

In a merger of two galaxies the central black holes of these galaxies can form a binary and this binary
can undergo coalescence, such that a single more massive black hole is formed. The coalescence is
expected to occur in several stages. It starts with an in-spiral stage until at around a distance of 1 pc the
binary becomes tightly bound. Then dynamical friction can bring the two black holes closer together.
Dynamical friction describes the gravitational drag of the black hole on the surrounding matter (stars
and gas) and via this the black hole can lose kinetic energy. The dynamical friction leads to matter being
pushed out of the central region or even becoming unbounded from the halo. The binary then becomes
tighter via gravitational wave emission until the two black holes merge.

This picture is more complicated, as while the binary coalesces a triple black hole system might form,
if another galaxy merger occurs. This can disrupt the merging process and potentially at least one of the
black holes might be kicked out. Another effect is that the gravitational wave emission might actually
lead to recoils in the merging process (so called kicks) [Fitchett, 1983]. This is due to the fact that the
gravitational wave emission of the binary is not symmetric and therefore there is a direction into which
more gravitational waves are emitted and due to momentum conservation the merged black hole gets a
kick in the opposite direction. The velocities of the merged black hole gets from the gravitational wave
recoil are 10km/s to 103km/s and therefore the new formed black holes could be kicked out of the halo.

The kick velocity found in a given merger can be approximated as [Baker et al., 2008]

v2
recoil = v2

m + v2
⊥ + v2

‖ + 2v⊥
(
vm cos ξ + v‖ sin ξ

)
, (2.16)

vm = Aη2
√

1− 4η(1 +Bη), (2.17)

v‖ = H
η2

1 + q
(a1 cos θ1 − qa2 cos θ2), (2.18)

v⊥ = −K η3

1 + q
[a1 sin θ1 cos(φ1 − Φ1)− qa2 sin θ2 cos(φ2 − Φ2)] , (2.19)

where q = M2/M1 ≤ 1 is the mass ratio, η = q/(1 + q)2, θ1,2 are the angles between the individual black
hole spin vectors and the orbital angular momentum vector of the binary and the angles φ1,2 denote
the projection of the spin vectors onto the the orbital plane of the binary. Further Φ1(q) = Φ2(q−1) are
constants for a given q that describe the dependence of the orbital momentum on the initial spin values
and the fit parameters are A = 1.35 × 104km/s, B = 1.48, H = 7540km/s, K = 2.4 × 2.4 × 105km/s
and ξ = 3.75. The precise velocity of the kick depends therefore strongly upon the spins of the merging
black holes and on the mass ratio. For extreme mass ratios, q � 1 kicks can be neglected. Therefore, the
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Figure 3: The solid line shows the average kick velocities in km/s as a function of the mass ratio q, where
the average is over the angles and for the spin parameters from −0.9 to 0.9 with a uniform distribution.
In the left the average is over all four angles, whereas on the right the spins are assumed to be aligned
with the plane of the binary. Further note that the dashed lines indicate the 1-σ range and the dotted
line gives the maximally found kick velocity [Tanaka and Haiman, 2009].
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newly formed galaxy might end up losing its central black hole in the merging process, if vrecoil > vescp,
where vescp is the escape velocity and a central black hole has to either form from scratch in the center
or comes in due to another merger that provides the black hole.

In figure 3 the average statistical kick velocities are shown for uniform distributed spin parameters
of −0.9 to 0.9 and and one sees that for this case kick velocities of several 100km/s become important
at mass ratios of around 0.1.

3 Observations regarding SMBH

At the center of most galaxies there are very massive objects. These objects are expected to be su-
permassive black holes (SMBH). Supermassive black holes have a mass of around 105M� to 1010M�.
This expectation leads to the assumption that the evolution of galaxies and their central black holes is
correlated. It is further expected that these objects are spinning, either due to accretion of material that
has angular momentum or due to merger. One particular interesting observation that gives a significant
insight into astrophysical black holes are active galactic nuclei (AGN).

AGN are very interesting objects as it is thought that the source of the high luminosity in the center
of these galaxies is a supermassive black hole that is accretes matter at very high rates. Also strong
winds can be formed in the accretion disk, that are spatially tightly distributed and these are called jets.
The precise nature of these highly energetic jets are not completely understood. It is expected that an
AGN is not always active, because the gas supply that is needed to support the high accretion rate might
either end up being depleted, e.g. due to star formation or feedback effects or a merger might disrupt
the accretion for some time. This is concluded from the fact that there are significantly less AGN today,
than there have been at red-shifts of z = 1.

In the following, I present observational facts that are connected to SMBH. These observations not
only tell us that there might be super massive black holes at the center of most galaxies, but these
measurements can also be used to calculate mass functions that describe the density of SMBH in a given
mass range. Additionally one can compare other observational properties of the host galaxies with the
central black hole and this leads to interesting relations between the host galaxies and their central black
holes. A model for the formation of these central black holes has to produce the right abundance and
must also successfully describe the relations between the SMBH and its host. Here I will present some
of these relations. In the following I give a qualitative overview on methods for “direct” measurements
of SMBH masses. Then some of the mentioned relations are shown and an overview over measurements
of SMBH spin is given.

3.1 SMBH mass measurements

The measurement of the mass of a central black hole is usually based on kinematic arguments [Ferrarese and Ford, 2005].
This is done by observing Keplerian motion of stars or even gas in the center of the galaxies close to the
radius of influence of the central black hole. The radius of influence is taken as [Peebles, 1972]

rInf =
GMBH

σ2
, (3.1)

where MBH is the mass of the central black hole and σ is the velocity dispersion of the stars in the
spheroid. The radius of influence describes the region in which the gravitational potential of the black
hole dominates the dynamics of the system (more important than the stellar potential). Therefore a
successful measurement of the black hole mass should resolve the radius of influence. For stars one
expects only gravitational interaction to be important. Whereas for gas other interactions are also
important, but it has been shown in several cases gas is also found to be moving on keplerian or-
bits [Ferrarese and Ford, 2005]. One likely source for Keplerian motion is a very massive central mass.
Whether or not this is actually a black hole requires knowledge about the spatial extent of the object. So
far there are only very few objects for which it has been shown, that the central mass cannot be a dark
cluster of e.g. stellar mass black holes, neutron stars, white dwarfs and other stars. Exotic objects like
very massive dark particles have not been excluded as a central supermassive objects or even a cluster
of planets (which seems rather unlikely). Then a measurement of the orbital motion is used to calculate
the mass of the central object. These “direct” measurements are difficult and have been done for only
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Figure 4: Stellar orbits of some stars in the rest frame of Sgr A*. [Gillessen et al., 2009]

a few galaxies. But these measurements are used to establish certain relations and these are then used
to estimate the mass of SMBH in galaxies, for which no “direct” measurement has been possible. In the
following these methods will be described. 1

3.1.1 Central stellar kinematics

So far, only in the center of the Milky Way a measurement of stellar proper motion has been possible,
see figure 4. Proper motion measurements for Sgr A* give MSgr ≈ 4× 106M� [Gillessen et al., 2009].

For other galaxies, proper motion measurements of single stars are not possible, but the kinematics of
a system of stars can be used by using certain simplifications and assumptions [Ferrarese and Ford, 2005].
The main idea here is to measure the distribution of stars and their velocities and to use the collisonless
Boltzmann equation (CBE) and the Poisson equation to estimate the mass of the central black hole. The
CBE can be applied, if the system is approximately collisionless, due to the fact that the timescale for
which numerous stellar encounters significantly affect the system is significantly higher than the age of
galaxies, and one can approximate the system with a continuus density of stars that move in the potential
of the galaxy. Therefore, if one can estimate the phase space distribution function f of the stars, one can
calculate the gravitational potential of the system. Then by using Poisson’s equation with knowledge
of the stellar mass distribution, one can estimate the mass of the central black hole. But one can only
measure line of sight velocities, brightness profiles and velocity dispersion. In order to solve the equation
one assumes that the system is in a steady state (distribution functions are time independent). It follows
from the Jeans theorem, if the system is in a steady state (above assumption), that the distribution
function depends on integrals of motion. For a spherically symmetric and isotropic system, f = f(E),
where E is the total energy of the system. If the velocity dispersion is anisotropic the system might
be approximated by f = f(E,Lz), where Lz is the z-component of the angular momentum. But these
so-called 2I functions are not capable of completely describing the system and usually 3I (three integrals
of motion) distribution functions are considered. Other than in the previous cases there is no general

1A comprehensive list of the measured black hole masses is available at http://blackhole.berkeley.edu/.
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analytic description of the third integral of motion [Schwarzschild, 1979]. The main assumption of these
3I models is often an axisymmetrical system with constant mass-to-light ratio γ and one also fixes the
inclination angle i (necessary for deprojection of brightness profile to obtain the luminosity density).
Then, together with an assumed mass of the central black hole Mc, one iteratively changes Mc and γ
until the calculated values fit the observed values best. 3I models have the significant disadvantage that
there is no unique relation between f and ρ, the stellar mass density, and so different sets of Mc and γ fit
the data similarly well [Valluri et al., 2004]. This leads to large uncertainties of up to 70%. This method
is the primary method for estimating the black hole masses in normal galaxies (not AGN). So far the
masses of more than 60 black holes have been estimated using this method [McConnell and Ma, 2013].
One particular example is the the central black hole in NGC 4889 with MBH = 2.1+1.6

−1.5 × 1010M�
[McConnell et al., 2011].

3.1.2 Central gas kinematics

Another possibility is to measure the kinematics of a gas disc or nuclear dust in the center of a galaxy
[Ferrarese and Ford, 2005]. The main problem with gas kinematics is that gravitational attraction is not
the only force that has a significant effect on the kinematics of the gas. But Keplerian motion of gas
in the center of galaxies has been detected and this is expected to be generated by a central object and
the surrounding stars. Here the knowledge of the stellar density is still important, but the kinematics
of the stars are not. The density of the gas discs and or the nuclear dust is estimated by observing
the absorption in the observed spectrum of the galactic center at different wavelengths. One can then
measure the rotation curve of the gas by looking at the width of the absorption peaks in the spectra.
Then one can calculate the mass of the central black hole by assuming a mass to light ratio γ and the
central black hole mass Mc and solve the CBE under the assumption that the gas is collisonless. The
calculations are done more or less in the same way as in the previous case. This is found to agree
with the stellar measurements in galaxies were these two methods have been applied, even though one
assumes a collisonless gas. Because these measurements are not possible for all galaxies (e.g. galaxies
without nuclear dust or gas disks), these measurements have been applied to around 20 black holes
[McConnell and Ma, 2013]. One particular example is that of the first observed radio galaxy Cygnus A,
that has a mass of about MBH = 2.5+0.7

−0.7 × 109M� [Tadhunter et al., 2003].

3.1.3 Water maser clumps kinematics

Ortho water (ortho means that the spin wave function of the two hydrogen atoms is symmetric with
a total spin 1) has a very bright and narrow line in the rotational transition from the state 616 to the
state 523 (where the number denotes the vibrational state and the index denotes the rotational state
in the electronic ground state) with a frequency of 22 GHz. The accretion of a black hole leads to a
significant radiative feedback. X-rays from the black hole can now trigger chemical reactions that lead
to the formation of gaseous water clouds in the torus around the black hole [Neufeld et al., 1994]. This
process is only successful in producing a significant flux in the 22 GHz, if many specific requirements
are met. Therefore very luminous observable water masers are rare and all reside in AGN. Another
problem is to identify, if the motion of these masers is actually directly governed by the central black
hole, e.g. high velocity maser clouds are one indication. Then by measuring the Keplerian rotation curve
of the water maser clouds, one can estimate the mass of the central black hole [Ferrarese and Ford, 2005].
These maser clouds are usually in a sub-parsec region around the central black hole. Therefore one needs
a high spatial resolution in order to resolve these clouds. Very long baseline interferometry (VLBI) is
used to track the water clouds. This method gives very precise estimates of the mass, due to the fact
that sub-parsec scales can be resolved around the black hole. With this method one has identified for
example that the Circinus galaxy also likely has a supermassive black hole residing in its center with a
mass of about MBH = 1.7+0.3

−0.3×106 and a resolved scale of ∼ 0.4pc [Greenhill et al., 2003]. This method
has been used to estimate the mass of the central SMBH in more than 10 galaxies.

3.1.4 Reverberation mapping

Most of the identified black hole masses within AGN are estimated using reverberation mapping [Peterson, 1993].
Around AGN there exist a broad line emission region (BLR). This is a neighboring region of the accretion
disk, in which the gas is no longer fully ionized, therefore line emission exists. The Doppler broadening
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of the lines can then be used to evaluate the velocity dispersion σ of the gas in that region. But in order
to estimate the mass of the central black hole one also needs to know the distance of the BLR from the
black hole, RBLR. The virial theorem then suggests that

GMBH

RBLR
= fσ2. (3.2)

This region is too small to be directly spatially resolved, therefore one has to estimate its size using
some other observations. This can be done by observing the reverberation of the line emission with
respect to the continuum emission. If the continuum emission is variable, then the intensity of the line
emission is also variable since the lines are excited by the variable continuum emission. Therefore, the
time delay between a change in the intensity of continuum emission and the intensity of the line emission
can be used to estimate RBLR. The value f depends on the inclination angle and the structure and
kinematics of the BLR and the accretion disk. This is probably the least precisely known factor for
estimating the masses via this method. One particular example is the SMBH in the blazar S5 0014+813
with a mass of about 4× 1010M� (making it the most massive measured SMBH so far; errorbars are not
provided)[Ghisellini et al., 2009].

3.2 SMBH host galaxy relations

It is a useful question, to ask whether or not the properties of the black hole can be directly related
to properties of the host galaxy. As it turns out, there seem to be several relations between the mass
of the black hole and properties of the host galaxy. One also has to note that the mass is so far the
only parameter of the black hole that can be reliably estimated, because measurements of the spin so far
are very difficult and not very precise. One of the most important relations that has been established
between central black holes and their host galaxies is the MBH−σ relation, that is a relation between the
velocity dispersion in the galactic bulge and the mass of the central black hole. Although this is not the
first relation that has been established between the host and their SMBH, it is a very important relation
due to a relatively small scatter in the relation. Other correlations exist between the luminosity or mass
of the bulge and the mass of the black hole, the pitch angle of a spiral galaxy and the black hole, the
Sérsic index of the galaxy and the black hole and there is also a relation between the average black hole
accretion rate (BHAR) and the star formation rate (SFR). In the following these relations are presented.

3.2.1 MBH − σ relation

The MBH−σ relation is a relation between the central velocity dispersion of the bulge of the host galaxy
and the mass of the central supermassive black hole. The velocity dispersion used in this relation is
taken as an average over the bulge:

σ2 =

∫ reff
rmin

(
σ(r)2 + v(r)2

)
I(r)dr∫ reff

rmin
I(r)dr

, (3.3)

where I(r) is the one-dimensional stellar surface brightness, σ(r) is the line of sight velocity dispersion
and v(r) is the radial velocity in the rest frame of the galaxy. reff is the effective radius of the bulge and
rmin is usually set to 0 or to rInf [McConnell and Ma, 2013]. It is reasonable to set the minimal radius
to rInf as one is only interested in the velocity dispersion, that is not directly influenced by the black
hole. Else the different radial distributions of the velocity dispersion within and outside of rInf could
significantly affect the estimated velocity dispersion, if one were to increase the angular resolution of the
measurement to become more sensitive to the radial shape of the distribution of the velocity dispersion
within rInf . The relative difference between σ based on rmin = 0 and rmin = rInf can be as high as
∼ 10%.

The relation is shown in figure 5 and for the relation that describes all black holes in the shown
sample one finds log10(MBH/M�) = 8.32 + 5.64 log10(σ/200km s−1). Restricting to either the late or
early type galaxies the relation is closer to M ∝ σ5 2.

2Here early and late type refer to the Hubble classification of galaxies.
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Figure 5: Here the M − σ relation is shown where the different black hole masses are distinguished by
the type of galaxy they reside in and the method that has been used to estimate their masses. A star
denotes BH for which stellar kinematics have been used to estimate the masses, a circle denotes BH for
which gas kinematics have been used to measure the mass and a triangle denotes BH for those the mass
measurement is based upon the observations of the kinematics of water maser clumps. Secondly the
galaxies in which the BH resides are distinguished into early type (elliptical, red) and late type (spiral,
blue) galaxies. BCG stands for brightest cluster galaxy. Further one finds for these different types a
slightly different relation: red line for early type, blue line for late type and the dotted line for all data
points [McConnell and Ma, 2013].
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Figure 6: On the left, one sees the relation between the bulge mass and black hole mass, where the bulge
masses have been estimated either by using a mass to light ratio (estimated based on kinematics) with
the measured luminosities or by using the Jeans theorem for spherical models. On the right, one sees
the relation between the bulge luminosity and the mass of the black hole, where the luminosity is in the
V band (yellow). Only measurements for early type galaxies are shown. [McConnell and Ma, 2013].

3.2.2 Mbulge- and Lbulge-MBH relation

These two relations are very similar, due to the fact that the luminosity is related to the mass by the
mass to light ratio γ. But due to the fact that γ is not a constant for all galaxies, these two relations are
not the same. In figure 6 one sees the Mbulge −MBH relation and the Lbulge −MBH relation. For the
former one finds log10(MBH/M�) = 8.46 + 1.05 log10(Mbulge/1011M�). Therefore MBH/Mbulge ∼ 10−3.
There are also several further relations that have been found that are related to these two.

For once there is the n−MBH relation [Graham and Driver, 2007]. Where n is the Sérsic index that
gives the shape of the radial luminosity distribution:

I(R) = I(Re) exp

[
−bn

([
R

Re

]1/n

− 1

)]
, (3.4)

where Re is the half light radius and bn is a function of n. Because of the fact that there is already a
relation between n and Lbulge and between Lbulge and MBH , this relation is not surprising.

Another important relation is that between the pitch angle of a spiral galaxy andMBH [Seigar et al., 2008].
The pitch angle of an spiral is the angle between the tangent towards a point on the spiral and the tan-
gent towards the point on a circle (the origin of the circle is the center of the galaxy), see figure 7. This
relation is also not totally surprising, because there is a relation between Mbulge and the pitch angle, due
to a relation between the pitch angle of the spiral and the shear rate, while the shear rate depends on
the density (it directly depends on the rotation curve and that depends on the density) and ultimately
there is a relation between the mass of the bulge and the density in the spiral [Seigar et al., 2005]. Most
spiral galaxies can be well approximated as an asymptotic spiral, that means the pitch angle is nearly the
same at every point of the spiral, yet there are also deviations in the angle of several 10%. This relation
is very important, because most of these relation are used as secondary estimates of the masses of black
holes in galaxies for which direct measurements are not possible and these usually can be used simply
for early-type galaxies, but are harder to use for late-type galaxies, because with the other relations one
has to first distinguish between bulge and disk and this is not always precisely doable.
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Figure 7: Pitch angle α of a spiral.

3.2.3 Average BHAR-SFR relation

One very interesting question is, if and how feedback of a strongly accreting black hole affects star
formation in its direct neighborhood. Feedback effects of strongly accreting black holes are actually
expected to affect star formation quite strongly, due to strong outflows of material that affects the
surrounding gas. Therefore one might expect that there should exist a tight relation between the black
hole accretion rate (BHAR) and the star formation rate (SFR), but it has been found that this is not the
case. The main reason for this might be the fact that black hole accretion occurs on a different timescale
than star formation, due to the fact that black holes are not accreting all the time. A reason for this is
feedback that pushes matter away from the accretion disk and resultant the gas supply is being depleted,
thus one can expect a significant scatter in such a relation. But the average over similar galaxies should
not strongly depend on the difference in the timescales for individual galaxies and therefore one might
expect a relation between the average BHAR and the SFR, especially due to the fact that similar black
holes already affect their host galaxies similarly (see the previous relations). Such a relation seems indeed
to exist [Chen et al., 2013].

The accretion rate of black holes is estimated by measuring the X-ray flux (BH accretion has very
high radiative efficiencies) and by assuming a certain radiative efficiency (in figure 8, ε ∼ 0.1 has been
applied) and with knowledge of the black hole mass, one finds the accretion rate. For X-ray galaxies
with low luminosities (weakly accreting) a stacking analysis can be applied in order to increase the signal
to noise, by overlaying several galaxies and then taking the average value. On the other hand, the star
formation rate can be evaluated, if one knows the infrared flux. Because dust absorbs the UV radiation
of the forming stars and re-emits this radiation in the infrared. The density of dust can be used to
estimate the density of the surrounding gas. Then the Schmitt law is used to estimate the star formation
rate, a relation between the surface gas density and the star formation rate [Kennicutt, 1998].

3.2.4 Interpretation of these relations

The above relations are important, yet of particular interest is the M−σ relation. It holds for individual
black holes, whereas this is, e.g., not the case for the BHAR-SFR relation. This fact is particular
interesting as one might expect that mergers significantly affect the neighborhood around the black
hole, but surprisingly the scatter is relatively small. Therefore, the black hole and the bulge are rather
strongly correlated. Furthermore, this relation also indicates that the evolution of a galaxy may be
strongly related to that of its central black hole. These relations are usually expected to hold for most
galaxies and therefore one expects most galaxies to harbor a super-massive black hole and its mass can
be estimated, e.g., by measuring the velocity dispersion in the bulge and the bulge mass.
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Figure 8: The vertical left axis shows the X-ray luminosity, whereas the vertical right axis shows the
accretion rate. On the bottom axis one sees the infrared luminosity and on the top axis one finds the
star formation rate. The stars give single AGN, whereas the triangles show stacked data of several AGN
and the circles denote the averages over a certain range of LIR [Chen et al., 2013].

