
I. Motivations : What are spa glasses ?
①

Physics ; Substitutiond alloys with atomic magnetic
moments interacting in a distal -dependent
way ferro - and antiferromagnetically .

Spit glass freezing
transition

Zero / hot-zero

field cooling of Cann É£
( Magda /keesom /Harrison) É

-8

temperature

key feature of any mathematical model i Frustration

e.
g. Ising spits ≤= G. . . .sn) c- { -7,13N

+
-

UK) = E
j , K
Jjk Joy

+
?

Q1 minute) = ? argmin U
= ? Optimization

Q2 Free energy at inv . temperature P
Elp) = lim 1N § e-ME

>
= ? Stat Mech

N→N



②

Isiig spin glass landscapes ( mean- field models)

ME) - ¥i I
ja.jp,

%" - jp In - - Typ

e.g.
iid Gaussian Eg -0 Eg

? 1
.

Gaussian random process on 1-1,17N = : QN

EUII) = 0 Ellie)UlÉ)= N fuk,É)P=⇔

Overlap rnloir
' ) :=1N¥?5j0j' .

- p=2 Sherrington - Kirhpehik (SK )
-

p =D random elegy model (REM ) Derrida
'
80

(A) = Nof,

Pelton : Deep valleys with high separtiy barriers .

WW



③

Probability exercise :
Extremal stet

, of REM W
D

unlx) be unique solution of 2N£ueµi¥¥= - e- ×
with × > - ʰ¥ .

Then :

1. link) - pet ↓µ× - ʰ¥ʰ2 ) + ◦ ( Nta)
with Pei

-
_ felt

2. PCmill≥ - Nuncx)) = 4- 2-Né×Ñ→ e-
e-
×

(

Rough summary : HUHN ≈ - Nfc + ◦ (N )

Q1 : ✓ LLN ?? That . .
Q2 : In § e-ME

) ¥ * e-ME) = eÉ*Ñ]=eNE

Only correct for f ≤ Pc - otherwise kill ≈-Nfc
donates the behavior

Thm Freezing transition : Almost surely

04)=lj%£h§éMD={¥+E p≤pappaP > Pa
- Entropy Vanishes for f > Po ! lolly for REM ! )
• For general p- spin glass → Parisi fork



Solution to Ghpuldiou of mini

ÑmN)=PTuE ≥ - Nun})
= IT PLUG) ≥ - Nun) = I / 1- Pluto)< -Nhn)

o o

= 4- S¥→e→% In
8ÑhNCx )

= G- In e-
×

): e-
e-
×

.

2N §d←éb%= zn e-
" ""
""

%ff-uni.io#)VN-hnk)UNlxT--2ln2t...
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Sketch pf : OINCP) :-. f- dnznfp) , Znp) - E≤ e-ME
)
⑨

I¥;
• EOIN6) = h2= ¥

IS:
• ᵈdpE∅nY)= - '☒K≈→

,
) Eye {{ c.)e-MH

2- Pc from Exercise *)

(É%¥n =p G- JEEZ e-
4ᵗʰ )

=p a- Ef¥⇒] ) ]
a
E- olwlp)%1n h ☒ Zwlp) - fit ¥

Lower bd
. for Papa :

EÑ 1N E- litnlpic) ≥
,
# + ¥ .

Inflict = {1¥≥
-No] e- 140) )

.

k¥ : For E - Pac - Pe
PC /Zcfsic) - E-ftp.c)) / > 8 EZq.cl) ≤ elk

82

at some K > 0
.
And E-ftp.c)) --2Ne¥N (1+041)

For f- pc : convexity argument
+ *]

^E(∅n)

⇐ p

£y. F- long) = { # + ¥ pep .

ffa else
.



' ⑤
II. Fluctuations :

Thin Gaussian Concentration

let F : RN→ IR be 1- Lipshitt and Xr
. . . XN

be iid standard Gaussian r.ir . Then

PC IFCX) - IECFCX)) I > d) ≤ 2 e-¥2k a

iudep . identically
Pf : blog IEFCX) - O ↓ distributed Y

PCFCX) .> d) ≤ if e-
+ ✗

1E¥¥EFcy))t> 0

* ≤ E- e×p(t-T)
Jensen

= §
"

d-do.FI ✗ as0-+4 silo) do
= 5ᵗʰ PFC 7. f- ✗shotYoso)d⊖

° EÉE
oh ¥2 tIµF6doDÑ

≤ fE EetEPFCGM.GG) = f¥, Ee
8

0

Key : 6^(0-7,6210) independent standard Gaussian

≤ exp It )

Optimize t
'

- th = ¥(E- -ztt)
= A- ¥14T - ¥. - t ☐



⑤

Extension i Talegrand concentration

F as above and convex

Xi , . . . , Xn independent riv . bounded by K .