3.3 Spin

Measurements of the second important parameter that describe black holes, the spin, are very scarce.
The main reason is that the value of the black hole spin affects mostly only the accretion disk up to
distances of around 10Rs from the black hole. The idea that is usually employed to measure the spin
of black holes, requires one to estimate the ISCO as it depends directly on the spin. One can find the
ISCO by identifying the innermost edge of the accretion disk and this can be used to estimate the spin
of the black hole, if one has already a measurement of its mass (see equation 2.4).

Alternative measurements, like directly measuring the accretion rate of the black hole (independent
of the X-ray flux) in order to estimate the radiative efficiency or by observing properties of jets launched
in the accretion disk or by directly observing the shadow of the black hole, are as of yet not applicable.
For the first alternative it is extremely difficult to measure the accretion rate directly as this requires to
resolve the accretion disk and one also requires a very furrow understanding of its properties. Yet for
the second alternative, one requires a more profound understanding of how jets are formed. The last
method might be interesting for estimating the spin of Sgr A∗, as it might be possible in some years to
resolve scales of the order of the Schwarzschild radius in the center of the galaxy.

So far measurements of the black hole spin are based on estimating the ISCO of the black hole. The
main and so far only successful technique that has been used to measure the ISCO and therefore the
spin, is X-ray reflection spectroscopy [Reynolds, 2013]. The X-rays have their origin on a corona that
forms above the accretion disk, but these X-rays are also emitted onto the accretion disk and there these
might be reflected, but these are not reflected if these hit the disk at r < rISCO. The reflection is either
due to continuum Compton scattering or due to recombination or emission lines. One can then measure
the Doppler broadening of the lines. Especially the iron K-α line is of importance, in order to constrain
the velocities of gas within the disk (the highest velocities are expected to be found close to the ISCO).
Models of the accretion disk are then used to model the broadening of the lines and then comparison
with the data is used to estimate the ISCO and therefore the spin. This method has many difficulties
and other methods like relativistic reverberation mapping are required to further constrain the result
and to check the models.

The measured spin values can be seen in figure 9 and in particular it is interesting to note that the
measurements show that the black holes are highly spinning with a > 0.5. It also seems to indicate that
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Figure 9: 19 measurements of black hole spin a with respect to different masses M are shown. The spin
measurements are based upon X-ray reflection spectroscopy. The errorbars for the spin correspond to
90% confidence, whereas the errorbars for the mass give the standard 1− σ confidence [Reynolds, 2013].

low mass black holes seem to have higher spin values than very massive black holes, but the available
data-set is still too small to accurately say anything about spin evolution of SMBH. But at least the
measurements imply that astrophysical black holes have indeed a non-zero spin and are probably even
highly spinning with several black holes having a > 0.9. The results so far are not sufficient to infer
correlations between black hole spin and mass or different host halo properties, as the data-set might
be biased. E.g., highly spinning black holes have higher radiative efficiencies and have therefore higher
fluxes (at a given mass), so one might tend to observe more highly spinning black holes than black holes
with small a. It might also be that black holes for which X-ray reflection spectroscopy is applicable, tend
to have higher spin values. For example this technique is not applicable to quiescent black holes (like
Sgr A*) and these might have smaller spins.

4 Structure Formation in CDM

The occurrence of structures like galaxies or galaxy clusters is expected to happen in a bottom-up
fashion in the Λ-CDM-model. Λ-CDM stands for the cold dark matter model with a cosmological
constant Λ. Here the Λ in Λ-CDM is primarily not taken into account because the main topic of this
thesis is to study the origin of supermassive black holes and so we are only interested at early cosmic
times, when the cosmological constant is negligible and the universe is matter dominated. In this model,
small perturbations that are expected to originate from quantum fluctuations in the inflaton field, are
expected to grow and lead to the formation of structures. Therefore the initial power spectrum (see
later) is expected to have the same amplitude on all scales.

Yet in a radiation dominated universe, perturbations evolve differently for super-horizon and sub-
horizon size perturbations. After inflation most of the perturbations are initially super-horizon, yet after
some time these will become sub-horizon, due to the fact that the horizon grows. As it turns out sub-
horizon isentropic perturbations of the dark matter density in a radiation dominated universe are frozen
(Mészáros effect), due to background expanding faster, than the perturbations can grow [Meszaros, 1974].
This is not the case for super-horizon perturbations, therefore the power-spectrum is no longer completely
scale invariant. There is also a significant difference between cold dark matter and baryons, because the
baryons are strongly coupled with the photons. This leads to a damping of perturbations in the baryonic
component at smaller scales, due to the fact that photons in hotter regions will travel to colder regions
(that exist due to the perturbations and the fact that photons can still diffuse through the medium
prior to decoupling) and drag the baryons with them, such that small perturbations will be washed out
(Silk damping) [Silk, 1968]. Yet this is not the case for cold dark matter as these are understood not to
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interact with photons and they are not relativistic themselves (the cold in CDM, otherwise free streaming
would be of importance: damping of small scale fluctuations). Therefore at the scales of interest there
are no significant perturbations in the baryonic density and the dark matter perturbations can still be
treated as small perturbations (due to them being frozen) after matter-radiation equality. This implies
that on small scales dark matter perturbations grow first and baryonic matter is then attracted by
these growing perturbations. These collapsing perturbations lead to the formation of halos, that are
virialized structures that have a density that is around 200 times the critical density (average density of
the universe) at the time of collapse.

After this has happened larger structures can form by coalescence of halos to larger halos and so on.
Inside these halos stars and super-massive black holes can form. Therefore it is important to study these
aspects in order to understand how the first seeds of the super-massive black holes, observable in z = 0
galaxies, came into existence. In the following I will present some aspects of structure formation that
are important in order to understand how density perturbations [linear and nonlinear regime (evolution
of halos)] evolve and how likely certain structures are. In this part the processes up to virialization are
taken into account with a strong focus on dark matter, whereas in the next section the evolution of the
gas content in the halos is studied.

4.1 Evolution of linear density perturbations

In the CDM model the initial density fluctuation spectrum is given by isentropic adiabatic curvature
fluctuations that are generated by random quantum fluctuations in the inflaton field. It is further
assumed that the initial density fluctuation spectrum is Gaussian and scale invariant (fluctuations of the
gravitational potential are scale independent) ([Peebles, 1993, Chapter 25], [Loeb and Furlanetto, 2013,
Chapter 2]). The initial density spectrum is expected to be uniform with only slight deviations, as can be
seen in the CMB. So at early times in the matter-dominated regime the evolution of the relative density
perturbation δ(t, ~r) = ρ−ρ0

ρ0
� 1, where ρ is the perturbed density and ρ0 is the background density

of matter. One can then look at the evolution of these perturbations by solving the fluid equations.
Here only Newtonian perturbation theory is applied as this is enough to describe the scales of interest
(sub-horizon). The growth of super-horizon perturbations is therefore only briefly mentioned.

It is useful to consider the Fourier transform of the density perturbation

δk =

∫
d3re−i

~k~rδ(~r). (4.1)

Then λ = 2π
k gives the size of the perturbation. One finds, by combining the perturbed fluid equations

for an ideal fluid in an expanding universe [Mo et al., 2010]:

∂2δk(t)

∂t2
+ 2H

∂δk(t)

∂t
= 4πGρ0δk(t)− c2sk

2

a2
δk(t) (4.2)

where H = ȧ
a is the Hubble parameter, a(t) is the scale-factor, cs is the speed of sound and ~k is the

Fourier conjugation of the spatial distance ~r. The differential equation has two solutions, but only one
of them describes a growing perturbation. In the linear regime the growth of the perturbation is given
by the linear growth factor D(a) = a, when Ωm = 1 and ΩΛ = 0. More general the growth function for
a universe with Ωm + ΩΛ = 1 can be approximated as [Peacock and Dodds, 1996]

D(z) =
5Ω(z)

2(1 + z)

[
Ω4/7(z)− λ(z) +

(
1 +

Ω(z)

2

)(
1 +

λ(z)

70

)]
, (4.3)

with

Ω(z) =
Ωm(1 + z)3

Ωm(1 + z)3 + ΩΛ
(4.4)

λ(z) =
ΩΛ(z)

Ωm(1 + z)3 + ΩΛ
. (4.5)

Because one cannot directly measure the growth of specific regions, one usually applies statistical
measures to study the density spectrum and its evolution. One uses the power spectrum P (~k), which is
defined as

〈δkδ′∗k 〉 = (2π)3δ3(~k − ~k′)P (~k), (4.6)
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and the correlation function
ξ(~r) = 〈δ(~r)δ(0)〉 , (4.7)

which describes the average over all points that are separated by a distance ~r. The value of the second
measure is large if on average at a separation ~x a certain density is surrounded by other large densities.
The power spectrum on the other side is the Fourier transform of the correlation function

P (~k) =

∫
d3re−i

~k~rξ(~r). (4.8)

One should note that the power spectrum defined here has the dimension of volume, therefore one also
defines the dimensionless power-spectrum as ∆2(k) = k3P (k)/(2π2). The initial power spectrum is scale
invariant, if P (k) ∝ kns with ns ≈ 1 being the spectral index, because the potential fluctuation of a
sphere with radius R ∝ k−1 is given as

δΦ ∝ δkkM ∝
√
k3P (k)kM ∝

√
k3P (k)k−2 ∝

√
k−1P (k). (4.9)

The first relation simply assumes the perturbed potential Φ(R) ∝M/R ∝ kM to be directly proportional
to the linear perturbation on the scale k. In the second proportionality we use k ∝

√
k3P (k) and in the

third we useM ∝ R3 ∝ k−3. Recent measurements of ns give ns ∼ 0.96 [Planck Collaboration et al., 2014a]
and therefore the initial power spectrum is only approximately scale invariant.

As already mentioned, in a radiation dominated universe, growing sub horizon perturbations in the
dark matter density are frozen, whereas super-horizon perturbations evolve differently. In the radiation
dominated universe a ∝ t1/2 and therefore δk ∝ k−2. Therefore the power-spectrum, at the scales that
are frozen during the radiation dominated era, behaves as P ∝ k−4Ppri ∝ knsk−4 ∝ k−3. After matter
radiation equality, the growth of super- and sub-horizon perturbations proceeds in the same way and a
turnover in the spectrum, between the k and k−3 behavior, occurs at approximately keq = 2πaeq/(cteq),
where eq indicates matter radiation equality. In order to express the power spectrum for z > zeq one
applies the so-called transfer function T , such that

P (k, z) = T 2(k)
D2(z)

D2(zeq)
Ppri(k), (4.10)

where

T (q) =
ln(1 + 2.34q)

2.34q

[
1 + 3.89q + (16.1q)2 + (5.46q)3 + (6.71q)4

]−1/4
(4.11)

with q ≡ Γ−1kMpc/h and Γ ≡ Ωmh exp(−Ωb(1 +
√

2h/Ωm)) [Sugiyama, 1995]. Here h stands for the
Hubble constant H = h × 100km/Mpc/s. The factor h is usually applied as the Hubble constant was
historically poorly constrained, e.g. h ∼ 0.67 [Planck Collaboration et al., 2014a]. Because the ampli-
tude of the power spectrum is not directly predicted by cosmological models, one usually sets it by
comparing it to the CMB or to observed abundances of galaxy clusters. In particular one compares
it to the mass fluctuation amplitude at R = 8h−1Mpc−1: σ8 . Recent measurements give σ8 ∼ 0.83
[Planck Collaboration et al., 2014a]. There one uses a normalized smoothing function (or window func-
tion) W (~r) to relate the density field to the smoothed power spectrum. For a spherical top-hat window
function one denotes the perturbation amplitude as δM and its variance

〈
δ2
M

〉
= σ2(M) =

∫
d3k

2π3
P (k)

|Wk|2

V 2

=

∫ ∞
0

dk

k
∆2(k)

[
3(sin(kR)− kR cos(kR))

(kR)3

]2

.

(4.12)

with Wk denoting the Fourier transform of the smoothing function and V the volume of the window
function. A more practical fit with the above transfer function is provided as [van den Bosch, 2002]

σ2(M) = σ2
8

u(c0Γ
(
M
Ωm

)1/3

)

u(32Γ)


2

(4.13)
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with
u(x) = 64.087

(
1 + 1.074x0.3 − 1.581x0.4 + 0.954x0.5 − 0.185x0.6

)−10
. (4.14)

The red-shift dependence is given as σ(M, z) = σ(M)D(z)/D(0). Where c0 = 3.804×10−4 and Γ = 0.169
is the shape parameter of the power spectrum. The probability of regions with size M to be perturbed
by a perturbation with amplitude in the range [δ, δ + dδ] is given by a Gaussian distribution as

p(δ)dδ =
1√
2πσ

e−
δ2

2σ2 dδ. (4.15)

In principal the primordial distribution might contain some non-Gaussian features. The Gaussian spec-
trum is only realized for small perturbations, as δ < −1 does not exist and therefore the distribution
cannot be Gaussian for ‖δ‖ � 1. Additionally, perturbations that have already collapsed and decoupled
from the background expansion evolve differently than those that are still in the linear regime. The
resulting distribution at late times goes to zero at δ = −1, but also shows a non-vanishing tail at δ > 1.
Yet for the initial density spectrum Gaussianty is assumed to be valid, as long as there is no primordial
non-Gaussianity [Planck Collaboration et al., 2014b].

4.2 Relative Streaming

In the very early universe matter (baryonic and DM) and radiation formed a fluid, due to matter-
radiation coupling. Because baryonic and DM decouple at different times, this leads to certain effects
between matter and DM. The sound speed in the radiation fluid is cs ≈ c√

3
. Therefore, perturbations of

length scales of the order of cst at a given time t are close to the horizon and thus they are correlated.
Because DM decouples early (long before matter radiation equality) from the radiation fluid, the scale
at which perturbations are correlated is small, significantly smaller than the scale that is expected to
lead to the onset of non-linear structure formation. But baryons decouple later, so that the correlations
occur at large scales and influence the non-linear regime (so-called acoustic oscillations). This effect is
comparably small for the first structures of interest here.

Another similar effect, that is expected to be more important at early times, is relative streaming
motion of baryons with respect to DM [Tseliakhovich and Hirata, 2010]. This effect comes into play
in the fourth order of perturbation theory and therefore this effect has only been taken recently into
account. The relative streaming can be expressed as follows:

~vbc = −i k̂
k

(θb(k)− θc(k)), (4.16)

where the subscript b and c denote respectively baryons and cold dark matter, whereas k̂ = ~k/k and
θ = a−1∇ · ~v and ~v is the velocity. The variance of the velocity is

〈
v2
bc

〉
=

∫
d3k

k
∆2

pri(k)

[
θb(k)− θc(k)

k

]2

=

∫
d3k

k
∆2

vbc(k). (4.17)

∆2
pri = Pprik

3/(2π2) is the dimensionless primordial power-spectrum.
The rms-velocity of baryons with respect to DM is then found as vrms = 30km/s at the time of

recombination (z = 1020). But after recombination the sound-speed of the baryons drops to cs(zrec) =
6km/s. The result is then that DM moves relative to baryonic matter with vrms = 5cs. The coherence
length of the relative motion (the scale at which relative streaming is nearly constant) is non-zero at
scales of about (λ > 500Mpc) till (λ < 10Mpc) (these is in the range of the jeans length, see later). These
are the scales in which baryons can start to undergo collapse after decoupling. This leads to baryons
either not being captured by the DM halos or even moving out of the DM halos. Therefore this effect
affects the mass scale on which baryons can undergo collapse.

4.3 Thermal Evolution

After the radiation matter decoupling, the temperature in the baryonic gas is mostly decreasing adiabat-
ically due to cosmic expansion T ∝ (1 + z)2. But even after recombination, there are still free electrons
that induce a coupling of the baryons to the CMB photons. This is due to freeze-out of the free electron
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abundance, due to the rate for recombination becoming slower than the Hubble rate. This coupling
keeps the temperature of the gas close to that of the CMB and therefore T ∝ 1+z. This effect influences
the mass scale for the collapse of baryons in halos significantly, due to the fact that the gas has a higher
temperature and therefore there is more pressure support. Due to the movement of the free photons,
with velocity v � c moving in the relative direction given by the angle θ, the electrons will see the CMB
photons red-shifted with a temperature

T (θ) = Tγ

(
1 +

v

c
cosθ

)
. (4.18)

Tγ denotes the average CMB temperature [Loeb and Furlanetto, 2013, Chapter 2]. The change of mo-
mentum of the electrons, due to Thompson scattering with cross section σT is then

me
dv

dt
= −

∫
dεσT cosθ = − 4

3c
σTσST

4
γ v (4.19)

and the change of energy is then
dE

dt
= −

8σTσST
4
γ

3mec
E = − E

tC
, (4.20)

with σS being the Stefan-Boltzmann constant, tC being the Compton-Cooling time (cooling is discussed
in the next section in more detail). Therefore at lower temperatures this effect can be neglected and
the gas no longer traces the CMB at around z ∼ 200. If the temperature that is associated with the
average energy of the electrons is smaller than the CMB temperature, the gas will be heated rather
than being cooled. In the absence of atomic line cooling and external heat sources (like a radiation
background by already formed stars), the temperature evolution due to Compton cooling and heating,
with 〈E〉 = 3/2kBT , is

dTe
dt

=
x

1 + x

[
Tγ − Te
tC(z)

]
− 2HTe. (4.21)

x = ne/(ne + nH) is the relative density of free electrons with respect to the densities of free electrons
and hydrogen. The freeze-out value is around x ≈ 1.2 × 10−5

√
Ωm/(hΩb) [Peebles, 1993]. The first

term then describes the coupling of the CMB to the baryons, while the second term describes adiabatic
cooling due to the expansion. In the absence of the CMB coupling, the gas temperature decreases as
Te ∝ (1 + z)2, because T ∝ V 1−γ ∝ ργ−1 ∝ (1 + z)3(γ−1). Where γ = (2 + f)/f is the adiabatic index
with f denoting the degrees of freedom in the gas and for a monoatomic gas f = 3 gives γ = 5/3.

There are slight inhomogeneities in the CMB and the adiabatic cooling depends on the local density
[a region of gas might contract due to an overdensity (adiabatic heating)]. Temperature fluctuations in
the gas around the mean temperature are given by δT and δTγ for the CMB and fluctuations in the CMB
density by δγ , with 4δTγ = δγ . It follows for the evolution of the temperature fluctuations

dδT
dt

=
2

3

dδb
dt

+
x

tC

[
δγ

(
Tγ
Te
− 1

)
+
Tγ
Te

(δTγ − δT )

]
. (4.22)

One can simplify the above equation by distinguishing between the case where the temperature in the gas
traces the CMB temperature [T ∝ 1 + z at 103 > z & 200] and the case where the gas cools adiabatically
[T ∝ (1+z)2 at 200 & z & 10]. This can be done by introducing a parameter βz such that T ∝ (1+z)βz+1

(βz = 0 gives the CMB tracing and βz = 1 gives the adiabatic cooling).

4.4 Nonlinear evolution

At a certain point the amplitude of the perturbations grows large (δ & 1) and perturbation theory
breaks down. But structures like galaxies have densities that are significantly larger than the mean
cosmic density. So in order to understand the formation of galaxies and especially the formation of
SMBH, one needs to follow the evolution of density perturbations into the non-linear regime. Here we
start by introducing the spherical collapse model in order to fix certain properties that are important in
defining halos. The assumption of the collapse to be spherical is a significant simplification as will be
shown later, yet one can use it to define halos that are approximately spherical and these are primarily
the objects of interest here (as will be described later).
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4.4.1 Spherical collapse

A simple case that can be studied analytically is the collapse of a spherical symmetric homogeneous over-
density in a region with radius r(t). In the case of matter domination [ΩΛ and Ωr (radiation component)
can be neglected]. Due to Birkhoff’s theorem, which states that a static spherical symmetric solution
will stay static and spherical symmetric, a point mass on a sphere is only influenced by the mass inside of
the sphere. Then one can study the evolution of a spherical symmetric homogeneous matter distribution
in the same way as the evolution of an FRW universe (neglecting the cosmological constant, radiation
and pressure). The evolution of such a universe is described by the Friedmann equations:

H2 =
8πG

3
ρ− kH2

i

a2
, (4.23)

−3
ä

a
=4πGρ. (4.24)

In order to solve these equations, one can change variables as dt = a(η)dη/Hi. The factor of Hi, that is
the Hubble constant at the initial time, is included to make k and eta dimensionless. Then one finds by
combining these two equations

d2a

dη2
=

4

3
πGa3

i

ρi
H2
i

− ka, (4.25)

where ρ = ρi(ai/a)3. As a last step, for even more simplicity, one can set ã = a− 4/3piGa3
i ρi/H

2
i /k (for

the case k = 0, the 1/k is omitted). This can be easily solved for a, and then a can be directly integrated
to find the time t. In general one has to distinguish between three cases. In detail the solutions for the
three cases are

r = A(1− cos(η))

t = B(η − sin(η))

}
Closed, k > 0 (0 ≤ η ≤ 2π) (4.26)

r = Aη2/2

t = Bη3/6

}
Flat, k = 0 (0 ≤ η ≤ ∞) (4.27)

r = A(cosh(η)− 1)

t = B(sinh(η)− η)

}
Open, k < 0 (0 ≤ η ≤ ∞), (4.28)

where r = a(η)ri with ri being the co-variant length-scale andA = GM/r2
i /(kH

2
i ) andB = GM/r3

i /(kH
3
i )

(for the case k = 0, the 1/k is omitted), where M = 4π/3ρir
3
i . One thing to note, is that only the solution

with k > 0 describes a collapsing sphere (the restriction to the interval [0, 2π] is convention). Because
t(η) is a monotonous growing function and r(2π) = 0, this indicates that the sphere will collapse to 0 at
η = 2π. One also finds that the universe first expands (ṙ > 0) up to η = π to a size given by r = rmax

(due to the cosmic expansion) and then the universe collapses (ṙ < 0) (due to the growing perturbation).
The time at which the sphere has extended to rmax is denoted as tmax. Since k = (Ωi − 1) = δi and
ρi = ρbg(1 + δi) (i denotes the initial state) one finds that the universe collapses, when the density is
larger than the mean (δi > 0). At lowest non-vanishing order in η (around η = 0) one finds r ≈ Aη2/2
and t ≈ Bη3/6 and this gives

r = ari =
A

2

(
6t

B

)2/3

=
rmax

4

(
6π

t

tmax

)2/3

. (4.29)

This is the evolution of an Ωi = 1 universe and therefore the evolution of the background. If one takes
also higher orders in θ (up to θ5 in r and t) into account, one finds

r ≈ rmax
4

(
6π

t

tmax

)2/3
[

1− 1

20

(
6π

t

tmax

)2/3
]
. (4.30)

Because the density evolves as Ω ∝ a−3 one finds

(1 + δ)−1/3 =
a

abg
≈ 1− 1

3
δ +O(δ2), (4.31)
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Figure 10: The evolution of the radius r with time in the spherical collapse model. The black line gives
the exact solution for Ωm > 1. The red line gives the evolution for the perturbation and the blue line
shows the evolution of the background.

where abg gives the evolution of the background universe. Finally one finds for the evolution of the
perturbation at lowest order

δ ≈ 3

20

(
6π

t

tmax

)2/3

. (4.32)

The spherical collapse model is illustrated in figure 10, as one can see the perturbative solution
starts to deviate from the exact solution at roughly 0.5tmax and therefore one can expect that the linear
approximation breaks down close to turn-around (t = tmax).