P ( I FCX) - IEFCX) I > ✗ K ) ≤ C e-at

for some 9C c- can) and all I> 0 .

Talgrand ,
Publ. Math . IHES 81,73-20511985)

Application of Gaussian concentration :

FCI) = 1µA §É e-PÑ✗i (I Qlnfs ) )

OF
⇒ o×¥=¥¥%n⇒. e-MY

2N

⇒¥;⇔i=¥¥÷÷¥→≤ ¥
summary : Pf 1191ps - Elon I > # a) ≤ 2 e-

¥ "
.



⑥
Remark on p .

4 Green box

¥⇒z= § ,

I [ rancor ')=1]e¥¥éz÷
= ( 1- [ rnloio '

) -4]>y
duplicated system's Gibbs average

< '⇒ = §, , gpcrlgpcr
' ) G) Sperl ≥

We thus proved :

Cor
. Replica symmetry breaking for p

> Be

E-< 1- Irnco,o4=iD= {
° is ≤ Pc

1- ¥ Mfc



?⃝Quantum glasses : why & how ?

Transversal field models N g-bib
⑧ e'
ja

N

H = Uco:-, . - ion) - b E. of

Pali matrices * = (%) -

- ( ) 02=(1-7)
U any spin glass landscape , e.g .

SK → QSK
,
REM → QREM

Other glass models

Heisenberg glass H= 1- I gju 0T¥VÑ jin

SYK model Hq . [gja.jq-8ii-8iqjfqjn.is9-

(Majorana Fermions 48J , Yu } = 2 dju )

Questions :

Q1
.
Grad- & low - energy shales

Q2
.
Stet Med

% ,b) = him fuk trail
"
= ?

NTD

d ' 7



⑧
Facets of transversal field Hamiltonians

A. Rardon matrix - Anderson (de) loeditahioh

Canonic -2- basis in Ée2=l4Qn)N

⇐ I 11-14> = UIE) G-143 - b ¥. Air , -D; . _on 147
N

Adjacency matrix F- E. g.
×
oh hypercube Qw= / -113N

Spectral theory exercises )

1. Eigenvalues & normalized eigenvectors of Tou l4Qw)
Indexed by subsets A- a { 1 , _ . _ ,

N }

FACE) = ¥n-¥a5j Tfa - (21Al- N ) fa

Degeneracy : ( ¥ ) '

2. Show Collett Is> = Gshlt)↑ taut)ᵈᵗ' ) with

dloio ') = { 1-[sits;D and tret = (Zelek ))?
jen



⑨B. Stat Mechanics

→ more in next lecture

C. Testing ground for adiabatic computing
→ more in separate lecture

D. Meth biology
Simple organism char

. by few type ≤ c- 1-1,17N

Mean number of genotype I : n (E)

Evolution egestion :

¥ HE# = I ⇐ IHII '> MEH - MEH T.lt)
I

'

Transition by mutation & selection 201 HI )
→ →

simple model H = b (T- N ) t Upem
tough fitness landscape

Death ,
ie

'

due to overpopulation

Jlt) = Jo § HE it)



①Q : teldve number of genotypes ?

Met) ÷ ME it) ego Jcs) ds )

Hat) = 6111-10') Mott )

⇒ rcqt) = Colet
"
Irc -

,
◦D= 7eᵗ% 814,74; /His

≈ eᵗE◦ 4. (E) 2401rem>

Summery : largest eigenvalue Eo > En ≥ . . .
of H with

non-he.de (Perron-Frobenius ! ) bivector 40
dohihdes behavior

_

2 regimes : - 40 sharply localised in one entry É
- 40 - delocalized

→ more in last lecture .



II. Statistical mechanics of spa glosses ①

Fate of the spin glass transition in. - transverse fields ?