This model gives a very simple picture, as in reality collision-less (dark matter) mass shells are not
going to collapse to r = 0. The matter will actually fall through the center (no collisions that can
dissipate the kinetic energy). These shell crossing effects are not taken into account here. Further the
oscillating mass shells will enter a equilibrium state via relaxation processes in which the matter has not
fallen into the center, due to non-zero non-radial motion. The problem in the spherical collapse model is
that due to Birkhoff’s theorem the above description is only valid as long as the mass inside the in-falling
sphere is constant (problematic because of shell crossing).

4.4.2 Self-similar collapse of collisionless matter

The above description can be used to gain insight into the initial collapse procedure but several important
aspects are neglected, especially the effect of shell crossing between different oscillating mass shells, as well
as the aspect of relaxation and virialization [Mo et al., 2010, chapter 5.2][Fillmore and Goldreich, 1984a].
Here we introduce the notion of a self-similar collapse, that means that all physical properties of the
collapse are described by a power law of the time t. The self-similar collapse will be applied in more
detail for collisional gas in the next section. Explicitly this means that any physical quantity q(r, t) can
be written as q(r, t) = Q(t)D[r/R(t)], where Q(t) and R(t) are power laws and D is a function of a
dimensionless variable. Therefore one requires that the background evolves via a power law, this is the
case for a matter dominated universe, yet not for a Λ dominated universe. The simplifications here,
allows one to model the collapse analytically, rather than having to model the collapse numerically (e.g.
by following the trajectories of single mass shells).

The equation of motion of a mass shell is then

d2r

dt2
= −GM(r, t)

r2
, (4.33)

where max stands for the first turn around and M(r, t) gives the mass that is encapsulated by a mass
shell at radius r at the time t. For self-similarity we also require M(r, t) = Mta(t)M (r/rta(t). The
initial conditions are given by the above description of spherical collapse and it is assumed that the
initial density perturbation is scale free

δi =
δMi

Mi
=

(
Mi

M0

)−ε
∝ r−3ε, (4.34)
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Figure 11: Self-similar collapse of collisionless matter for ε = 0.2 (left) and ε = 1.0 (right)
[Fillmore and Goldreich, 1984b].

where ε is a constant, M0 is a reference mass and ta stands for turn around at time t. Using the relations
between the radius and the time of maximum expansion in relation to the initial density perturbation,
one finds

Mta(t) = M0

[
3

5

(
3π

4

)2/3
]−1/ε(

t

ti

)2/(3ε)

, (4.35)

rta(t) =

(
4

3π

)2/3(
3Mta

4πρcrit(ti)

)1/3(
t

ti

)2/3

. (4.36)

The function M is found by summing over all mass shells interior to r:

M (r/rta) = M−1
ta

∫ Mta

0

θ [r(ri, t)− r(r′i, t)] dM ′i , (4.37)

where θ(x′ − x) is the Heaviside step function. By using the dimensionless variables λ = r/rmax and
τ = t/tmax one finds

M (x) =
2

3ε

∫ ∞
1

dy

y1+2/(3ε)
θ

(
x− λ(y)

Λ(y)

)
, (4.38)

where Λ(τ) = τ2/3+2/(9ε). The equation of motion for the dimensionless variables becomes

d2λ

dτ2
= −π

2τ2/(3ε)

8λ2
M

(
λ

Λ(τ)

)
, (4.39)

with the appropriate boundary conditions λ(rmax) = 1 and dλ/dτ(1) = 0.
Due to scale in-variance one can approximate the solutions as power laws: M = κ(t)rα, rta/rmax =

(t/tmax)q and ρ ∝ r−γ . Then one finds that for ε < 2/3: α = 1, q = (3ε − 2)/(9ε) and γ = 2. Whereas
for ε > 2/3 one finds α = 3/(1 + 3ε), q = 0 and γ = 9ε/(1 + 3ε). The fact that q = 0 for ε > 2/3
implies that the turnaround radius is fixed and the collapse does not proceed to more dense objects. For
ε < 2/3 the turn-around radius is actually shrinking and there seems to be a general density profile for
halos with ε < 2/3, because γ is a constant. In this analysis the previously mentioned non-radial motion
has not been taken into account, as this will induce a non-zero minimal radius for the collapsing shells.
The power law of δi can be approximated using the expression for σ2 to give δ ∝ r−(n+3)/2 and therefore
one finds ε = (n + 3)/6. Therefore in the regions where n < 1 one should expect a universal density
distribution and that dark matter can effectively collapse to radii that are smaller than the turnaround
radius.

In figure 11 one sees that the collapsing DM does not truly settle towards r = 0, as the mass shells
simply cross.
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4.5 Virialization

The notion that a collapsing halo (due to gravity) will stop to collapse and grow into a state of equilibrium
is captured by virialization. Virial equilibrium is reached, when 2Tvir +Uvir = 0, where Tvir is the average
kinetic energy in the halo and Uvir is the gravitational potential energy of the halo at virialization. As
already mentioned, a closed universe first expands to a maximum radius Rmax and then collapses. At
the turnaround the kinetic energy vanishes and due to energy conservation the potential U(r = Rmax)
is maximal and at the same time

U(r = Rmax) = Uvir + Tvir =
1

2
Uvir. (4.40)

So one finds Rvir = 0.5Rmax. Furthermore one can now also estimate the density of a virialized cloud.
Virialization occurs when η = 3π/2, but one usually takes η = 2π as the end-stage of the collapse to a
virialized cloud. In linear theory one finds with equation (4.32) at t = 2tmax

δcoll = 1.686 (4.41)

One can also define the over-density of virialization in nonlinear theory for a universe with Ωm = 1 as

∆c =
ρ( 3

2π)

ρbg(2π)
=
a3
bg(2π)

a3( 3
2π)

=

A3

8r3i
(12π)2

A3/r3
i

= 18π2 (4.42)

where ρbg is the average density of the universe and its evolution is given by equation 4.29. Often a value
of 200 for the virial over-density is used, rather than 178. Then a halo is assumed to have formed, when
the density of this region is 200 times the background density. In principle the idea of virialization itself
is troublesome, as it is expected that for example mergers between different halos were frequent in the
early universe and therefore we should expect that equilibrium states are likely a strong simplification
(at least at high red-shift). The virial radius is found, by taken the average density of a sphere with
mass M and a density given by ∆cρcritΩm, as [Loeb and Furlanetto, 2013]

Rvir = 0.784

(
M

108M�

)1/3(
1 + z

10

)−1

h−1/3kpc. (4.43)

One can further also define a virial temperature by comparing the gravitational binding energy W of the
halo with the thermal kinetic energy K of the halo in virial equilibrium

2f

2

M

µm
kBTvir =

3

5
G
M2

Rvir
(4.44)

to find

Tvir =
3

5f

Gµm

kB

M

Rvir
, (4.45)

where f = 3 for a mono-atomic gas and µ is the mean atomic weight. This gives

Tvir = 3.96× 104
( µ

1.2

)( M

108M

)2/3(
1 + z

10

)
h2/3K (4.46)

and subsequently

Mvir = 1.27× 107
( µ

1.2

)−3/2
(
Tvir

104K

)3/2(
1 + z

10

)−3/2

h−1M�. (4.47)

Another number that is often used is the circular velocity at the virial radius Vc =
√
GMvir/Rvir.
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Figure 12: Virial masses for different temperatures as a function of red-shift.

4.6 Cosmological Jeans mass

For collisionless matter virialization occurs due to dynamical relaxation, yet for collisional matter an
equilibrium state is described by the balance between the outward pointing pressure forces and the
inward pointing gravitational attraction. Then one can ask how large a region with a perturbed density
has to be, such that it can no longer be pressure supported and it is undergoing collapse. In order to
understand this, one can again take a look at equation 4.2. As was mentioned already this equation gives
two solutions, a growing mode and an oscillating mode (or decaying mode). The scale that separates the
growing mode from the oscillating mode is therefore given by the vanishing derivatives of the perturbation.
This is the so-called Jeans length

λJ =
2π

kJ
=

√
π

Gρi
cs (4.48)

Now perturbations on a scale λ > λJ are undergoing collapse. Then one can also define the minimum
mass in the perturbed spherical region for which collapse occurs as the so-called Jeans mass

MJ =
4π

3
ρ0

(
λJ
2

)3

. (4.49)

The mass criterion itself can at best give the order of magnitude, as we compare the Fourier transformed
length scale λJ with R. For example the sharp R-space filter, that is applied in equation 4.12 has
oscillatory features in the Fourier space and is not bound in a specific region. In an expanding universe,
the average density ρ0 can be expressed using equation 4.23 and one finds

2π

λJ
= kJ =

2ȧ

3cs
. (4.50)

For a ∝ t2/3 and cs ∝ T 1/2, we see that for T ∝ a−1, the Jeans length is a constant, whereas this is not
the case, when T ∝ a−2.

One finds for the Jeans mass in the red-shift range 103 & z & 200 [Loeb and Furlanetto, 2013, page
48]

MJ = 1.35 · 105

(
Ωmh

2

0.15

)−1/2

M�. (4.51)
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Whereas in the red-shift range of 200 & z & 10 one finds

MJ = 4.54 · 103

(
Ωmh

2

0.15

)−1/2(
(Ωb)h

2

0.022

)−3/5(
1 + z

10

)3/2

M�. (4.52)

So at times when T ∝ a−1 the Jeans mass is constant, whereas at later times it changes with time. In
principal one can also find the jeans mass (up to some prefactors), by comparing the time it takes for a
sphere to collapse under its own gravity, the free fall time, with the speed of sound that describes how
fast pressure changes can counter the collapse and this gives λJ ∼ cstff (here λJ is now actually the
stability radius R of the sphere in real space). Where tff is the free-fall time, that is the time it takes a
homogeneous sphere with density ρ to undergo collapse:

tff =

√
3π

32Gρ
. (4.53)

This approach gives a good indication that the approach used above is reliable.
Above we have assumed that δb = δc. Yet that is obviously not the case, whereas dark matter

could start collapsing prior to decoupling, baryons could not and the baryonic perturbations at small
scales are practically 0. Therefore one has in general to take into account that the perturbations in the
baryonic matter are seeded by the dark matter perturbations Therefore by assuming that the potential
perturbations are purely based on dark matter perturbations we can solve the dark matter perturbations
separately. For the particular case that T ∝ a−1 and γ = 4/3 one can solve the equation and find,

δb(t, k)

δc(t, k)
=

1

1 + k2

k2J

. (4.54)

This has to hold at least approximately also for different γ, as the growth of perturbations is directly
seeded by the DM perturbations and the scale on which baryonic effects become important is the Jeans-
length. Above we have assumed kJ to be a constant in time, one can approximate the perturbation
fraction for small k (large scales) as [Gnedin and Hui, 1998]

δb(t, k)

δc(t, k)
= 1− k2

k2
F (t)

+O(k4), (4.55)

and the solution kF is found by re-inserting this result into the differential equation and one finds

1

k2
F (t)

≈ 3

a

∫ a

a0

da′

k2
J(a′)

(
1−

√
a′

a

)
. (4.56)

Here one has to solve the coupled set of all relevant equations [density perturbations, including temper-
ature fluctuations (affect sound speed), temperature evolution change in the ionization fraction and one
can additionally take relative streaming motion into account], as one requires the total evolution from
a = a0 towards the a of interest, because the precise change from CMB tracing to adiabatic cooling is
important. Now one can define the so-called filtering mass as

MF =
4π

3
ρ

(
2π

kF

)3

. (4.57)

There is one effect that has not been considered in the above description and that is relative streaming
motion between baryons and CDM. This can for example be done by using a simple approximation. One
can change the sound-speed cs by cs + vbc, as under the influence of baryonic streaming the baryons
might advect from the DM halos, if the gravitational attraction is not large enough. Then the appropriate
minimal scale (up to some prefactors) for collapse is not cstff but (cs + vbc)tff .

In figure 13 one sees that the filtering mass is significantly smaller than the Jeans mass (at least
for red-shift down to 30), yet the effects of streaming motion significantly increase the filtering mass.
Especially large values of the relative streaming motion significantly increase the mass limit for collapse.
Here relative streaming was taken into full account and not as a simple approximation. In comparison
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Figure 13: Different minimal collapse mass criteria as a function of red-shift. The dashed-dottet line
gives the Jeans mass, while the thin solid line gives the filtering mass. The thick solid, dashed and
dotted line show the influence of relative streaming motion on the filtering mass (solid: average over vbc
distribution; dashed: 〈v2

bc〉1/2; dotted: 2〈v2
bc〉1/2) [Tseliakhovich et al., 2011].

with figure 12 one sees that halos can undergo collapse at high temperatures, if the gas has a high relative
streaming motion. One should note that the filtering mass is nearly independent of redshift and this can
be expected as this mass scale describes only the baryonic tracing

In general neither the filtering mass nor the Jeans mass gives a complete description, yet the filtering
mass assumes at least that perturbations in the matter where seeded by the DM, although in neglects the
self gravity of the gas completely. Secondly both of these equations are only valid for the linear regime
and do not take the general non-spherical nature of these halos into account [as previously described for
density peaks that correspond to the first halos (high amplitudes), one can expect spherical halos, yet
this is still only an approximation]. Yet we do not expect that rotation affects this picture on the scales
of interest (as even in virialized halos the rotational effects become only important at ∼ λRvir.

Equation 4.54 also implies that the virial over-density of gas in halos with M ∼ MJ is around
∆vir,gas ∼ ∆vir/2 ∼ 100, whereas for more massive halos one finds ∆vir,gas ∼ ∆vir. In general we
assume that only a fraction fgΩb/Ωm of the halo mass is gas, where we take fg = ∆vir,gas/∆vir as a
parameter, ranging from around 0.5 to 1. In principal this parameter might be smaller, as we have simply
assumed that there is a direct mapping between the relation of the linear over-density to the non-linear
over-density

4.7 DM halo density profile

Another important thing to know about dark matter halos is, how the mass within these halos is dis-
tributed. It has been found, in numerical simulations, that halos have a universal mass distribution.
This is not a surprise, as this is found in the self-similar collapse model, even though the precise details
of the relaxation processes have not been solved analytically so far. A fit to simulations for the density
ρ(r) of a virialized halo is the NFW (Navarro-Frenk-White) model [Navarro et al., 1996]:

ρ(r) =
δcharρcrit

r/rs(1 + r/rs)2
, (4.58)

where rvir = crs and

δchar =
∆vir

3

c3

ln(1 + c)− c/(1 + c)
. (4.59)
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The parameter c is the concentration parameter and it is found to vary strongly for different halos.
Yet as already mentioned, these halos can also be approximated by an r−2 profile (even though the

validity of the approximations is debatable). Usually the profile of an isothermal sphere is applied

ρ(r) =
V 2
c

2πGr2
. (4.60)

This profile is significantly simpler than the NFW profile and it only agrees with the NFW profile in the
range of r ∼ rs. Yet isothermal spheres are very good approximation for the collapsing gas within a halo
(as will be discussed in the next chapter in more detail) and therefore approximating the DM profile by
an isothermal sphere is a significant simplification of the calculations (especially because the numerical
profiles of DM in the central regions of a halo are also not well known).

4.8 Triaxial collapse and Zel’dovich approximation

A first approximation to triaxial collapse in linear order is the Zel’dovich approximation [Zel’dovich, 1970].
This approach is also different from the perturbative approach used above and it is significantly more
accurate and to some degree can be used to estimate non-linear effects up to shell crossing as it follows
only particle trajectories.

In the unperturbed space the position of a particle at a given time ~r(t) with respect to a position ~q
at a earlier time (co-moving coordinate) is given as ~r(t) = a(t)~q. Now one can model the perturbation
as a displacement of the particles and one finds

~r(t, ~q) = a(t)(~q + b(t)~p(q)), (4.61)

where b(t) describes the time evolution due to the perturbation with respect to the background evolution
and the vector field ~p gives the displacement of the particle position due to the perturbation. Here the
direction of the perturbation is fixed. Additionally the the vector p that gives the initial displacement
is given by the potential that leads to the displacement. It follows ~p = −∇φ. In general one has to
consider also the effect of the potential at later times (that is influenced by the perturbed matter). Then
the direction should also depend on time, due to a change of the gravitational potential. By expressing
the density in the co-moving frame via ρ(~r, t)d3~r = ρ̄(t)d3~q by using a coordinate transformation, one
finds

ρ(~r, t) = ρ̄(t)det

(
∂qi
∂rk

)
=

ρ̄(t)

δik + b(t)∂pk/∂qi
. (4.62)

By expressing the matrix ∂pk/∂qi with its eigenvalues λ1, λ2 and λ3 one attains

ρ(~r, t) =
ρ̄(t)

(1− b(t)λ1(~q)(1− b(t)λ2(~q)(1− b(t)λ3(~q)
(4.63)

and furthermore one finds b(t) = D(t) in linear order. The collapse then starts along the 1-direction
(here eigenvalues are now ordered as λ1 > λ2 > λ3) until a 2-dimensional sheet has formed. In the next
step the sheet will collapse in the 2-direction until a filament has formed. Lastly the collapse will proceed
in the 3-direction until a halo has formed. Furthermore the intersection of two sheets will make up a
filament, while the intersection of two filaments will make up a halo.

4.9 Ellipsoidal Collapse

As mentioned in the previous chapters collapsing halos are not spherical due to the perturbed regions
not being spherical (as seen in the Zel’dovich approximation) and further due to the torques that are
generated in the evolving distribution, the halos will also attain a non-zero angular momentum. Therefore
the spherical collapse model is only a rough approximation. Even though the collapse of matter within the
halos itself can still be qualitatively well described by a spherical model (as found in numerical simulation
and as will be described later). Therefore a better approximation for the collapse of these perturbations is
the ellipsoidal collapse model (linear evolution) [Mo et al., 2010, chapter 5.3][White and Silk, 1979]. One
of the key differences of the ellipsoidal model with respect to the spherical model is the fact that Birkhoff’s
theorem no longer applies and one has to take also the potential of the matter outside of the ellipsoidal
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region into account Φext. Then the total potential, that has to be considered, is Φ = Φint + Φext, where
Φint gives the potential generated by the perturbed matter inside the ellipsoid. One thing to note is
that in linear order the external potential is of similar order as the internal potential, only for large δ
one can neglect the external potential. In principal it is therefore enough to only know the linear order
term of the external potential, as the external potential can be neglected in the nonlinear stage anyway
(e.g. after turnaround). The potential of an ellipsoid with mass mo2010galaxy

M =
4

3
π(1 + δ)ρa3r1r2r3 (4.64)

is given as

Φint(~x) = πGa2ρ̄m(t)δ(t)

3∑
i=1

Ai(t)x
2
i (4.65)

with

Ai = r1r2r3

∫ ∞
0

dy
(
r2
i + y)−1

) 3∏
j=1

(
r2
j + y

)−1/2
, (4.66)

where ri are the principal co-moving axes of the ellipsoid (the same as in the Zel’dovich approximation)
and ΣiAi = 2. The external potential can be approximated in linear order using the Zel’dovich approx-
imation. The principal axes evolve in linear order as ri = r0(1 − λiD(t)) and therefore in the same
direction as the eigenvectors of the deformation tensor. Taylor expansion of the potential around the
center gives

Φ(~x) =
1

2

∑
i,j

(
∂2Φ

∂xi∂xj

)
~x=0

=
1

2

∑
i,j

Tijxixj , (4.67)

where the center of mass motion and the value of the potential of the center, have been omitted. Further
the initial perturbed region is taken as spherical, as the ellipsoidal potential is taken as a perturbation
of the spherical potential: A′i = Ai − 2/3 ∝ δ. The second derivative of the internal potential is only
non-zero if i = j. Then the potential in linear order is given as

Φ =
∑
i,j

1

6

∑
i,j

4Φδijxixj +
1

2

∑(
Tij −

1

3
4Φδij

)
xixj , (4.68)

where the first term gives the internal potential and the second gives the external potential. Then in
linear order one finds for the external potential using the Zel’dovich approximation

Φext = 2πGρma
2
∑
j

(
λj −

δi
3

)
D(t)x2

j , (4.69)

where δi = λ1 + λ2 + λ3 is the initial perturbation. The equation of motion for a particle at one of the
principle axes gives

d2qi
dt2

+
2ȧ

a

drj
dt

= −4πGρmrj

[
1

2
Ajδ +D(t)

(
λj −

1

3
δi

)]
. (4.70)

To proceed further, two simplification are applied. First Ai ∼ 2rh/(3ri), with rh ∼ 3/Σjr
−1
j and secondly

we approximate rj ∼ rh(ti), for the terms associated with the external potential (in linear order). Because
ρa3 = const one can easily integrate the equation and one finds

rj(t) ≈ rj(ti)(1−Dλj)−
4πG

3
ρma

3

∫
dt

a2

∫
dt

a
(δ −Dδi)rh. (4.71)

The interesting thing about this equation is, that the second term on the right side is independent of
the direction (with the applied simplifications). For the spherical collapse model one can find an exact
solution other than the integral term, assuming that the δ −Dδi does not depend on the specific shape
of the perturbation, so one can approximately apply the result found for spherical perturbations (as this
integral does not depend on the shape) and this gives

rj(t) ≈ rj(t) (1−Dλj)− rh(ti)

(
1− Dδi

3
− ae(t)

a(t)

)
, (4.72)
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with ae being the expansion factor of an Ω > Ωm universe (Ωm = Ωtot = 1 implies collapse). Therefore
the collapse of the ellipsoid can be well described by its initial conditions λj , similar to the spherical
collapse case. Yet the precise conditions for δi also depend on the λj and therefore for the ellipsoidal
collapse the initial critical overdensity depends on the precise geometry of the ellipsoid (described by
the λj). The usual parameters used are the ellipticity e = (λ1 − λ3)/(2δi) and the prolaticity p =
(λ1 + λ3 − 2λ2)/(2δi). Also virialization is usually assumed to occur, when

∆vir = a3/(a1a2a3) = 178 (4.73)

has the same value as in the spherical case with the aj simply denoting the scale factor of the individ-
ual axis aj = rj/rj(ti). This is simply chosen such that this criterion gives the same estimate for the
virial over-density as the spherical collapse model (rather arbitrarily). But a more rigorous approach
[Angrick and Bartelmann, 2010], based on the tensor virial theorem suggests that this virialization cri-
terion is correct at least for matter dominated universes.

4.10 Angular momentum

The above Zel’dovich approximation can also be used to show how halos gain angular momentum
[White, 1984]. Deriving eq. 4.61 with respect to time, one finds the velocity of the particle (or cen-
ter of mass) as

~v(t) = ȧ(t)~q +
(
ȧ(t)b(t) + ḃ(t)a(t)

)
~p(q)). (4.74)

A neighboring particle moves on the trajectory

~r(t) + δ~r(t) = a(t)δ~q + a(t)b(t)
∂~p(q))

∂qk
δqk (4.75)

and has the velocity

~v(t) + δ~v(t) = ȧ(t)δ~q +
(
ȧ(t)b(t) + ḃ(t)a(t)

) ∂~p(q))
∂qk

δqk. (4.76)

The motion of the neighboring particle will therefore induce the following infinitesimal angular momen-
tum on the particle at ~r (in index notation):

dLi = εijkδrjδPk, (4.77)

= ρdV εijk

[
δqjδqm

(
ȧb+ ḃa

)
pk,m + δqkδqnȧbpj,n

]
= ρdV εijka

2ḃpk,mδqjδqm. (4.78)

where Pk = mvk is the momentum of an object with mass m = ρdV , where ρ is the density of the
object, in k-direction and the properties of εijk have been used. Integrating this over a volume given by
Ω (region of the gravitationally bound matter) then gives the total angular momentum

Li = a2ḃεijkpk,m

∫
Ω

dV ρδqjδqm. (4.79)

Therefore one finds that halos attain a non-zero angular momentum due to the shearing motion of the
between the particles, as already mentioned the shearing does not affect the virialized halo anymore and
the spin is therefore fixed. Modeling of the spin parameter in linear perturbation theory usually disagrees
with numerical simulations quite significantly. The main cause for these deviations are probably strong
non-linear effects and mergers, therefore the following estimates rely only upon numerical simulations.

The spin of a halo is usually presented by the spin parameter (dimensionless) [Peebles, 1969]

λ =
LE1/2

GM5/2
, (4.80)

where E is the total energy of the system. The distribution of the halo spins found in simulations can
be fit by [Barnes and Efstathiou, 1987]

p(λ) =
1√

2πσλλ
exp

[
− ln2(λ/λ̄)

2σ2
λ

]
(4.81)
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with λ̄ ∼ 0.05 and σλ ∼ 0.5 whereas the spin parameters for the halos usually range between 0.03 and
0.11. An alternative definition of the spin parameter, that has the advantage that it does not depend on
the shape of the halo is [Bullock et al., 2001]

λ′ =
J√

2MVcRvir
. (4.82)

The distribution for this parameter is the same as for Peebles, but with λ̄′ = 0.035 and σ′λ = 0.5 and
λ′ is usually in a range between 0.01 and 0.09. As mentioned halos have a universal mass distribution
and as it turns out these halos also have a universal spin distribution. The distribution of the specific
angular momentum j in the halo is

P (j) =
µj

(j0 + j)2
θ(j) (4.83)

and the mass of a region of the halo with j < jr is

M(< jr) = Mvir
µjr

j0 + jr
. (4.84)

µ is a parameter for which one finds µ̄ ∼ 1.25 and σµ ∼ 0.4 with µ − 1 following a distribution similar
to λ. The parameter j0 is given as j0 = jmax(µ− 1) and

J

M
=

(
1− µ

[
1− (µ− 1) ln

(
µ

µ− 1

)])
jmax. (4.85)

Additionally one finds that the specific angular momentum of spherical shells at radius r follows

j(r) ∝ rα, (4.86)

with α ∼ 1.1± 0.3.

4.11 Abundance of DM Halos

A simple model to estimate the abundance of DM halos is the Press Schechter formalism (PS) [Press and Schechter, 1974].
Here one takes equation (4.15) to estimate the probability that one finds a halo with a mass > M :

P (> M) =
1√

2πσ(M)

∫ ∞
δM

e
− δ2

2σ2
M dδ =

1

2
erfc

(
δ√

2σ(M)

)
, (4.87)

where δM denotes the smoothed density field over a spherical top hat window with mass M . One can
now take the difference p(σ(M)) − p(σ(M − δM)) to find the probability of finding a halo with mass
between M and M−δM . Usually one looks at the differential number density dn/dM within the window
volume V = ρ/M (this product is time dependent, as such the number density and volume are co-moving
variables) and this in then simply

dn(M, t)

dM
= 2

ρ

M

dP

dM
=

ρ

M2
fPS(ν)

∣∣∣∣ d ln ν

d lnM

∣∣∣∣ (4.88)

where

fPS(ν) =

√
2

π
νe−ν

2/2 (4.89)

with ν ≡ δcr/σ(M) and δcr being the critical over-density of spherical collapse. It is convention that one
takes σ(M) = σ(M, z = 0) and the red-shift dependence is absorbed into δ, such that ω(z) ≡ δcr/D(z)
for spherical collapse. In general we have then ν(z,M) = ω(z)/σ(M) One problem in this approach is
the out of the blue introduction of the factor of 2. The factor has to be considered due to the cloud in
cloud problem, that states that a halo of mass m can contain sub-halos with mass m1 < m that might
in principle satisfy m1 > M leading to over-counting. This can be seen more clearly in a more rigorous
approach, the Excursion Set Formalism [Bond et al., 1991].

In the Excursion Set Formalism one looks at an excursion set F (~r,R), that is a four dimensional
initial density perturbation at position ~r smoothed over a continuous hierarchical set of filters W (~r,R)
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with radius R. The advantage of this approach is that one can now also include mergers and accretion
into the evolution of halos, due to a hierarchy of filters. One can now also exclude over-counting that
exists due to the cloud in cloud problem. The smoothed density field is given by

F (~r,R) =

∫
d3r′W (~r − ~r′)F (~r′, 0) F (~k) = W̃ (kR)F (~k, 0). (4.90)

Here one can applies a so-called spherical sharp k-space filter (essentially a top hat filter in k-space):
W̃ (kR) = θ(1 − kr). One can then study, at which filter scale a density perturbation crosses a given
minimal value (e.g. the critical density of spherical collapse). One simply start at k = 0 corresponding
to δ = 0 (average over the whole universe) and goes to a maximum K, that corresponds to the radius
R. For a so-called sharp k-space filter W̃ (kR) = θ(1 − kr) the evolution of the density perturbation in
k-space can be followed by noting that the change of the perturbation with the scale can be described by
a Brownian random walk with fixed step size, as each k-mode of the density field evolves independently
in linear theory and is distributed via a Gaussian random distribution. For different filters, e.g. a real
space spherical top-hat filter, the interpretation is not as straight forward as the filter itself depends on
k and therefore the different k-modes are correlated. For the k − space filter we simply have

σ2
K =

∫ K

0

dk

2π2
k2P (k). (4.91)

Where K is the cutoff corresponding to the minimal mass, that is given by the radius R. The interesting
thing to note, is that for a random walk that has grown to a value, that is larger than a given minimal
value (e.g., δc), there has to exist a mirror random walk with the same probability. After the perturbation
reached the minimal value, in the next step one can add perturbations to δk with an opposing sign (in
comparison to the first), yet with the same absolute value and the same probability, due to the fact that
the δk are Gaussian random with a mean 0. The probability is then given by a Gaussian distribution
multiplied by a factor of two (for the main and its mirror process). If one now takes the minimal mass
to be given by the critical density of spherical collapse, one finds again the Press Schechter formalism.
Obviously we have a simple inconsistency here, similar to that of the definition of the Jeans mass, as
the mass associated to sharp k − space filtering cannot be directly associated to the mass in real space
confined in a region with radius R (or equivalently assuming that the σ described above is similar to the
σ based on the spherical real space top hat filter). In the end, this approach is justified, like in the PS
formalism, by comparison to numerical simulations and agreement is found.

The above approach can also be used for ellipsoidal collapse, with the main difference being now, that
the barrier also depends on e and p (a spherical filter is still applied, as other filters cannot be interpreted
as straight forward). This is usually treated by taking the distribution of the λj into account. For the
critical over-density in the ellipsoidal collapse, one can find

δec(e, p)

δsc
= 1 + β

[
5(e2 ± p2)

δ2
ec(e, p)

δ2
sc

]γ
, (4.92)

with β ∼ 0.47 and γ ∼ 0.615 in the range of e and p of interest, that are found in simulations. Also δec
denotes the over-density for ellipsoidal collapse, whereas δsc is that derived for spherical collapse. For
Gaussian perturbations one finds that the distribution function for the shape of the perturbed region is
[Doroshkevich, 1970]

p(λ1, λ2, λ3) =
153

8π
√

5σ6
exp

(
−3α2

σ2
+

15β

2σ2

)
(λ1 − λ2)(λ2 − λ3)(λ1 − λ3), (4.93)

with α = tr(Dik) = λ1 + λ2 + λ3 and β = λ1λ2 + λ1λ3 + λ2λ3. Then one finds that the distribution of e
and p for a given δi is

g(e, p|δi) =
1125√

10π
e(e2 − p2)

(
δi
σ

)5

e−
5δ2i
2σ2

(3e2+p2). (4.94)

The distribution has a maximum at p = 0 and for very large over-densities these maxima go to zero,
therefore one can also see here that more massive halos can be better approximated as being spheri-
cal. This result together with equation 4.92 at p = 0 (symmetrically distributed and maximum at 0)
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Figure 14: The integrated Sheth-Tormen probability, that gives the fraction of halos with mass > M , is
shown. From top to bottom the lines indicate the abundance of halos with masses ranging from 105M�
to 1010M� as a function of red-shift. Additional the σ−levels are shown.

can then be used together with random walks that have distributed crossing-barriers (δec(e, p)) to find
[Sheth and Tormen, 2002]

fST = A
(
1 + ν̃−2q

)
fPS(ν̃), (4.95)

where A = 0.322, q = 0.3 and ν̃ = 0.84ν. The number function for ellipsoidal collapse is then found by
replacing fPS with fST in equation 4.88.

In figure 14 one sees the fraction of collapsed halos as given by the Sheth-Tormen mass function,
where the transfer function from equation the 4.11 and ns = 1 with σ8 = 0.8 have been applied. Here
one sees that less massive halos are significantly more abundant at high red-shift than more massive
halos, yet the relative abundance of low mass halos with respect to more massive halos decreases with
red-shift. This indicates the growth of halos and the top to bottom model of structure formation in
CDM. Halos with masses of around 105M� (equaling the Jeans mass after decoupling) are still relatively
rare: 4 − σ at z ∼ 30 and 3 − σ at z ∼ 20 Halos with masses of around 108M� become abundant at
red-shift or around z ∼ 20 (less than 4− σ) and at z ∼ 10 the abundance equals 2.5− σ.

In figure 15 the number density of halos at different red-shifts is shown. For example one finds that at
red-shift 30, there are more than 10 halo with a mass of around 106M� in a volume of 1 Mpc3. Whereas
halos with a mass of around 108M� reach such densities at around red-shift 10. Additionally at low
red-shift and at low masses (< 109M�) the number density becomes nearly independent of time.

4.11.1 Halo Growth and Merger

The halos that have been formed initially can also grow by accretion of matter and by merging of halos.
The growth can be described in the excursion set model [Lacey and Cole, 1993] and is known as the
extended Press-Schechter formalism. Because one can look at a random walk that starts at k0 (M0) at a
red-shift z0 and crosses the threshold k1 (M1) at a time given by z1. This is simply a random walk that
has started at the boundary of the halo at z0 with k0 rather than k = 0 and the progenitor is a object
with k1 > k0 at z1 > z0. For convenience we introduce Si ≡ σ2(Mi), where the index i is either 1 or
2. Further, ∆S ≡ S(M1)− S(M0) and ∆ω ≡ ω(z1)− ω(z0). The conditional probability that a halo of
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Figure 15: The number of halos with mass M in a Mpc3 volume is shown. From the right to the left,
these lines give the number-density for different red-shifts.

mass M0 has a progenitor of mass M1 follows then as

P (M1, z1|M0, z0) = f(S1, ω1|S2, ω2)

∣∣∣∣ dS1

dM1

∣∣∣∣ , (4.96)

where f either fEPS (spherical collapse) or fZMF (ellipsoidal collapse).
For spherical collapse one finds directly with the Press-Schechter mass function

fEPS(S1, ω1|S2, ω2) =
1√
2π

∆ω

∆S3/2
exp

(
−∆ω2

2∆S

)
. (4.97)

Yet for ellipsoidal collapse the construction is more difficult, due to the fact that δ depends on the shape
of the halo. The precise conditional mass function can then be constructed by constraining f such that
the mass function of progenitors gives the Sheth-Tormen mass function at every time-step. A good
approximation is provided as [Zhang et al., 2008]

fZMF(S1, ω1|S2ω2) =
A0√
2π

∆ω

∆S3/2
exp

(
−A

2
1

2
S̃

)

×

exp

(
−A3

∆ω2

2∆S

)
+A2S̃

3/2 +A2S̃
3/2

1 + 2A1

√
S̃

π

 , (4.98)

where S̃ = ∆S/S0, A0 = 0.8661(1 − 0.133ν−1.23
0 ), A1 = 0.308ν−0.23

0 , A2 = 0.0373ν−0.23
0 , A3 = A2

0 +

2A0A1

√
∆SS̃/∆ω and ν0 = ω0/S

1/2
0 .

The conditional number density is simply found by multiplying equation 4.96 with the maximal
number of halos with mass M1 that can possibly be progenitors of M0

dn

dM1
(M1, z1|M0, z0) =

M0

M1
P (M1, z1|M0, z0). (4.99)

With these ingredients one can construct a so-called Monte Carlo Merger tree. Here we only take
binary mergers into account using the binary Merger algorithm by Cole et. al. [Cole et al., 2000]. For
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small time-steps terms of order ∆ω2 can be neglected and a minimal halo mass Mres is chosen, such that
halos with M < Mres will not be traced further. The total mass of halos that are no longer followed,
the so called smoothing mass (as one assumes that this mass is smoothly accreted), can be estimated by
integrating the conditional number density time the mass over all masses M < Mres and one finds

Msmooth(Mres, z1,M0, z0) ≡
∫ Mres

0

dM1
dn

dM1
(M1, z1|M0, z0)M1. (4.100)

If a merger occurs, than the least massive progenitor has a mass Mres < M ≤M0/2 and the total number
of halos in that mass range is

P ≡
∫ M0/2

Mres

dM1
dn

dM1
(M1, z1|M0, z0). (4.101)

In order to make sure that at most binary mergers occur, one has to keep ∆ω small enough such that
P � 1 (e.g. P = 0.1 in order to keep computation times small). P can then be used as a criterion if a
merger has occurred or not, a binary merger can occur for P ≤ 1. Therefore one can randomly choose a
number r between 0 and 1 and a binary merger in the mentioned mass window has occurred, if r < P.
If a merger has occurred, one chooses a mass M1 in the mentioned mass window, based on the equation
4.99. The mass of the second halo is then M2 = M0 −M1 −Msmooth. If no merger has occurred, then
the mass of the halo at z1 is M1 = M0 −Msmooth.

There is one very important aspect that has been omitted in the previous analysis and that is the
effect of clustering. In general small scale density perturbations occur within large scale perturbations
and therefore the threshold for collapse of the small scale perturbation can be either larger (under-
density) or smaller (over-density). This effect is then obviously very important for small scale structure,
as there are more halos in a large-scale over-density than in an under-density and this also significantly
enhances the probability for mergers to occur (more in an over-density and less in an under-density).
Here we do not take the effect into account, yet we caution that this is a necessity for any successful
statistical analysis. In estimating the mass function of black holes, one then in principle estimate the
black hole mass statistics for different large scale perturbations (using Merger trees) in different halos
and then weigh these taking a mass function that considers the halo bias statistically. To our knowledge
these considerations have so far not been taken into account, yet this also requires many Merger trees
and therefore significant computation time (even for Monte Carlo merger trees).

5 Evolution of the gas content

So far, we have only taken the formation of the first halos into account, in order to provide the initial
conditions for the next stages of interest and to have estimates on abundances. Now it is important
to understand more about the evolution of the gas content within these halos, as already described
collisionless dark matter cannot undergo collapse to very small objects, yet gas can. Due to the fact that
in the gas collisions between particles can occur (no shell crossing) and this can lead to a change of the
internal energies and the kinetic energies of the particles involved and significant cooling can then lead
to the formation of dense structures like stars and subsequently black holes (either directly or due to the
collapse of stars). Here only some general concepts are given. A more detailed description follows in the
next sections. In the initial collapse phase the gas can be approximated as an ideal fluid, as in the initially
low density gas shearing motions between the particles can be neglected. The local evolution (decoupled
from the evolution of the background universe) of the gas is then described by the continuum equation,
the Navier-Stokes equation (for the ideal gas ν = 0 gives the Euler-equation), the energy equation, the
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Poisson equation and the equation of state [Mo et al., 2010, chapter 8]:

∂tρ+∇ (ρ~v) = 0 (5.1)

∂t~v + (~v∇)~v = −
(
∇φ+

∇P
ρ

)
+ ν

(
∇2~v +

1

3
∇ [∇~v]

)
(5.2)

∂t

[
ρ

(
v2

2
+ E

)]
+∇

[
ρ

(
v2

2
+
P

ρ
+ E

)
~v

]
− ρ~v∇φ− κ∇2T = H − C (5.3)

∇2φ = 4πG (ρ+ ρdm) (5.4)

P = ρ(γ − 1)E , (5.5)

where ρ denotes the density of the gas, ~v the velocity field of the gas, P the pressure of the gas, E
the specific internal energy, H gives the heating rate, C gives the cooling rate and γ is the adiabatic
index.The factor ν gives the kinematic viscosity and κ is the thermal conductivity coefficient. These
two factors are initially not of importance and can be set to 0, yet become important as soon as the gas
becomes rotational supported and opaque. The energy equation together with the equation of state is
then used to eliminate the internal energy and one finds

P

γ − 1
(∂t + ~v∇) ln

(
P

ργ

)
= H − C . (5.6)

Also for short handed writing: L = (C −H )/ρ is the net cooling function. In order to completely
specify the evolution of the gas, one also requires the rate equations for the different particles that specify
e.g. the cooling processes. These are [Anninos et al., 1997]

∂tρi = ±
∑
m,n

km,n(T )ρmρn ±
∑
m

Imρm, (5.7)

where the a + denotes a process that creates a particle of the species i (H, H2, H+ and so forth), whereas
the − denotes a process that decreases the abundance of particles of species i. The ki,j(T ) are the rate
coefficients for the collisional two body processes that either create or destroy a particle of the species
i and ρ =

∑
i ρi at temperature T . In the above equation, only two body processes are considered for

three-body processes one has to additionally add a three-body term with three-boy rates. The Im give
the radiative processes that create or destroy a particle of species i due to an interaction of the radiation
field with a particle of the species m, with

Im =

∫ ∞
ν0

dν4πσm
I (ν)

hν
, (5.8)

where I is the intensity of the radiation field and σm is the cross section for the radiative processes,
involving particles of species m. Further ν0 gives the minimal frequency for the radiative process (e.g.
for line radiation, the frequency that corresponds to the energy of the transition).

In the following we mention, how cooling and heating affects the evolution of the gas that settles into
a DM halo with density ρdm. Here we will solve the chemistry network using the Grackle chemistry and
cooling library3 [Bryan et al., 2014][Kim et al., 2014] . As this library includes most of the important
rate equations for the processes of interest (see the following subsections).

Another property of gaseous halos is the occurrence of fragmentation. That means that the minimal
mass scale, that describes the onset of gravitational instability, can in principle shrink in the collapse
process. The local Jeans mass (neglecting the expansion of the universe, as the evolution of mass within
in the halo is independent of the background evolution, at least if one neglects external sources) is

MJ =
πc3s

6G3/2ρ1/2
∝ ρ3/2(γ−4/3). (5.9)

Therefore the Jeans mass shrinks with increasing density, when γ < 4/3. Especially for isothermal
processes MJ ∝ ρ−1/2. In general a rapid local decrease in the temperature (e.g. due to thermal

3https://grackle.readthedocs.org/
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instabilities) can also lead directly to gravitational instabilities (due to the shrinking Jeans mass) and
induce fragmentation. Also the above analysis changes slightly for disks. In general fragmentation
becomes important, when the collapse proceeds slower, than the time necessary for a forming clump
to fall into the center. The orbital time of the clump, can be evaluated using Kepler’s third law and
the infall time is then simply 1/4 of the total orbital time, in the case of a very eccentric ”line” orbit.
Therefore one can estimate that fragmentation can occur, if

tcoll > tdyn =

√
3π

16Gρ
, (5.10)

where tdyn is the dynamical time.
As already mentioned the gas is falling into the DM halos after decoupling. In general there is no shell

crossing for gas, due to the collisions between the particles that lead to a dispersion of the kinetic energy.
The gas will first settle into the halo until a critical mass is reached and the gas can contract further due
to cooling processes. This collapse can then proceed as long as either the cooling is efficient [as long as
coolants are abundant and radiation can escape in a time-scale of interest (e.g. the free-fall time)]. At
first the important cooling processes up to disk formation are discussed and then the collapse process
(approximated as self-similar) is described. Then we describe how the collapse will proceed (more in the
next sections) and disk formation is argumentatively described.

5.1 Coolants and chemistry

The initially primordial metal free gas consists of the atoms H, 4He, D and 3He with some small traces of
7Li. Around 75% of the gas mass is in the form of hydrogen atoms, whereas the other 25% are in the form
of helium [Galli and Palla, 2013]. This is the result of big bang nucleosynthesis, due to the rapid expan-
sion of the universe more heavy atomic elements cannot form. Observations suggest that the net electric
charge of the universe is practical 0 [Caprini and Ferreira, 2005], meaning that the number of protons
is practical equal to the number of electrons. This is due to the fact, that antimatter is practically not
abundant [von Ballmoos, 2014], while other charged particles have very small life-times and are therefore
also practically not abundant (at least at the energies of interest). Even after recombination there are
still ions abundant in the gas (due to freeze-out). E.g., H+ and e−, whereas ionized He is negligible, due
to the higher binding energies of He that lead to He recombination being more efficient. Li has a higher
ionization fraction, due to the lower binding energies (due to the fact that some of the electrons have to re-
side in an excited state) and a significant higher cross section for collisonal excitation than for hydrogen
(around two orders of magnitude larger) [P.M. Stone and J.P. Desclaux, 2002] [Kim and Rudd, 1999],
yet the impact on the total ionization fraction is negligible due to the low abundance. This gas is called
metal free as Z ∼ 10−10, the relative mass abundance of metals towards all atoms, is significantly smaller
than that found in the solar system today Z� ∼ 10−2 = Z� [Galli and Palla, 2013].

Furthermore molecules can also form in the gas, with the most abundant molecule being H2 (for the
metal-free universe). The conditions for molecule formation generally differ in the high red-shift universe
(z > 10) from those at the present z ∼ 0. The primary difference comes from the fact that the abundance
of metals is significantly higher. This leads to there being potentially many more different molecular
species and this leads to the formation of dust molecules. Dust affects the formation rate of molecules,
as the dust can catalyze direct two-body molecule formation processes and it can shield the gas against
radiation, due to absorption and re-emission at higher wave-lengths (in the high redshift universe, this
is of importance for radiation with hν < 13.6eV).

Direct two body processes (radiative association) like [Galli and Palla, 2013]

H + H→ H∗2 → H2 + hν (5.11)

are not of importance in an initially metal poor low pressure cloud (no dust catalyzation) [Galli and Palla, 2013].
As the timescale for radiating the binding energy away is longer than that for roto-vibrational dissocia-
tion (due to H2 having no electrical dipole moment) and therefore interactions with other particles are
required to bring the molecule into a more stable state. Yet radiative association of hydrogen via an
excited hydrogen atom

H(n = 1) + H(n = 2)→ H2 + hν, (5.12)
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is possible, due to a non-zero dipole moment in the formation process (there are also other processes
like these that might produce H2) [Latter and Black, 1991][Rawlings et al., 1993]. n = 1 denotes the
ground state of hydrogen and n = 2 denotes the first excited states. Such processes are not included
in the Grackle chemistry library, as for most circumstances such processes are not of importance, as
this requires a significant abundance of excited hydrogen atoms, yet for a gas at temperatures of about
8000K, that is optical thick towards Lyman-α radiation, this processes can become important. Here we
do not study such processes, as we became aware of these processes rather late.

The h here denotes the Planck constant, rather than the Hubble constant (here the Hubble constant is
not important as we look primarily at the processes within a halo, where the evolution of the background
universe is negligible). In principal a proton and a hydrogen molecule can form a hydrogen molecule via

H+ + H→H+
2 + hν, (5.13)

H+
2 + H→H2 + H+, (5.14)

because the molecule can then efficiently radiate away the binding energy due to a dipole transition (in
the first reaction) and then recombine [Saslaw and Zipoy, 1967]. Yet there are more efficient processes.

The most potent and efficient formation process is the following three body process

H + H + H→ H2 + H. (5.15)

In principle the third particle could also be another atom like He or a molecule like H2. These processes
are of importance only at densities above nH ∼ 108cm−3, due to the more steeper n3

H dependence. The
reversed process leads to a dissociation of the hydrogen molecules and this becomes important as soon as
the temperature is in the range of the molecular binding energy (around 5000K). Yet at lower densities
in a metal poor gas the formation is catalyzed mostly by ions in processes, where the most important
formation process (at least at z < 60) is given by

H + e− →H− + hν, (5.16)

H− + H→H2 + e−. (5.17)

These processes are more effective at lower densities than three body processes, as these are two body
processes and scale as n2

H [Peebles and Dicke, 1968]. Here the binding energy is effectively carried away
by an electron. This process is very similar to the three body process, where the third particle, the
electron, has formed a bound state with an hydrogen atom. At temperatures of around 1000K this
process is also 100 times more effective than the H+ process. One should note, that processes with an
photon on the right hand side are processes that describe radiative cooling (see next subsection).

There are many other processes involved (e.g. competitive and dissociaitve processes), yet these are
the most important for the formation of molecular hydrogen at low densities. One should note that
a decreasing abundance of free e− also decreases the formation rate of H− and the formation of H2

would be stopped as well. Alternatively, processes that would rapidly dissociate H− (more rapid than
the H2 formation rate) would also stop the formation of H2. Therefore the formation of hydrogen slows
significantly, as soon as the gas recombines.

In order to find the abundance of the different species and the resulting cooling rates, one has to solve
the complete chemical network. One thing to note is, that molecular hydrogen is not the most efficient
coolant, as it has no dipole moment and radiative transitions are mostly quadrupole transitions, and
these have lower rates. In principle molecules like HD are more efficient coolants due to them having a
non-zero dipole moment, but their abundance is significantly lower, due to the fact that deuterium is less
abundant and the major formation channel require D+ and this indicates a higher ionization fraction is
of importance.

In figure 16 and 17 one sees the relative number densities of the different atoms, ions and molecules
as a function of redshift. One should note that neutral lithium is practically not abundant, as it is
primarily ionized. One also sees that several different molecular species other than H2 are abundant
with HD being the second most abundant. There are also helium and lithium molecules, yet in small
fractions. As mentioned the H− channel gives the most important process for H2 formation and as one
can see the abundance of H− is significantly smaller than that for H2. Also the H− abundance begins
to decrease at around z ∼ 50, due to a UV radiation background forming that dissociates H−. Other
molecules are also not sufficiently important as these are easily dissociated [Galli and Palla, 2013].
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Figure 16: The relative number densities of the atoms and ions are shown as a function of redshift for
the average gas content in the universe [Galli and Palla, 2013].

Figure 17: The average relative number density of molecules and H− as a function of redshift, where the
roman numbers indicate different stages in the evolution, see [Galli and Palla, 2013].
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As already mentioned collisions will reduce the abundance of molecules at higher temperatures, due to
collisional dissociation and therefore cooling via molecular hydrogen is viable up to temperatures of 104K.
Atomic cooling with atoms like helium and hydrogen becomes of importance, when the temperatures
are high enough such that electrons can be excited form the ground state into an excited state and this
becomes important at temperatures of about 104K. Yet for atoms with more than two electrons, the
excitation energies are significantly lower, due to the fact that some of the electrons have to reside in
less bound states. Further an electron of such an atom can be excited into states with different orbital
angular momentum in the same energetic state (finestructure transition), and this can make these atoms
also more important for cooling at lower temperatures, as such transitions require even less excitation
energies than transitions between different energetic states. As already mentioned atomic cooling is
provided by collisional excitation and collsional ionization, but not every excited atom returns to the
ground-state via radiative de-excitation, as collisions can also de-excite excited atoms. Yet collisonal
de-excitation becomes only important at higher densities.

The abundance of these coolants changes significantly when the universe evolves, due to re-ionization
(due to a UV radiation background) and the gas becoming enriched with metals. UV radiation has in
principle several effects on the neutral gas as it can significantly increase the abundance of free electrons
in the low temperature gas (T < 104K) and it can also dissociate molecules and heat the gas.

5.2 Radiative cooling

Radiative cooling plays a very significant role, as it enables gas to reduce its thermal kinetic energy and
therefore its support against gravitational collapse. The formation of the first stars and black holes is
expected to have occurred in halos with virial temperatures of about 300K (usually 103K) to 104K (later
more). Therefore the gas can be assumed to be nearly neutral with only a small part of the gas being
ionized, even after the gas has been shock heated. The processes of importance at these temperatures and
at low densities include collisional ionization, recombination and collisional excitation. At low densities
only two body processes will be of importance. Collisional ionization is a process in which collisions
between free electrons and atoms ionize the atoms and therefore the gas loses an amount of kinetic
energy that equals the binding energy of the bound electron. Recombination on the other hand is the
process at which an ionized atom catches a free electron, the surplus energy of the electron is then
radiated away. Collisional excitation is similar to collisional ionization yet with the difference being,
that the electron is not excited into a free state, but into a bound state. This process first decreases the
kinetic energy of the electron that hits the atom and then the de-excitation of the electron will again
produce a photon that is radiated away, therefore twice the excitation energy is radiated away.

The cooling rate is usually given as
C = Λ(T )n2

H , (5.18)

where Λ(T ) is the cooling function. The defined cooling function here is practically independent of
density for atomic cooling, as long as the density is small, as at higher densities collisional de-exciations
become important and the system reaches Boltzmann-equilibrium. At this stage the cooling function is
no longer directly given by the collisional excitations but by the radiative de-excitations and this scale
with the abundance of excited atoms and therefore the cooling rate scales simply with nH, rather than
n2

H.
The initial hydrogen abundance is nH ≈ ρcritΩb(1 + z)−3. At higher densities three body processes

become important as well as collsional de-excitation. In general cooling at temperatures of about 103K
proceeds differently than in a low metallicity gas with T ∼ 104K and negligible molecule abundances.
Because the lowest excited states of hydrogen have excitation energies of about 10eV (higher for helium),
collisional excitation of hydrogen atoms is only important at temperatures of about 104K. For metals
there are also several fine-structure states that can be excited and these can therefore lead towards much
lower temperatures. But even in a metal free gas, cooling to even lower temperatures is possible due
to molecule formation, as molecules have also vibrational and rotational energy-levels, that have small
excitation energies and can therefore also cool the gas towards much smaller temperatures.

The cooling function for n = 0.8cm−3 (corresponds to ∆vir,gas = 100 at z = 30) is shown in figure
18. Note that the molecular cooling function is roughly independent of red-shift for the redshift range of
interest (20 < z < 100). The molecular abundance has been evolved over the Hubble time. In general the
molecular cooling function will become less important, as soon as a UV-background that can significantly
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Figure 18: The cooling function at a density n = 0.8cm−3 for atomic (solid line) and molecular (long-
dashed line) cooling (in general independent of density). The diagonal short-dashed line shows the critical
cooling function from equation 5.30 at z = 30(see next subsection). Whereas the lower diagonal line
corresponds to the the case that tcool = tH (the Hubble time) at z = 30 with ∆vir,gas = 100.

alter the dust-free gas (around z < 20). As one can see the cooling function for atoms (only hydrogen
and helium) drops very steeply at around 104K. Yet molecular cooling significantly increases the cooling
function at lower temperatures.

In the primordial gas the only metal is lithium, yet it is primarily ionized. For ionized lithium there
are no effective fine-structure transitions, as both electrons are in the ground-state and therefore it has
only an effect on the cooling function at high temperatures. On the other hand lithium itself has non-
zero radiative fine-structure transitions even at low temperatures, but the abundance is very small. As
already mentioned the collsional excitation cross section for hydrogen atoms being excited by electrons
is smaller than the lithium cross section (if one compares the different temperature regimes and states)
and the excitation rate is about

Γi,j,e = ne

∫ ∞
0

σi,j,e(v)vf(v)dv, (5.19)

where σi,j,e gives the collisonal cross section for a free electron to excite a bound electron of an atom from
state i into the excited state j and f(v) is the Maxwell-Boltzmann velocity distribution. If all atoms
are in the ground-state and every excited atom undergoes directly radiative de-excitation (appropriate
assumption for small the densities of virialized halos of interest) than the cooling function is simply

ΛLi,i,je =
nLi

n2
H

∆Ei,jΓi,j,e. (5.20)

The cross section for collisonal excitation or ionization is a function of the velocity between the colliding
particles, therefore at low temperatures only interactions between electrons and atoms are of importance.

As one can see in figure 19, even under extreme assumptions (significant higher Lithium abundance
than predicted and neglecting dissociation effects at higher temperatures) Lithium is practically not
important. Under more realistic assumptions the cooling rate is smaller due to the large fraction of
ionized Lithium and the total ionization degree of the gas increases with temperature. There are obviously
also other processes of importance like other line transitions (significant smaller cross sections at higher
temperatures) and collisional ionization (smaller cross section in the energy range of interest), yet we
expect these to produce only slight percent changes.

The time it takes for a spherical gas shell at radius r to radiate its thermal energy is the cooling time

tcool =
ρE
C

=
3n(r)kBT (r)

2n2
H(r)Λ(T )

, (5.21)

41



Figure 19: The cooling rate in erg cm3 s−1 as a function of the temperature in K, for the 2s to 2p transition
of the ground-state lithium. Ionization, collisonal de-excitation have been neglected and lithium has been
assumed to be in the ground-state. Further we assumed nLi/n = 10−9 and ne/n = 10−5.

and V is the volume. This relation also defines the cooling radius rcool(t), where t ∼ tH is the Hubble
time is the time it takes the collapsing gas to virialize. In order for cooling to be effective, the cooling
time has to be smaller than the time it takes to establish an equilibrium state, that is initially the
Hubble time. This limit is also shown in figure figure 18 and it states that the cloud can collapse at
z = 30, when the temperature is larger than 1000K for metal-free molecular cooling and around 104K
for metal-free atomic cooling. If one considers the singular isothermal sphere profile, one finds tcool ∝ r2,
where T (r) = T for an isothermal sphere. The cooling time gives also a criterion for the effectiveness
of the collapse, e.g. when tcool < tff the gas can undergo collapse within a free fall time, but this is not
generally the case (e.g. if rotational support becomes important). If tcool > tff the collapse will take
longer than the free fall time, and if tcool > tH the gas cloud could not have collapsed so far.

Obviously radiative cooling can only cool the gas as long as the gas is optical thin towards the emitted
radiation, otherwise the cloud can no longer cool effectively. As long as the gas can cool effectively
(tcool < tff ) the collapse will proceed nearly isothermal at a temperature Tmin. Tmin is the temperature
for which the cooling function is no longer effective (tcool > tff), obviously this requires that the gas
has an initial (prior to collapse) temperature Tinit > Tmin. The opacity of the gas depends strongly
on the density and the ionization state of the gas and therefore as soon as a density nop is reached,
the collapse can no longer proceed isothermal and the gas will heat up. One can differentiate between
two different cases for the importance of opacity, because the absorption cross section for line radiation
(bound-bound emission) are significantly higher than those for continuum radiation (free-bound or free-
free) and therefore the cloud becomes first optical thick towards line radiation and only at higher densities
does the gas become optical thick towards continuum radiation.

5.3 Accretion shock

As already mentioned shell crossing is not important for gaseous halos, yet another effect becomes
important and that are shock fronts, due to collisions that occur between the gas particles that fall
onto the halo and the gas particles that have already settled into the halo. Gas that falls into a halo
with supersonic motion is going to be strongly decelerated at the shock-front. The kinetic energy is then
transformed into heat and the temperature in the gas increases, the gas is then in a non-equilibrium state
and cools until a new equilibrium is established. Here the effect of cooling of the gas that is falling onto
the halo is neglected, as radiative cooling in the low-density and low temperature gas is not important.

In figure 20, the effect of a shock on the gas is illustrated. Using the Euler, continuity and energy
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Figure 20: Here the effect of a shock front on the in-flowing gas is illustrated (from left to right). The
in-flowing gas, that is prior to the in-fall in thermodynamic equilibrium, is shocked between x1 and x2.
After the shock the gas is no longer in thermodynamic equilibrium and between x2 and x3 the gas is
moving into a new equilibrium state at x3.

equation for the pre- and post-shock gas, we find

ρ2

ρ1
=
v1

v2
=

[
M̂−2

1 +
γ − 1

γ + 1

(
1− M̂−2

1

)]−1

, (5.22)

P2

P1
=

2γ

γ + 1
M̂2

1 −
γ − 1

γ + 1
, (5.23)

T2

T1
=
P2ρ1

P1ρ2
=
γ − 1

γ + 1

[
2

γ + 1

(
γM̂2

1 − M̂−2
1

)
+

4γ

γ − 1
− γ − 1

γ + 1

]
, (5.24)

where the numbers 1 and 2 describe the same conditions as in figure 20 and M̂1 = V1/cs,1 is the Mach-
number of the in-flowing gas, with cs,1 = γP1/ρ1 being the speed of sound of the in-flowing gas. We
also neglected changes in the potential and set κ = 0. These conditions are the Rankine-Hugoniot jump
conditions. If M̂1 > 1 then ρ2 > ρ1 (v2 < v1), P2 > P1 and T2 > T1. In the case that M̂1 � 1, the
density will go to ρ2 = ρ1(γ+1)/(γ−1). As already mentioned the gas becomes unstable to gravitational
collapse, as long as the free-fall velocity of the gas is larger than the sound-speed and therefore M̂1 1

The rapid changes in the thermal conditions push the post-shock gas out of the thermal equilibrium.
The evolution of the gas between x2 and x3 is described by the energy equation

1

γ − 1

(
c2s − v2

) dv
dx

= −L (ρ, T ). (5.25)

If the gas velocity after the shock v is close to the sound speed (of the shocked gas), then any change
in the velocity can be neglected. L is positive, if cooling is dominant and negative if heating processes
are dominant. Assuming the post shock gas to be sub-sonic (else further shocks could occur), then net
cooling will further decrease the velocity, whereas net heating will increase the velocity. Therefore if
cooling is negligible than the gas velocities will be close to the sound-speed. In general this is strongly
dependent upon temperature and density.

Assuming M̂1 � 1 we find

T2 =
20

3(γ + 1)2

(
v1

vc

)2

Tvir, (5.26)

where we have used the virial circular velocity vc and the virial temperature of the dark matter halo.
For a gas with γ = 5/3, the prefactor in the relation is 60/64 ∼ 1. Further we estimate

v2
1 = 2GM

(
1

rsh
− 1

rta

)
. (5.27)

Here we have simply assumed the gas to be in free-fall after turn-around and rsh is the radius at which
the shock-front occurs. Assuming that the shock-front is stationary and occurs at the virial radius, we
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have v1 ∼ vc and therefore T2 ∼ Tvir. Therefore gas that falls onto the halo is going to be shock heated to
the virial temperature of the halo. This obviously assumes that the gas is not undergoing further collapse
as soon as it has collapsed into the halo and this is only the case as long as cooling processes have not yet
become important. In general one has to also take the thermal evolution of the gas between turn-around
and the shock into account, as well as shell crossing with the dark matter component (decrease of the
enclosed mass), as this also affects the velocity of the in-falling gas. Also the assumption that the shock
front is stationary positioned at the virial radius is in general not true.

As already mentioned gas can undergo efficient collapse, when tff � tcool. Yet in general the cooling
time depends on the radius, due to the gas not being homogeneously distributed. Therefore the gas
might in general be able to collapse via efficient cooling before a shock has occurred and the temperature
might not rise above the temperature at which efficient cooling becomes possible. This is also termed
the cool mode of accretion, whereas collapse after shock heating is termed the hot mode of accretion.
Taking into account, that rcool ∝ t1/2 (for a singular isothermal sphere, as described above) and rsh ∝ t
(see next sub-section), one sees that in general for early times the cooling radius is larger than the shock
radius and the gas can effectively cool and collapse before a shock occurs and therefore the gas will not
reach an equilibrium prior to further collapse beginning (no shock heating to virial temperature). The
gas can remain stable against further collapse via cooling, as long as [Birnboim and Dekel, 2003]

γeff =
d lnP/d ln t

dρ/d ln t
>

2γ

γ + 2
3

, (5.28)

this follows from an first order stability analysis similar to the Jeans criterion, but including radia-
tive cooling and it has been assumed that v(r) ∼ v2(r/rsh) for r ∼ rsh (verified numerically, see
[Birnboim and Dekel, 2003]). Applying the jump conditions and the fluid equations, one finds

Λ(T2) < 6
γ
(
γ + 2

3
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− 2γ(

γ + 2
3

)
(γ + 1)4

(γ − 1)2 v3
1

ρ1rsh
µ2m2

p

(
n

nH

)2

(5.29)

for stability. Assuming, that the shock occurs at rsh = Rvir and assuming ρ1 ∼ Ωbρcrit(1+z)3 (obviously
significant over-simplification), we find

Λcrit(T ) = 1.1× 10−24

(
T

104K

)(
∆vir

200

)1/2(
Ωbh

2

0.024

)−1(
h

0.7

)(
1 + z

10

)−3/2
erg cm3

s
, (5.30)

where we assumed µ = 1.22 for the neutral gas with hydrogen and helium and nH/n ∼ 0.93, where
n = nH + nHe. The limit can be used to estimate to which temperature the collapsing gas is heated in
the collapse process, as it can undergo collapse as soon as Λ > Λcrit. In figure 18 we see that the cooling
rates of interest (T < 104K) are smaller than the critical cooling rate and therefore the gas that falls
onto the halo will at first undergo shock heating up to the virial temperature before undergoing further
collapse.

5.4 Self-similar spherical collapse of gas

The collapsing gas has at first only one scale of interest and that is the shock radius rsh. This is due
to the fact that cooling can be neglected at first as described in the previous subsection. Therefore
the collapse of the gas is self-similar, if one assumes the collapse to proceed spherical symmetric. The
collapse will in general proceed until the gas becomes pressure supported. Rotational support becomes
only important at much smaller distances. First the variables of interest can be expressed with the
following dimensionless variables [Bertschinger, 1985]

ρ(r, t) = ρcrit(t)D(λ), P (r, t) = ρcrit(t), (5.31)

v(r, t) =
rta
t

V (λ), T (r, t) =
µmp

kB

(rta
t

)2

T (λ), (5.32)

M(r, t) =
4π

3
ρcirt(t)r

3
taM (λ), (5.33)
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Figure 21: The self-similar spherical collapse of gas into DM halos for γ = 5/3 and ε = 2/3
[Bertschinger, 1985].

where λ = r/rta. Further P = ρkBT/mp and ρcrit = ρm are assumed. Then the fluid equations become

(V − ηλ)D ′ + DV ′ +
2

λ
DV − 2D =0 (5.34)

(V − ηλ)V ′ + (η − 1)V =− P ′

D
− 2M

9λ2
(5.35)

(V − ηλ)

(
P ′

P
− γD ′

D

)
=2(2− η)− 2γ (5.36)

M ′
DM =3λ2D . (5.37)

Here η = 2(1 + 3ε)/(9ε) with ε being given by δi ∝M−ε (the same as for the dark matter) and rta ∝ tη
The prime denotes a derivative with respect to λ.

Before the shock, the baryons are assumed to be described by the spherical collapse model (the same
as for the dark matter). This approximation is valid as long as the gas is cold (no pressure support) and
the initial conditions are

P1 ≈ 0, λ = sin2

(
θ

2

)
π

θ − sin θ
, V =

π

2
cot

(
θ

2

)
, (5.38)

D =
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3

(
3π

4

)2
1

λ(λ− V sin2(θ/2)
, M =

(
3π2

4

)
π

θ − sin θ
(5.39)

with θ ∈ [0, 2π] and M (0) = V = 0. Now one has to take the shock into account that occurs at
rsh(t) = λshrta(t). The appropriate behavior after the shock is then described by the Rankine-Hugoniot
jump conditions, where the subscript 1 indicates the conditions before and 2 indicates the conditions
after the shock (at θsh given by λsh):

D =
γ + 1

γ − 1
D1, V2 = ηλsh +

γ − 1

γ + 1
(V1 − ηλsh), (5.40)

P =
2

γ + 1
D1(V1 − ηλsh)2, M2 = M1. (5.41)

With these conditions one can now estimate λsh ∼ 0.6 for γ = 5/3 and ε ∈ 2/3→ 1 as seen in figure
21 Another interesting property is the fact that D(λsh) & 100 for the assumed values of ε. In general one

45



can expect the shock radius to be more extended, if one takes dark matter into consideration, because
a halo with a given mass M will have a smaller concentration in the center than the gas and therefore
there will be a smaller potential in the central region, then for a purely gaseous halo of the same mass.
Therefore it is a good assumption to take Rvir = rsh and it is also a good assumption to assume the
virial over-density of the gas as δvir,gas ∼ 100.

If one considers the case that the gas is in equilibrium with V = 0 (no further in-flows) one finds
P ∝ λ2(η−2)/η, D ∝ λ−2/η and consequently T ∝ λ2(η−1)/η. If η = 1 the density profile of the gas is
described by an isothermal sphere and if η = 8/9 (ε = 1) one finds D ∝ λ2.25. The particular importance
of ε = 1 is seen in equation 4.54, because close to the jeans scale one finds δb ∝ δdmr

−1 and if one takes
δdm ∝ r−3ε2 with ε2 = 2/3 (as described earlier) one finds δb ∝ r−3 = r−3ε. Whereas at larger scales
δb ∝ δdm is found and this gives ε = 2/3. Therefore the gas content in halos with masses close to the
jeans mass is expected to have a density profile with ρ ∝ r−2.25, yet for larger halos one can expect
ρ ∝ r−2 and T (r, t) = T (t) in the initial equilibrium state.

5.5 Isothermal spheres

As has been shown in the previous section the gas content in more massive virialized halos (larger than
the jeans mass) will follow the isothermal sphere profile (in equilibrium). The gas content in halos that
have masses around the Jeans mass can at least be approximately described by an isothermal sphere.
Therefore it is important to study certain aspects of isothermal spheres in more detail. Isothermal spheres
describe the spherical symmetric distribution of a mass within a halo, that has no temperature gradients
within the sphere (T (r, t) = T (t)) and that is in a hydrostatic equilibrium. Therefore this density profile
can be used to describe a gas that has no energy sources or energy losses. For an ideal gas, the constant
temperature P ∝ ρ and hydrostatic balance implies

ρ−1∇P +∇φ = 0. (5.42)

The density profile is then

ρ(r) = ρ0 exp

(
− φ

c2T

)
, (5.43)

where c2T = kBT/(µmp) is the isothermal sound speed (γ = 1), with P = c2T ρ, and φ is the gravitational
potential. Therefore one finds with the Poisson equation the Lane-Emden equation

ξ−2 d

dξ

(
ξ2 dψ

dξ

)
= exp(−ξ), (5.44)

with

ξ =

(
4πGρ0

c2T

)1/2

r, ψ =
φ

c2T
. (5.45)

Physically reasonable boundary conditions are ψ(0) = ψ′(0) = 0.
If one neglects the dark matter density in the Poisson equation and also the above boundary conditions

one can find the density profile of the singular isothermal sphere

ρ(r) =
2c2T

4πGr2
(5.46)

and one can then also calculate the circular velocity v2
c = 2kBT/(µmp), that turns out to be spatially

constant. The above result is in principle also valid, at least in shape, if one has ρdm ∝ r−2 (dark matter
described as isothermal sphere as discussed previously). The above profile is called singular isothermal
sphere, due to the fact that ρ(0)→∞ and it is therefore unphysical.

If one considers the above boundary conditions one can finds King-profile [Stahler and Palla, 2008].
Obviously dark matter can only be neglected in the late stages of the collapse in the central region, where
ρb � ρc.

For initial collapse process one can assume a NFW profile for the DM and neglect the density of the
gas within the Poisson equation and one finds

ρ(r) = ρ0e
−b
(

1 +

(
1 +

r

rs

))brs/r
, (5.47)
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where b = 4πGρcrit∆virr
2
sc
−2
T . The density profile for the gas is then finite in the center unlike as that

given by the NFW profile (even though the boundary conditions have not been applied), but the mass
still diverges, as r →∞. Further as already mentioned the NFW profile is also only a simple model and
therefore it is unclear, whether or not the NFW profile even provides a good fit for the behavior close to
the center (if one excludes the divergence at the center).

Another problem that exists is that the sphere does not extend to infinity, but rather is embedded
in a background and that implies futher boundary conditions [Stahler and Palla, 2008, chapter 9]. Here
the external pressure is Pext and external density is ρext at ξext. Then this boundary condition can
be used to fix ρ0 and then one finds for the mass of the sphere, if one applies the boundary condi-
tions for ψ and neglects the underlying DM distribution (unless one also assumes an isothermal sphere)
[Stahler and Palla, 2008]

M =
c4T

P
1/2
ext G

3/2

(
4π

ρ0

ρext

)−1/2(
ξ2 dψ

dξ
(ξext)

)
=

c4T

P
1/2
ext G

3/2
κ. (5.48)

Depending on the The values of κ are found to vary from 0→ 1.18 for different ρ0/ρext. The maximum
value κ1 ≈ 1.18 gives a gravitational unstable sphere, because higher masses are no longer described by
a hydrostatic equilibrium and the higher masses affect the gravitational attraction, therefore this gives
the case when the pressure can no longer balance the infall due to gravitation. The mass that gives this
limit is also called the Bonner-Ebert mass

MBE = 1.18
c4T

P
1/2
ext G

3/2
∝ ρ−1/2 (5.49)

and it is similiar to the jeans mass. Therefore a mass that is larger than the Bonner-Ebert mass will
undergo further contraction. This result gives than a more precise criterion for masses of fragments
within a isothermal sphere.

5.5.1 Collapse with cooling

Gas that collapses will undergo adiabatic heating and this will increase the pressure. Due to an increase
in the pressure the contraction will be halted. Yet if the gas can get rid of the increasing thermal energy,
it can effectively contract. This is accomplished in collisions that occur within the gas and that lead
to radiative transitions. Then the gas cloud loses energy as soon as the radiation escapes and further
contraction is possible. Collapse due to cooling becomes unimportant as soon as the gas becomes optical
thick or the processes that produce the radiation become unimportant or the equilibrating processes are
faster than the collapse. As soon as this is the case, the collapse becomes adiabatic again.

In the case of efficient cooling, the collapse can proceed nearly at a constant temperature (although
this depends on the specific shape of the cooling function). In general the cooling rate equations vary
spatially and usually one has to solve the collapse numerically. A significant simplification is the one-zone
free-fall collapse, in that case one follows the evolution of the central density over time, and neglects the
evolution of the spatial profile. For the case of free-fall collapse the density increases as

dρ

dt
=

ρ

tff
=

√
32G

3π
ρ3/2. (5.50)

and the energy changes as

Ė = −E

ρ
ρ̇−L . (5.51)

Therefore

ρ(t) =

[
ρ(ti)

−1/2 − 1

2

√
32G

3π
(t− ti)

]−2

= ρ(ti)

[
1− 1

2

t− ti
tff,i

]
, (5.52)

where ti is the initial time, tff,i is the initial free-fall time and we have neglected the dark matter
component (note that this is a good approximation at higher gas densities, yet at lower gas densities the
dark matter component is important) (e.g. [Inayoshi and Omukai, 2011]). In general we adopt for the
low densities a constant factor ρdm for the DM component as the average in the virialized halo.
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For isothermal sphere the collapse can be described as self-similar [Shu, 1977] and the appropriate
scale is cT t, that is the distance a pressure change has travelled from the center. If one assumes that
cooling is efficient enough such that the process proceeds isothermal. This is also called an inside-out
collapse, as at first the inner regions begin collapsing and the decrease in the pressure support leads to
the outer shells collapsing as well. Rather than going through the calculations in detail we present the
core result (we provide in the following a more general approach). Shocks become important as soon
as the gas becomes stabilized, either due to rotation or due to cooling becoming inefficient. Therefore
one can neglect shocks up to the formation of a protostar (see more in the following) or until rotational
effects become important. One can further assume that the gas is initially at rest (with respect to radial
in-flows of gas into the center). Then one finds for the accretion rate of mass (due to the collapse)

Ṁ ≈ m0
c3T
G
, (5.53)

either close to the center or at late times. The precise value of the constant m0 depends upon the precise
initial profile of the sphere. In the case of the singular isothermal sphere, one finds m0 = 0.975 ∼ 1.

This implies that for collapsing isothermal spheres the accretion rate of matter onto the so called
protostar or disk is independent of time, as long as cT outside of the star or disk remains constant. In
the above analysis the dark matter component has been neglected. Dark matter affects in general the
collapse process, yet the accretion rate in the center should not change strongly with dark matter as
soon as the mass density of gas is significantly higher than that of dark matter in the core region of
the halo. Because the gravitational potential of the halo is dominated by dark matter, slight changes
of the baryonic potential should not affect the dark matter component and it will likely not change by
much (obviously this is a huge simplification). This will in generally not be true close to the central
region, as soon as the collapsing baryonic matter dominates the potential, but then the accretion rate is
also dominated by baryonic matter infall and not by dark matter infall. Therefore the mass growth rate
given here should describe the accretion rate of the disk that is embedded within a dark matter halo.
Even though the precise collapse process will be slightly different in the presence of dark matter (the
problem is a simple extension if one assumes the dark matter to remain in equilibrium). The collapse
will, as already mentioned, not proceed towards r = 0, due to non-radial motion and therefore the mass
accretion rate can be taken as the rate at which the disk will accrete matter. A more detailed description
follows in the next sections (for mini halos and atomic cooling halos seperately).

In general we can parameterize the collapse as free-fall collapse and the accretion rate is then
[Tan and McKee, 2004]

Ṁ = α
M

tff
, (5.54)

In order to solve the differential equation, we have to directly relate the density to the mass. For this we
further assume that the collapsing gas is in hydrostatic equilibrium. Hydrostatic stability is again given
as

1

ρ

dp

dr
= −GM

r2
. (5.55)

Next we take the equation of state for a general polytrope P = κργ and assume radial power laws
P ∝ r−q and ρ ∝ r−s with q = sγ (self similar). Then one finds with M ∝ r−s+3, that s = 2/(2 − γ).
Using the ideal gas law we find

κ =
kBT

µmp
ρ1−γ . (5.56)

Note that κ = const and we can fix it, e.g. by the conditions at the beginning of the collapse. Using
M(r) with ρ = Ar−s we can solve the equation for hydrostatic stability to find the density as

ρ =

[
(3− s)(sγ)3κ3

4πG3M2

]1/(4−3γ)

. (5.57)

As a result we have
Ṁ = CM3(1−γ)/(4−3γ) (5.58)

and this gives

M =

(
1

4− 3γ
Ct

)(4−3γ)

, (5.59)
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where C is a constant. Note that for the particular case of γ = 1, we see again that the accretion
rate remains constant and that M ∝ t (note that we assume that the polytropic index is equal to the
adiabatic index, yet this is not always the case). Additionally for the case of s = 18/8, as found for the
self-similar collapse of gas in halos with a mass close to the Jeans mass, one finds M ∝ t2/3. Further we
see that the accretion does in general not only depend on the initial temperature but also on the initial
density (at least for γ 6= 1; see the factor κ). This implies that collapse processes that are in general
nearly isothermal and start at a higher temperature have a significantly higher accretion rate.

5.6 Disk formation and disk instabilities

So far the fact that the halo has a non-zero angular momentum has not been taken into account.
The transition between the roughly spherical collapse phase and the disk phase is not selfsimiliar and
therefore an analytical study is very difficult. One general distinguishes forming disks in two cases, a
self-gravitating disk (the gravitational potential of the disk dominates) and one in which the protostar
potential dominates (roughly Keplerian disk).

Therefore the analysis here is primarily argumentatively and a more detailed focus on this is provided
in the section about supermassive stars. It is generally assumed that the gas and the dark matter are
initially (after virialization and prior to gas contraction) are well mixed and that the gas particles have the
same specific angular momentum as the dark matter particles. At scales of the order of the virial radius,
the rotational velocity is small, yet this is not the case close to the center. If the angular momentum
of the individual particles is conserved, the rotational velocities become larger close to the center and
non-radial motion can no longer be neglected. Then the collapse of gas with non-zero angular momentum
leads to the formation of a disk.

At first low-angular momentum material will fall close to the center, whereas material with higher
angular momentum will settle further away from the center. The collapse is in generally halted at a
distance rd from the center and further infalling matter will collide with the particles that have already
settled in the disk. Therefore the infalling matter will be shocked and the particles will be decelerated
(in the radial direction). One thing to note is that dark matter cannot form disks (as the kinetic energy
cannot be dispersed). Usually the disk is assumed to be thin, that means that the scaleheight of the disk
is smaller than the radial extent of the disk in the plane of the disk.

It is usually assumed that the mass of the disk and the center is given by a fixed fraction of the
halo mass mf and that the total angular momentum of the disk is given by a fixed fraction of the total
angular momentum of the halo jd [Mo et al., 1998]. Further mf = md + ma, where ma gives the mass
fraction of the center and md gives the mass fraction of the disk with respect to the halo mass. The
accumulating mass in the center is also called a protostar, as soon as the center forms a hydrostatic
stable and opaque core (cooling is no longer effective). The disk is usually referred to as a protostellar
or pregalacitc disk (the latter is more appropriate in this context). The radius is approximately given
by rd ∼ λRvir (the precise relation depends upon the shape of the disk), the scaleheight H of the disk
is found in hydrodynamically stable disks as H = Ω/cs (that is the height at which the density in the
z−direction has decreased by a factor of e−1 with respect to the density at the coordinate z = 0) and
the surface density of the disk is denoted by Σ. Ω(R) is the angular velocity of the disk.

A general feature of disks is that these can become locally unstable. This is generally described by the
Toomre parameter, that is based upon a stability analysis that is similiar to the jeans analysis of spheres,
except that the scales of interest are assumed to be significantly smaller than the disk radius (local). As
a result one can show that the disk is stable against local instabilities, as long as [Toomre, 1964]

Q =
csκ

πGΣ
> 1, (5.60)

where

κ =

√
R

dΩ2

dR
+ 4Ω2, (5.61)

where Ω(R) is the angular velocity at R (axisymmetry is assumed). For disks that have Q < 1 local
instabilities are likely to grow and significant fragmentation in the disk is likely until the disk becomes
more stable.

Another important class of instabilities in a disk are global instabilities. These are non-axisymmetric
instabilities of the disk that grow from perturbations that occur on the scale of the disk. Axisymmetric
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instabilities can play a significant role in redistributing angular momentum and therefore support radial
mass inflow. In general these instabilities are distinguished in different angular modes via eımφ. Where
m denotes the different modes, the mode m = 2 is called the bar-mode. In general one can further
differentiate between m = 1 and m > 1, as the m = 1 mode describes a disk in which a preferred
direction has evolved, whereas this is not the case for all other modes. Note that m = 1 modes imply
the change of the center of mass and therefore such modes can not be directly seeded from the disk itself
or the disk is not axisymmetric to begin with. Yet such perturbations are very interesting as they can
directly affect the center of the disk. A more detailed discussion is provided in the following sections.

5.7 General aspects about star formation

So far the collapse process of gaseous halos has been described, yet one very important aspect is still
missing and that is a description of stars. Before the star formation processes are presented in more
detail, we recall some important aspects. Stars grow from hydrostatic cores, that are assumed to be
opaque and therefore the gas can no longer cool and it will heat up. In general there will still be a
slight radiation flux, due to photon diffusion, but prior to fusion burning in the core becoming important
(the formation of a star) one can neglect these radiation losses. The opacity of the gas rises due to a
significant increase in the density of the gas and of the ionized gas fraction as a result of the gravitational
collapse. One can in generally distinguish the evolution of the protostar prior and after nuclear fusion
has started. The time it takes for the hydrostatic core (protostar) to grow into a star due to accretion
is the Kelvin-Helmholtz time, that gives the time in which a ZAMS (zero age main sequence) star can
radiate away its binding energy after the fusion process has stopped. This also gives approximately the
time it takes for a protostar to grow into a star.

Another important information about stars is their ZAMS life-time, that is the time it takes until
the fusion processes in the star stop and the star is undergoing further contraction. For massive stars
(M > 20M�) the lifetimes are in the range from 107yr (for low mass stars) [Schaerer, 2002] till about
106yr (for very massive stars) [Begelman, 2010]. Therefore this timescale provides the maximum time
that the star could accrete mass (much larger than the Kelvin-Helmholtz-time). Stars are primarily
supported by radiation pressure and can therefore be described by a γ = 4/3 polytropic equation of
state. The mentioned maximal timescale for accretion can be smaller than the lifetime, as radiative
feedback generated by the star can push matter away. The timescales are expected to be similiar when
the very high opacity region of a star might be large enough, such that the emitted radiation is effectively
bound due to scattering and absorption processes, because then there is no strong radiative feedback.

6 Molecular cooling halos

As described in the previous sections, the first objects that can undergo cooling are halos with virial
temperatures of > 103K, as long as there is no background radiation (except for the low-temperature
CMB) and there are also no metals abundant. In figure 22 one sees the minimal masses of molecular
cooling halos. One should note that the mass limit is primarily due to the effectiveness of the cooling
function, yet for halos with average relative streaming motions the limit is set by the filter mass at
z > 40. For halos with higher streaming motions the mass limit will be higher (and therefore also the
virial temperature of the halo), yet more massive halos are significantly rarer and halos with high relative
streaming motions are also less common. Note that a background radiation field (other than the CMB)
has not been taken into account so far (see next section).

The collapse of the gas in these halos leads to the formation of the first stars (Population III stars).
These stars play a very important role in reionizing the universe after recombination. They enrich the
interstellar medium with metals and are a possible candidate for providing the seeds of the supermassive
black holes (more in the following). The formation of the first stars differs from the formation of
Population I stars (current generation of stars), due to the fact that the primordial gas has a negligible
metallicity and there is no UV background radiation. Another factor that is of importance for star
formation are magnetic fields [Stahler and Palla, 2008]. At high red-shifts, there are probably no strong
initial magnetic fields around, yet dynamo action and shocks in the collapsing gas cloud can significantly
enhance even small magnetic fields [Latif et al., 2014b]. Here we do not include a discussion about the
importance of magnetic fields.
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Figure 22: The solid line gives the minimal mass of a virialized halo that is required for molecular cooling
in a Hubble time. The horizontal lines correspond roughly to the Filter mass with (short dashed with
rms-value) and without relative streaming (long-dashed). The other lines correspond to the different
virial temperatures, form bottom to top: 1000K, 2000K, 5000K and 10000K.

If the complete gas content would simply undergo free-fall collapse, it would form a protostar or star
with a mass of about fgas105M�, where fgas simply gives the fraction of gas of the halo. Yet as will be
described in the next subsection, this is not possible for molecular cooling and in general rotation also
affects this mass scale. At first the gas in the virialized halo starts to contract until the ionization fraction
drops significantly due to recombination. This stage is the so-called loitering stage, because the gas can no
longer contract. The problem with cooling at these densities is that the abundance of hydrogen molecules
will remain roughly fixed (in thermal equilibrium), as the main formation channel becomes unimportant.
At that point the gas will settle into a new equilibrium and due to a shrinking of the Bonner-Ebert mass
(the appropriate criterion for an isothermal sphere), the gas will fragment. At sufficiently high densities
three body interactions become important and H2 will be produced quite effectively and the collapse can
proceed more efficient again until a protostar forms. At even higher densities another factor becomes
important and that is collision induced emission (CIE). CIE describes the formation of larger molecules
due to collisions between molecules. These large molecules are resonances and have only a very short
life-time. The binding energy is therefore radiatied away in a very short time-scale that leads to the
emitted radiation to be roughly continuum radiation and this can easily escape the molecular gas cloud.

Due to the non-zero angular momentum of the halo, we expect that the collapsing gas will settle into
a disk. In this disk sufficient fragmentation might take place and several more protostars might form.
These protostars will then grow via accretion. The precise evolution of the protostar is as of yet not well
enough understand, as the effect of radiative feedback on the growth is difficult to model.

6.1 Initial collapse and loitering stage

The collapse of baryonic matter can proceed as long as the pressure support can decrease.
In the figures 23 to 26 the one-zone free-fall collapse of the gas content in halos with different virial

temperatures at redshift z = 30 is shown. As can be seen in figure 23, this simple model does break
down even at very low densities (tcool > tff as is indicated by the lower diagonal line), but the shape of
the ratio between the cooling time and dynamical time does still provide useful hints to illustrate the
evolution (the shape does not depend on the precise collapse time). Here the collapse is shown from
virialization (n = 0.8cm−3) towards the formation of a protostar. Note that at first the gas undergoes
further adiabatic contraction, then the collapse starts to proceed in free-fall. Then the collapse starts
to slow down significantly and the ratio of the two times reaches a maximum at around n ∼ 104cm−3.
The temperature first decreases to around ∼ 300K at n ∼ 103cm−3 and than the temperature increases
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Figure 23: tcool/tdyn as a function of density for halos with different virial temperatures at z = 30 in
which the gas content is undergoing free fall collapse. The lower diagonal line gives the free-fall time.
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Figure 27: The above plot shows the evolution of the gas from densities of about 10−2cm−3 till 106cm−3.
In (a) one sees the evolution of the fractional electron abundance xe = ne/nH2

, where xinitial is the
initial fraction prior to collapse, and in (b) one finds the evolution for the fractional molecular hydrogen
abundance fH2 = nH2/nH , where finitial is the initial molecular hydrogen fraction. In (c) is plotted the
evolution of the temperature, where Tvir is the virial temperature of the host halo and the T ∝ n(2/3)
illustrates adiabatic compression (the exact position in the plot is not meaningful), and in (d) is the
evolution of the value of the Jeans mass shown, where Mres is the minimal resolvable mass in the
numerical simulation that is based on sink particles [Bromm et al., 2002].

towards 3000K at n ∼ 1012cm−3. In order to have a better picture of what happens at that stage one
has to take the full hydrodynamics into account.

In figure 27 one sees that the particles settle at a density of around n ∼ 104cm−3. This is the so-called
Loitering stage, at this stage one expects that the collapse is effectively halted and it will proceed only
for individual clumps that have a mass that is larger than the Bonner-Ebert mass (stability criterion for
isothermal spheres). For this case, the fragment masses are several hundred M�, as illustrated in figure
26. The reason for the occurence of the loitering stage is that the change of the molecular fraction per
log(n) slows significantly between n ∼ 103cm−3 and n ∼ 105cm−3, whereas at higher densities the growth
increases again sligthly and the cooling time decreases again. Due to the fact that the relative abundance
of H2 does not change significantly anymore, the cooling rate does also change more slowly and therefore
cooling can no longer keep up with the increase in the internal energy due to the contraction. We will
discuss how the fragmentation occurs here in the next subsection.

At around 1010cm−3 the abundance of H2 begins to rise very steeply, due to three-body interactions.
Note that at first the radiation from the H2 molecules is then absorbed by the newly forming molecules
until the radiation flux increases (slightly delayed) and cooling proceeds efficiently again, up to a density
of roughly 1012cm−3.

The rapid change of the cooling rate (first a decrease and then a rapid increase) makes the gas
unstable to perturbations and in principle fragmentation could occur. Yet it is in general not expected
that fragmentation occurs at this range, as the perturbations might not grow fast enough in time to form
clumps.If fragmentation at that scale could grow it would lower the clump mass towards ∼ 10M�. At
around 1012cm−3 the gas becomes again opaque towards its own line radiation and this is usually seen
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at the density at which a protostar starts to form. Note that at even higher densities (around 1014cm3

to 1016cm−3) CIE cooling becomes important and this significantly increases the cooling rate and this
can in principle lead to further instabilities.

One criterion for fragmentation to occur is that tcool & tdyn and this is in general not seen here, yet
in calculations with e.g. tff → 1.1tff one finds tcool & tdyn at n ∼ 105cm−3 (this coincides with the notion
that this simple analysis is too simplistic to resolve molecular cooling, yet it is applicable in the next
section).

Several other effects have been omitted in the above analysis and this is the for once the spatial
profile of the collapsing gas and also the angular momentum that the collapsing particles have. In the
following the impact of angular momentum is described and thereafter the growth of the protostar is
described. In the plots above Deuterium was also not included, at the very high temperature halos
(15000K and 20000K) we find that Deuterium cooling becomes very important, as the HD abundance
increases significantly faster due to the high free electron fraction and the cloud cools to roughly < 100K
and it can cool effectively towards 106cm−3 up at that point the gas enters a loitering state (here we
also find that the cooling time becomes roughly 5× tdyn). At the higher densities we do no longer find
significant deviations, yet we suspect that in the case that HD cooling is effective the clump mass will
be much lower, roughly 10M� and we also expect fragmentation to be more efficient due to an extended
loitering stage. We do not include these figures here as these cases are very artificial to begin with,
as at high redshifts shock heating towards 15000K is not supported, as the gas can cool and contract
before being shock heated to the virial temperature. Further the gas in halos with Tvir = 5000K is also
seen for slightly different initial conditions (initial free-electron abundance), that might be quite realistic
seen to undergo the HD cooling route, but roughly to T ∼ 100K (and not below), also the instability
region is slightly smaller and begin at around 105cm−3. Note that for the other halos with T = 1000K,
2000K, 8000K and 10000K HD cooling is not expected to become important, at least as long as a slight
radiative background is unimportant, as the gas becomes slightly more ionized and this further enhances
HD formation.

6.2 Disk fragmentation

For a halo with angular momentum parameter λ, rotational effects become important at a scale Rd =
λRvir. For a gas with only slight changes, the density due to compression scales as 1/R2

d, whereas for
the case that the gas is still spherical symmetric at Rd the compression scales as 1/R3

d. Therefore a disk
forms roughly, when the density has increased by a factor of λ−2 (obviously the gas is compressed onto
a region with a scaleheight H and therefore this factor is larger) or λ−3, where λ is the halo angular
momentum parameter. For an initial density of n = 0.8cm−3 rotational effects become important at
densities of roughly 320cm−3 to around 6400cm−3. Note that the latter is roughly the scale at which
fragmentation becomes important.

As a better approximation we look at the case of an Mestel disk (that is a disk with vr = const
[Binney and Tremaine, 2008]). Where the surface density is

Σ(R) =
v2
r

2πGR
θ(Rd −R). (6.1)

where θ(Rd −R) is the Heaviside-step function. If we take n as a constant density of the disk we have

Md =
4π

3

cs
vr
µmpnR

3
d =

v2
rRd
G

. (6.2)

For such a disk the Toomre parameter is

Q = 1.27

(
T

1000K

pc2

R2
d

1000cm−3

n

)1/3

. (6.3)

If we assume a halo with Tvir = 3000K, zvir = 30 and λ = 0.05, we have Rd ∼ 15pc. For a density
of n ∼ 105cm−3 and a temperature of T ∼ 400K, we have Q = 0.071. The disk is therefore strongly
unstable towards fragmentation. The Mestel disk was chosen, as it has properties that are similar to an
isothermal sphere, namely that the rotation curve is flat, so assuming that the collapsing gas remains
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its rotation curve, we can expect a Mestel disk to form. Note that stellar disks or galaxies are usually
described by exponential disks, yet we should not expect that this is the case for the initially forming
purely gaseous disks. Further we should not expect that the gas has a constant angular velocity, note
that if such a disk would be isothermal it would have a constant scale height, yet the Toomre parameter
does then depend on the radius and as the density does decrease outwards, we expect that the Toomre
parameter should decrease outwards and this would describe a disk that should become more stable
outwards and less stable inwards, therefore we do not expect such disks to be a reasonable model for
galactic disks.

From that argument we see that disk fragmentation becomes important at the density range, where
the gas is no longer in free-fall. Note that at densities of around 100cm−3 the dark matter potential
cannot be neglected and the disk might be further stabilized, also close to the center the approximation
of a thin disk is going to break down and this simple approximation is not applicable close to the center.
Further the above stability criterion does not provide a criterion for the stability of the individual clumps
(and therefore is not directly applicable to higher densities), as those clumps are not flat and also the
angular momentum of the gas in the individual clumps is not the same as that of the halo (as particles
in a local patch move on similar trajectories). In general chemo-thermal instabilities are of importance
in the evolution of individual clumps, that can cause a rapid change in the cooling rate.

Another thing that we have neglected is whether or not the clump could grow fast enough to decouple
from the gas that is inflowing into the center (due to an effective viscosity). As soon as a star forms, that
star can in principle push the directly surrounding gas away and then viscous stress between the gas and
the star is not important, and the star can remain on a stable orbit. In principle a rough criterion is the
dynamical timescale, yet this is also very simplistic, as one has to take the potential of the whole disk
into account, not just that of a central point mass.

Now we consider the growth of an individual clump.

6.3 Evolution of the protostar

Here we assume that an initial clump forms at densities of around 105cm−3 and a temperature of around
400K and in such clumps the gas collapses to stars, the evolution of the density should roughly follow that
shown in figures 23 to 26. The gas in halos with masses close to the Jeans mass will have a density profile
of about ρ ∝ r−18/8 (γ = 1.11). For that case we have already illustrated that the stellar mass grows as
t2/3. The entropy parameter K is evaluated using the above mentioned density and temperature. Then
one finds

M = 0.11

(
t

yr

)2/3

M�. (6.4)

If we take a life-time of about 106yr, one finds a limiting mass of about Mlimit ∼ 1000M�. It is
noteworthy that the accretion rate depends only slightly on the initial density, yet more strongly on
the initial temperature. And therefore the result does not change significantly at densities of around
103cm−3 and a temperature of 300K.

The limit is larger than the Bonner-Ebert mass and one can expect that the accretion rate might
significantly decrease, as soon as the mass has become larger than MBE ∼ 300M�. The mass of these
stars will in general be even lower, due to radiative feedback effects. Note that we do not discuss the
stellar evolution in detail here. As already mentioned the accretion rate is limited by feedback and the
maximal accretion rate is provided by the Eddington-luminosity. In the following will be presented at
least qualitatively the influence of feedback the evolution of the protostar. The radiated luminosity is
simply Lacc = GMṀ/R, where R is the radius of the star. For Lacc = LEdd one finds for the limiting
accretion rate

ṀEdd =
LEddR

GM
=

4πcR

κes
. (6.5)

The accretion rate is therefore limited by the size of the star. Approximating the protostar as a Black-
body and applying equation 5.58, we can estimate the evolution of the radius as

R ∝M1/2T−4/3 (6.6)

where σ is the Stefan-Boltzmann constant and T denotes the temperature of the photosphere (that is the
region of the star from which photons are emitted, that can escape). As long as the temperature remains
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Figure 28: Endstages of stars with different initial masses and initial metallicity [Heger et al., 2003].
The black regions denote direct collapse black hole formation, whereas the white region indicates pair-
instability supernova. The black lattice denotes the region in which black holes form not directly, as the
star first expands and then collapses into a black hole with a small supernova.

constant the radius grows and so does the maximal accretion rate, yet as soon the temperature increases
the radius can shrink significantly, due to the relatively steep dependence on the temperature. Changes
in the temperature occur naturally in the collapsing gas, as the opacity changes due to the increasing
densities and the processes that generate the radiation changes as well.Note that the effect that the
radiation has on the surrounding gas depends strongly on the type of emitted radiation, e.g. ionizing
radiation significantly affects the surrounding gas and pushes it away. The precise effect depends also
strongly on the geometry as regions outside of the disk should be stronger affected than regions within the
disk, yet the gas density outside of the disk is significantly lower to begin with and therefore this region
is not as important for the accretion as the disk. The feedback effects present the major uncertainty in
the masses of the Pop III stars.

6.4 Stellar remnants

Stars are only quasi-static objects, because the main mechanism that stabilizes the star against further
gravitational collapse is nuclear fusion of hydrogen atoms to helium atoms, but this process can only
stabilize the star as long as there is a sufficient amount of hydrogen available, as soon as this is not the
case the star is no longer capable of stabilizing itself against further collapse.

The end states of these stars depend on the mass of these stars and are as follows (the limits between
the different scenarios are relatively uncertain and we assume low metallicities) [Heger et al., 2003]:
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• At masses around m < 8− 10M� the star will end as a white dwarf.

• At masses around m ∼ 10− 25M� the star will end in a Type II supernova that leaves a neutron
star behind. These supernovae are also expected to be very important in distributing metals.

• At masses around m ∼ 25−40M� the star will end in a Type II supernova that leaves a black hole
behind.

• At masses around m ∼ 40 − 100M� the star will collapse directly to a black hole without a
supernova.

• At masses around m ∼ 100 − 140M� the star will also collapse to a black hole, but before the
collapse occurs a significant amount of mass is ejected.

• At masses around m ∼ 140 − 260M� the star will explode in a pair-instability supernova, that
leaves no remnant behind. These supernova are also expected to enrich the interstellar medium
with metals, that are no heavier than zinc and that have an even multiple of electric charge.

• At masses around m > 260M� the star will directly collapse to a black hole.

The limits shown here, do not include rotational effects and can strongly differ for rotating stars. Black
Holes can then only occur if the progenitors have masses of about 25 − 140M� and > 260M�. The
latter limit is affected by metallicity due to a higher abundance of metals leading to a higher mass
loss in the form of winds and therefore the star will end up in a pair-instability supernova. A critical
metallicity of around 10−4Z� is generally found to give the limit for significant mass-loss due to winds
[Marigo et al., 2003]. Note that rotation can also significantly enhance the mass loss and it is a non-
negligible factor for the first stars [Stacy et al., 2011]. In these collapse processes not all of the mass will
end up in the black hole, but around 50% are likely to be pushed away by diffusing radiation that carries
the binding energy away. Due to the fact that Pop III stars are expected to be very massive one can
expect to find many black holes with masses of around some 10M�. At the same time it is important
to take into account that the abundance of initial Pop III stars with masses M > 260M� is not known.
So it is unclear if this model leads to SMBH seeds with masses of about 100M�. For even more massive
stars, there are also important mass-limits to be taken into account (these will be discussed in the next
section).

6.4.1 Summary and remnant growth

The collapse of molecular cooling halos undergoes in several stages and can in principle lead to the
formation of stars with masses of up to 1000M�. There are still many factors that are poorly understood
and that is the effect on the radiative feedback of the forming star on its surrounding gas and how this
affects the accretion rate. Another factor is the end-stage of the stars itself, as it is in general expected
that the cores are highly rotating with rotation speeds close to the Keplerian rotation velocity of the
star, yet this can significantly enhance mass losses. Assuming that the mass of the Pop III star is at
most the Bonner-Ebert mass M ∼ 400M� (in principal it might be even higher), we can assume that
the metal-free star is going to collapse to a black hole, if we neglect rotation. The resulting black hole
will have a mass of around MBH ∼ 200M�, due to mass losses (around 50%).

Now the black hole can grow, via two channels, that is accretion and merger. If we only take
accretion into account we can find that the maximum mass of the black hole after accreting over a time
t, by applying the Eddington accretion limit, as

Mf = 200et/(4.2×107yr). (6.7)

If we assume that the started forming at redshift z = 30 (∼ 108yr) and assume that the black hole forms
roughly directly (not completely true, as the collapse time plus stellar evolution is roughly 2×107yr) and
if we are interested in the mass of the black hole at redshift z = 7 (∼ 7× 108yr), we have t = 6× 108yr.
Then for this case we find Mf ∼ 3.2 × 108M�. For the black hole to have grown to 109M�, we would
require an initial black hole with a mass of about 600M� and this is similar to a stellar mass of roughly
1000M� (note that we did not exclude this case). Therefore in principal the growth due to accretion
might in principle be possible if the star would have been more massive, yet even in these cases it is very
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unlikely that the star could have grown continuously at the Eddington rate. There are several reasons
for this, here the stars form in relatively low-mass halos, in which gas can be easily pushed out of the
halo due to feedback effects and these might leave a black hole with no initial gas supply. In principal
gas can be brought in via mergers of two halos. Note that the escape velocity for a black hole to escape
its halo is roughly

vesc =

√
2GMvir

Rvir
= 6.97

(
M

105M�

)1/3(
1 + z

10

)1/2
km

s
. (6.8)

For halos with masses of about 105M� to 106M�, vesc < 10km/s. Yet if in the other halo a black hole
resided as well, a merger between these two black holes, at first due to dynamical friction a significant
amount of gas is pushed out, further limiting the gas supply. In the end the recoil velocities from the
merger might unbind the black hole as the kick velocities can be higher than the escape velocity at least
for mass ratios of & 0.1. Mergers are still a very important growth channel, if the final black hole were
made up of N black holes with nearly identical initial seed mass and initial formation redshift then the
final mass due to maximal accretion and merger is simply provided, by multiyplying a factor of N to the
above mass limit.

In general there are still several loopholes like super-Eddington accretion that might lead to more
massive black holes, yet from the perspective provided here the collapse in molecular cooling might not
be sufficient to provide the seeds of the first black holes.

7 Formation of Supermassive stars (Quasistars)

In the previous section we have seen that metal-free gas in halos with Tvir & 1000K that collapses without
any UV background radiation evolves rather independent of the initial conditions and it leads to the
formation of the first stars (Pop III stars) with in principal masses of several 100M�. The main problem
of the Pop III remnant model lies in the fact that it is extremely unlikely that these could have grown for
such long times at the Eddington rate, without any interruption either due to their own feedback, stellar
feedback or even due to merger kicks, to lead to massive 109M� black holes at z ∼ 7 (and in principal
to lead to very massive black holes in general. But if the initial seeds would have been somehow more
massive or could at least have grown very fast, then a more massive seed black hole would have had a
better chance at accumulating enough mass to be a more likely candidate for the seed of super-massive
black holes.

One very convenient possibility for the collapse to proceed at higher temperatures is provided by
atomic cooling halos. Note that atomic cooling in a metal-free gas is only possible at higher temperatures,
yet this is also only possible, if for some reason molecular cooling becomes negligible. Conveniently, even
prior to reionization radiation of certain wave-lengths can travel through high-density regions of neutral
charged gas. This is obviously radiation that is neither ionizing (except for high energetic X-rays), nor
has an energy that corresponds to Lyman line transitions in Hydrogen. Note that the abundance of
CMB photons with sufficient energy to affect the abundance of H2 molecules is too small to affect the
molecular abundance (at the redshifts of interest). As previously mentioned star formation can proceed
in molecular cooling halos and these stars begin to reionize the universe and at the same time enrich the
gas with metals.

In figure 29 one sees the minimal mass required for gas in a halo of a given mass M to undergo
efficient collapse via metal-free atomic line cooling (indicated by the solid line). The limit is probably
slightly lower, as there are several cooling processes that involve molecular hydrogen, especially processes
that involve H− and therefore we expect that the limit should be closer to 10000K. While the long-
dashed line show the halo mass towards a virial shock is supported, we assume that the gas in more
massive halos is heated up to the corresponding limiting temperature. Note that the shape of atomic
cooling function allows this limit to become invalid for more massive halos (Tvir ∼ 105K). Further the
masses are significantly larger than either the Jeans mass or Filter mass, therefore the halos in which
atomic cooling is important, are either halos in which previous gas collapse has not been possible or
the halos started to collapse only at masses significantly larger than the Jeans mass. In principle, due
to high relative streaming motion, the mass limit might be of the order of the limit shown in figure 29
[Tanaka and Li, 2014]. Yet as shown in the previous section we have not seen any indication that collapse
at higher temperatures alone might be sufficient to suppress the formation of H2 until very high densities
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are reached. As this does primarily require collisional dissociation processes (the density at which these
become important is roughly the equilibrating density of 104cm−3) and therefore we do not expect that
models that do not provide a strong dissociating mechanism up to densities of around 104cm−3 might
be of importance, yet it has recently also been shown that the gas cannot collapse just via adiabatic
contraction to these densities (< 10cm−3) [Visbal et al., 2014].

The main problem in the collapse, lies in shedding the angular momentum of the infalling material.
Another problem is fragmentation of the protostellar disk, that is described by the Toomre parameter (eq.
5.60). Fragmentation is one of the key factors that leads to Pop III stars being not more massive, because
the gas supply for further growth of the protostars is divided between the different protostellar clumps
within the disk. This is in principle not the only way that would lead to a suppression of fragmentation.
So it is therefore good to consider, whether collapse of gas could have proceeded at higher temperatures.
As can be seen in figure 18 the initial cooling mechanism is temperature dependent, molecular cooling
becomes important at temperatures of about 103K, whereas the more efficient atomic cooling (higher
cooling rates) is the main cooling mode at temperatures of about 104K and this is therefore only of
importance in halos with temperatures of about 104K, due to the drop in the atomic cooling function
at even higher temperatures, one can only take halos with masses of Tvir ∼ 104K into account, as the
collapse for more massive halos would take too much time. So if molecular cooling would never become
effective, the accumulating gas could only undergo collapse at higher temperatures. Because the minimal
mass for collapse would be higher than in the previous model, the resulting star is also going to be more
massive.
In principal the formation of a substantial abundance of hydrogen molecules can be surpressed either by
collisional dissociation and UV radiation. At low densities collisional dissociation is not of importance
and therefore only UV radiation might be capable of dissociating the hydrogen molecules. But UV
radiation in the form of Lyman-α photons and ionizing photons will be absorbed by the more abundant
hydrogen atoms. But Lyman-Werner photons on the other hand are not strongly absorbed by the
hydrogen atoms and can therefore dissociate the molecule via the Solomon process. That implies that
if such a Lyman-Werner flux would have existed in the early universe, then more massive objects were
possible. As it turns out, numerical simulations show that a significant Lyman-Werner (LW) background
would have been produced by the first stars. The approximate black body spectrum of Pop III stars
has a temperature of about 105K, whereas for Pop II stars, this is only about 104K. This model is then
only viable, if the halos in which the collapse occurs, have virial temperatures of about 104K and as such
would be more massive than the minihalos and therefore also less abundant. In the end of the collapse
a black hole forms either as the endstage of a supermassive star (SMS) or as a so called quasistar, that
has a mass of about 105M�. In the following this process is described in more detail. In principal that
model has also some possible difficulties, that is actually whether angular momentum can be ejected or
redistributed such that the rapid collapse is not halted. Furthermore it is not clear wether or not the
fragmentation of the disk can stop the growth of very massive stars or wether efficient fragmentation is
likely to occur in atomic cooling halos.

7.1 Solomon process and supression of H2 cooling

Radiative dissociation of hydrogen molecules is complicated by the fact that the direct transition from
the ground state towards the dissociated state is forbidden (as already mentioned no electric dipole tran-
sitions). So the minimal energy necessary to directly radiatively dissociate the molecule is not 4.48eV
(the binding energy), but 14.7eV [Stecher and Williams, 1967]. This is obviously higher than the energy
necessary for ionizing hydrogen, that is 13.6eV. This implicates that direct radiative dissociation of hydro-
gen molecules are nearly impossible, due to the radiation ionizing hydrogen rather than dissociating the
molecules. But there is a two step process, the Solomon process, that can dissociate hydrogen molecules
with photons that have an energy of 11.4-13.6eV. Essentially the process describes the excitation of one
of the hydrogen atoms either into the Werner (e.g. a 2p state) or Lyman band (e.g. a 2s state) (therefore
called Lyman-Werner photons). Then the subsequent decay into a vibrational continuum state with a
probability of about 15% leads to the dissociation of the hydrogen molecule. Therefore a significant
Lyman-Werner (LW) flux is capable of suppressing H2 cooling in primordial clouds. At first the LW
photons have to penetrate the stellar environment in which they are formed, as the gas surrounding the
star after formation has a higher H2 fraction and in general only a fraction of the produced LW photons
can escape.
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Figure 30: The logarithm of the normalized intensity of the Lyman-Werner background is shown
[Ahn et al., 2009]. The amplitude is given by the diagonal lines, whereas the same colored non-diagonal
lines show the energy dependent intensity and this is the so-called saw-tooth spectrum. From top to
bottom the lines are for the redsifts 19.2, 15.7 and 9.9. The lower lines indicate 1% of the oscillator
strength for the Lyman and Werner bands of H2. The results are based on numerical simulations of
halos and the subsequent evolution of the radiation field, based under the assumption that in certain
halos stars will form.

The intensity in the rate IH2
shown equation 5.7 is given by its amplitude J21, where J21 is the

specific intensity in units 10−21erg cm−2 s−1 Hz−1 sr−1 of the Lyman Werner radiation background
field. Further the shape of the spectrum is also affected by line-absorption in the Lyman band of H,
as photons that have energies in Lyman spectrum will be directly absorbed. As the gas is in general
optical thin towards Lyman-Werner photons a background can build up, but at the same time due to
the expansion of the universe the photons will be redshifted and this has the effect that as soon as the
photon energy reaches the Lyman band, it is going to be absorbed, this leads to a so called Saw-tooth
suppression, as the intensity of the radiation field, with energies slightly smaller than that of a Lyman
line, will be smaller as well, as there are less photons that could have been redshifted to that energy.
This is shown in figure 30.

The effect of the LW radiation field on the gas strongly depends on the H2 density of the gas, as the
gas can shield itself against the background, as soon as a significant abundance of H2 has formed. At that
point the photo-dissociation processes become unimportant. In general shielding becomes important, as
soon as large column densities (integrated line-of-sight density), as at that point H2 in the outer shells
gets dissociated, whereas the radiation field does no longer reach the inner regions of the gas. At latest
gas at densities of around n ∼ 10−10cm−3 becomes in general opaque towards the LW photons (as
described previously).

In order to estimate the effect of the LW background, we use the following estimate for the self-
shielding

ssh = min

[
1,

(
NH2

1014cm−2

)]
, (7.1)

whereNH2
is the column density that we estimate for a with an isothermal NFW profile [Draine and Bertoldi, 1996].
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Figure 31: The temperature of the gas as a function of the density for different LW fluxes with J21

ranging from 0.01 to 20.0. For Tvir = 14000K and zvir = 15.

Another pathway how non-ionizing photons can hinder the formation of H2 is via the photo-detachment
of H−, as it plays a signifcant role in the formation of H2. The binding energy of H− is roughly 0.76 eV
and that is significantly smaller than the energy required to dissociate H2 and therefore it is also easily
destroyed by non-ionizing photons.

7.2 Collapse with LW background

Here we use again the one-zone model described in the previous section to study the effects of a Lyman-
Werner background. We consider a halo with an initial Tvir = 14000K (in general we do not find
significant differences for other initial temperatures). Here we consider a redshift of z = 15.

Due to the suppression of H2 formation the gravitational collapse of the gas will be different then that
of PopIII stars. The cooling curve provided by H2 cooling is not as sharp as the atomic cooling function
and it is smaller in general. This implies that atomic cooling to low temperatures is not possible, because
the time it takes to get to lower temperatures increases significantly more than for the molecular cooling
function. As mentioned the collapsing gas in a molecular cooling halo has an adiabatic index of about
γ = 1.1. And H− production becomes an important cooling channel.

In figure 31 one can roughly see the impact of different LW fluxes including self-shielding. Note that
this is fairly approximate, due to slight numerical difficulties. Yet for the lower densities the picture is
roughly consistent. While at higher densities and the temperatures of interest collisional dissociation
becomes important. We can roughly estimate that atomic cooling becomes important in these halos
at roughly J21 = 1 to J21 = 10 (for smaller fluxes we expect molecular cooling in the same fashion as
previously, whereas for larger fluxes we find that all behave similarly). These limits are significantly
lower than those found in more refined 3D simulations as these give limiting values that are an order of
magnitude larger, e.g. Jcrit ∼ 500 [Latif et al., 2014a]. Also they find in similar one-zone calculations a
limiting value or roughly 30 to 40 and that is also higher than the value we found here. Further we did
not include three body formation processes and we also did not use the rates for the JW-background
provided in Grackle, as we find significant deviations. Note that the calculation of the rates does strongly
depend on the time, yet we did not look at time-steps < 10−6tff as these increase these the output and
calculation time significantly. The fact that limits based on one-zone calculations might be off by an order
of magnitude is in principal not completely surprising as several effects like shocks have been neglected.
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Figure 32: tcool/tdyn for different metallicities (in units of solar metallicity) as a function of density of
the atomic cooling gas. The lower line indicates tff .

Obviously these limits are the background values at redshift 15, and therefore regions at these redshifts
that allow the collapse might be quite rare.

In the following we present the evolution of the gas content in these purely atomic cooling halos.
As we expect that metals might be important, we do also include the effects of different metallicities
(based on effective tabulated cooling rates for metals, that are included in Grackle). In the following we
do not trace the evolution of molecules at all and we also neglect H− cooling, in order to decrease the
computational time.

In figures 32 to 34 the one-zone collapse of the gas is shown and one sees that metallicities of up to
10−5Z� likely will not affect the collapse, but for metallicities of around 10−4Z� we find that the cooling
rate drops significantly at a density of around 108cm−3. Because the dynamical time is significantly
larger than the cooling time we do not expect gravitational instabilities to be important, yet the gas
becomes highly thermally (due to the significant drop in the temperature) unstable and fragmentation
should become quite important. Because the collapse proceeds within a free fall time, we can roughly
neglect changes of the pressure and in that case nT = const, yet as should be obvious. Now note that if
a fragment would have a slightly larger larger temperature, it would also have a lower density and this
implies the gas should heat up (because the relative abundance does not change) to higher temperatures
as at lower densities metal cooling becomes less efficient again and this is quite significant. Yet for clumps
with slightly lower temperatures or densities cooling should become at that point even more efficient,
therefore we should expect that at least a two temperature gas forms quite efficiently and therefore
fragmentation should occur, at least for a short time, as we expect that the hotter gas will also cool
down, as the density increases again.

Therefore fragmentation of the gas can become quite important at that point. In figure 32 one sees
that the cooling rate equilibrates itself, such that the collapse can proceed within a free-fall time (the
energy gained due to contraction is directly radiated away, but not more). This is possible due to the
steepness of the cooling function. We also see that at higher densities the gas with metallicities of around
10−5Z� starts to evolve differently than the lower-metallicty gases. This is roughly the metallicty a halo
with mass 107M� and zero metallicity would gain in a merger with a Z ∼ 10−2Z� molecular cooling
halo. The temperature of the gas remains roughly constant (varies only slowly) with T > 6000K over
the collapse, whereas for the high metallicity case the temperature drops very steeply to T < 100K At
densities of about 1010cm−3 we should expect that molecule formation should become very important
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Figure 34: Bonner-Ebert mass as function of density for different metallicities of the atomic cooling gas.
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for all realistic flux levels, as at that point three body formation processes can produce a significant
abundance H2. At these high temperatures we do not expect that formation of hydrogen molecules can
be important at least in equilibrium.

At these densities we can in general assume that the abundance of H2 (larger than 104cm−3; collisional
equilibrium) is described by the Saha equation as

ω2

1− ω
= 8.2× 105e−5×104K/T

(
T

5× 104K

)3/2 ( n

1010cm−3

)−1

, (7.2)

where ω = nH/(2n) is close to 1 for nH2
/n → 0. Subsequently at a given temperature the abundance

of H2 decreases with increasing density. At temperature of about 7000K and n = 1011cm−3, we expect
nH2/n . 10−2.

Note that we did not include opacity towards the Lyman-α flux of the photons, yet this should be
important as well. There is one key difference in considering how the Lyman-α travels through the
gas, than that simple self-shielding approximation for the LW flux, as we are only interested in photons
might escape the disk. Therefore in order to estimate these effects, 3D analysis are quite important, in
principle Lyman-trapping might lead to a higher non-equilibrium (not Boltzmann) abundance of excited
state hydrogen atoms and these could in principle increase the formation rate of H2.

Instabilities either due to rapid CIE-cooling are initially not expected and the hydrostatic core can
further contract adiabatically, at an increasing temperature. This is not the case for the Pop III stars
as there the dissociation of hydrogen molecules provides another cooling channel, yet this is not of
importance here. Obviously a similar cooling channel is provided by ionization of the protostellar core, yet
this occurs at significantly higher temperatures and allows significant quasistatic contraction. Whereas
for Pop III stars the contraction occurs at significantly lower temperatures.

7.3 Growth of the protostar neglecting rotation

At first we neglect rotational effects and assume that the contraction is isothermal, in that case we can
apply the accretion rate for the isothermal sphere

Ṁ = 0.975
c3T
G
∼ 0.1

M�
yr

, (7.3)

where we have applied T = 8000K. Assuming a life-time of roughly 106yr, we can estimate a final mass
of about 105M�. This is about two orders of magnitude higher than the limit for Pop III stars. Note
that a black hole at the end-stage of such a star will have a similar mass of about 105M� and therefore
atomic cooling halos provide black holes with masses that could grow in to the black holes observed in
galaxies today. At the same time mergers might be less problematic as the halos are more massive and
therefore kicks in mergers are less likely to push a black hole out of the halo.

We mentioned earlier that the limiting accretion rate corresponds roughly to a stellar radius and in
this case the star might generally have an significant larger extent than the Pop III stars as for Eddington
accreting star with nearly constant photosphere temperature, one has R ∝ M1/2. Note that radiative
feedback is less important for larger stars.

There is now also a huge problem, the mass of the halos in which the protostar grows has a mass of
about 107M�, assuming that only (or at least primarily) baryonic matter ends up in the star, we find
that the maximal gas mass that is potentially involved in the collapse if roughly 106M�. Therefore such
large masses require nearly the collapse of the complete baryonic content of the halo. For Population III
stars only the collapse of a sub-region occurs, making this problem less important for those stars. The
reason why this is problematic comes from the fact that the halo has a non-zero angular momentum and
this could potentially stop the collapse or slow it down. Therefore this is another important problem in
the formation of very massive black holes (either directly or subsequently).

Note that the chapter also includes the name quasistar in the title, these are stars in which the core
is a black hole (so practically not a star). This occurs at the end-stages of the collapse as at first the
core in which fusion has stopped collapses to a black hole. Now the black hole can accrete the star. The
accretion rate can now be higher than that of the Eddington limit of the black hole (super-Eddington
accretion), if the star is optically thick, then the radiation is effectively trapped. In practically purposes
if the time it takes the photons to diffuse through the medium is larger than the timescale on which the
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particles are falling onto the black hole. And therefore the initial black hole can grow quite fast. Then
the growth proceeds due to merger and accretion of gas from the halo. We do not review these processes
in detail here.

Due to the significantly higher mass, we can expect that such initially massive black hole could in
principal accrete enough mass. Secondly due to the higher mass of the parent halos kicks that could
potentially kick the merged black hole out of the halo are significantly less likely to occur.

7.4 Angular momentum transport

There are several possibilities how angular momentum could be transported. Here we discuss these
aspects only very briefly. One mechanism for angular momentum transport is based on the occurrence
of non-axisymmetric modes within self-gravitating rotating disks due to global instabilities, then the
non-axisymmetric features produce torques that lead to a significant radial transport of angular mo-
mentum. The simplest of such stabilities that can occur is the m = 2 bar mode [Shlosman et al., 1989]
[Begelman et al., 2006]. In principal modes with smaller m are dominant [Hadley et al., 2014]. Note
that m = 1 perturbations have many interesting aspects as these can lead to a central star moving out of
the center, as a response to such a perturbation [Adams et al., 1989]. Such perturbations generally arise
in nearly Keplerian disks (usually the case for protostar dominated potentials) and these perturbations
describe in principal motions of the center of mass and are therefore in general only realizable for open
systems. For the case that the disk mass Md is larger than the central stellar mass M∗, one might expect
that such modes can in principle occur, as these would not require a significant change in the center of
mass. There do also exist m = 1 that lead to a rearranging of the disk in such a way that the center of
mass does not change.

Another mechanism that is important is angular momentum shedding through viscous stress, due
to either magneto-rotational instabilities or turbulence. In principal turbulent flows are also generated
by non-axisymmetric perturbations, therefore one might approximate the angular momentum transport
within such disks as that of a viscous disk. It has also been suggested [Colgate et al., 2003], that the
Rossby vortex instability, that occurs from steep pressure gradients in an optically thick disc, can lead
to very significant angular momentum transport.

In general dynamical disk instabilities can also be described by the Toomre parameter Q.
Assuming that a mass fraction ma of the halo has settled into the core, one can find for the Toomre

disk, by taking a critical Toomre parameter Qc into account, [Lodato and Natarajan, 2006]

ma

md
= 1−

√
8λ

mdQc

(
jd
md

)(
tgas

Tvir

)2

, (7.4)

where md is the halo-disk mass fraction. Note that for decreasing λ the mass in the center will in-
crease. In general dynamical instabilities can occur at roughly Qc ∼ 1.8 [Lodato and Natarajan, 2006].
Note that assuming a mass of about 105M� one finds a limiting spin parameter of λmax ∼ 0.03 At
that point bars can form and due to an effective viscosity based on the gravitational shearing forces
and turbulence [Shlosman et al., 1989] mass can move into the black hole and rotation is not problem-
atic. This picture is obviously quite simplistic, yet it has been verified in several simulations (e. g.
[Prieto et al., 2014]). In general this picture will likely be more complicated, if magnetic fields become
important [Eisenstein and Loeb, 1995].

Note that in order for the disk to undergo this collapse, the Toomre parameter of the disk has to be
of the order Q & Qc. If Q . 1 one can expect that there might be no significant angular momentum
transport and the disk could effectively fragment. This leads to a third route for the formation of massive
seed black holes. Yet here we do not discuss this route any further.
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8 Discussion and Conclusion

We have reviewed the basic paradigm of structure formation in Λ-CDM and isolated two scenarios in
which massive objects can grow. That are molecular cooling halos and atomic cooling halos. We have
seen that molecular cooling halos with Tvir ∼ 103K could potentially lead to the formation of stars with
masses of up to 103M� at redshifts z > 20. And that these could possible grow into stars with masses
of up to 103M�. Yet even with these initial black hole masses, it is problematic to explain the masses
of the observed quasars at high redshifts, as it would require near Eddington or even Super-Eddington
accretion over a time-scale of several hundred Myr.

Another route is based on the collapse of gas within atomic cooling halos, the collapse of gas in
these halos occurs at roughly Tgas,i ∼ 14000K. Not that in more massive halos the gas would end
up collapsing before the gas would have virialized. Yet there are two pre-requisites needed, these are
that the metallicities are roughly smaller than 10−5Z� and that the gas is irradiated by LW photons.
Note that the metallicity constraint is due to the fact that the collapsing gas would rapidly cool to
very low temperatures for higher metallicites and that the star (even if it might have somehow grown
very massive) might not end up collapsing into a very massive black hole, but might end up in a pair-
instability supernova that would not leave a remnant behind The second assumption is quite troublesome
as it depends on the critical Lyman-Werner flux and that flux might be quite high J21,crit ∼ 10−1000, yet
this might not be problematic if the collapsing halo is surrounded by star forming halos. Furthermore the
precise limiting LW flux depends on several factors that are still not completely understood, primarily as
one requires more precise knowledge on the radiation spectrum that is produced by the stars, the effects
that magnetic fields might have on these limits and in general the interactions between the baryons (like
shocks). Under these circumstances we can in principal expect the formation of stars with masses of
about 105M�.

Obviously the work here is still quite incomplete, as we did not provide a discussion on the evolution
of the stars and we also did not provide the abundances and evolution of the initially seeded black holes.
We also did not look at how Keplerian motion might affect the structure of the disk close to a super-
massive star or black hole, as this might potentially lead one-spiral perturbation that could push the
central star out of the center and in such a scenario, even a stable binary might form, as another clump
could potentially grow in the center. Further we did not consider the effects that a merger might have
on the formation process of a super-massive black hole. In a merger gas densities might rise significantly
in dense colliding regions and this might potentially lead to very dense cores. Further we did not include
a detailed discussion about the effects of angular momentum in these very massive halos, even though
this could change the picture, quite strongly.

There are obviously still many open questions, yet in principal there do exist models that are prac-
tically capable of explaining the origin of very massive initial black holes. For example reionization is
still not perfectly understood, e.g. if reionization would have occured later, than there might have been
already a higher fraction of halos in which atomic cooling becomes important. At the same time the
time-scales for growth would become smaller, yet if the gas supply might end up being sufficient, it would
not be a problem for very massive intial black holes. In general, accretion is still something that is not
perfectly understood, as it seems to be the case that high accretion rates are only supported for rather
short periods. It is therefore still not clear whether or not at high redshift high accretion rates might
have been supported for long time-scales, although due to the higher densities of the IGM and the higher
gas densities within the halos (as the gas to stellar mass fraction has been significantly larger) one might
expect that high accretion rates should have been supported, although feedback due to super-Eddington
accretion rates might have halted accretion for some time. Our abundance constraints, due to observa-
tions at higher redshift, are biased towards observing only the highly accreting black holes and therefore
it is difficult to use observations in order to place constrains on the accretion time-scales at high redshifts.
One should expect that further improved observations of the 21cm line at high redshifts, might provide
a better understanding on the clumping of gas prior to the formation of stars. Additionally, observations
of gravitational waves might give insight into the merger history of massive black holes and this might
provide further information regarding the initial abundance and masses of seed BH.
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A Used abbreviations

AGN: Active galactic nuclei
BH: Black hole

BHAR: Black hole accretion rate
BLR: Broad line emission region
CIE: Collision induced emission

CMB: Cosmic microwave background
DM: Dark matter

ISCO: Innermost stable circular orbit
NFW: Navarro-Frenk-White (denotes the NFW profile for DM halos)

Pop III: Population III (the first stars that formed with zero metallicity)
SMBH: Super-massive black holes

Λ-CDM: Cosmological constant cold dark matter standard cosmology model
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hon, R. G., Simpson, C., Theuns, T., Gonzáles-Solares, E. A., Adamson, A., Dye, S., Hambly, N. C.,
Hirst, P., Irwin, M. J., Kuiper, E., Lawrence, A., and Röttgering, H. J. A. (2011). A luminous quasar
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