⑨Cp , b) = fig ↓ In tréf " It -- U- bT

Example QREM

04,01 . { # + E p ≤µ
Recall : b--°

p >PcPpc

b- to : from exercise 1N ktréfb? hicoshfb = §p(f)

lemme : Self- averaging property

Pcktnlpib) - Elon lpib) ) > f) ≤
.

2 e-
¥2?

Proof : Gaussian concentration - exercise !

Thin Goldschmidt's formula Menai /W . TSP 180-12020)

Almost surely : ∅lp ,b) = Max { 01401 , 0pm }

First order transition

connecting to
Quantum phase transition

*.

at F- 0
,
b-- Pc .

$9



Proof : Upper & lower bds ①

Lower bound : Gibbs variational principle

entire-1
"
= - of [ ptrltg-trg.es }

&
Density helices g on Hilbertspace , ie

8>-0 , hrs=L .

Note : egedity for Gibbs stele 5- %¥H
Application : H=U-bT

① SREM
= %u :

N∅nlpb) ± - [ptrtlgremttr freaksrent Ptr TSREM]
= Nolnlpio) + p § §¥⇒ 8remG) = Nolwlpio)

② Sp
= e¥

Ndhlp,b) = - fptrfbtgp)t trgphfp + '

ptrllgp]
= Nlopfs ) + p§ÑgE)É8Pz!_

LLN / CLT : ¥38K) = 0µg)

Suwnaryi huiuf longs ,b) ≥ hex 1104101 , g)} as .
NID



④Upper band :

stochastic geometry Le := /≤ 1 UK) ≤ - en }
,
e > 0

.

CE'
•
i ¥ : CE Decomposition into maximally④¥ : : .¥

• a • • * gap
-connected components

a
• a

&

Le = tu G)
• disk EYE? ') > 2 e

A

Probabilistic lemme : For all E> 0
,
Nein

,
there

is a subset Ran of REM beditelious sit
.

1. PCIe .ir) ≥ 1- e-
GN with some ce > 0

2. Oh dear i hgax ICE
' / < K

,
= 4k¥

Proof idea : dear := n f 1B¢# n Le / < Ke }
see QN

•

gap
-connected component CÉ7o with 1 lake

is contained in bell of radius 21kg- 1) < 4kg2

- Plain ) ≤ I Pll Beaton Let ≥ ke }
which bd

JEQN •

≤ [ £441
• i:* ,%¥;¥n?¥=i#

≤ 2T¥"¥¥éniE
≤ 2Nl¥ e-keN%1B.me/

e-
"¥

j

Geometry of Br balls on hypercube

g- ◦
I

≤ e Nr Only polynomialBr I - É (G) ± [ N
"

growth inn ! ☐



①
Spectral geometry on hypercube

✗arsine Spectral lift due to confinement

(Dirichlet) restriction of Trigon to bell Bon

Lemma Friedman /Tillich '

05

For any GECQ E) : HTB.sn 11 ≤ 2NIGHT +01N)

ground -shek shift ! ! !
→
-

"

N - znio
b

'

N

Proof : center of bell I÷É .

White T-Bone At At with G
'
/Alo> e /

^ °
"

> °

0 else

111-13*11 ≤ HAH t 11AM = 211AM ≤ 2VHAᵗAT

HAHAH ≤ my §,

Ko ' / AᵗA1Ñ-- Nsx Nlt) tour)

wlog ☒ = ( ↓↓↓ .
. . ↓ )

outer sphere : ↑↑g↑µ↑↑↑↑_↓¥¥¥↓↓_ ☐



Back to the proof of Goldschmidt's formula ;
⑤

Write H=Uye⊕Hyi - b Aye
¥

Gorrie Le
and dkp ' )=11A 107=4^0 else

Le

Le

lemma : HAY 11 ≤VZNmgxlcF.IE

Proof : By construction : Ay
,

= ⊕ Acy
✗

⇒ 11 Aye 11 ≤ max HAGI
✗

11 Aqa 112¥ I IGYA to> 12=12 NICE 't
0101 ↑

Frobenius estate either oec%
or ☐ c- EE

Note : Oh Rn.e://Aya.lt ≤ V2NKe- = OGIÑ ) !



⑧
Golden -Thompson inequality : treat☐ ≤ treAeB

Application :

tre-PH-tre-PUEHki-fh.AE ≤ tr e- PkHyiePbA%

≤ etb "A% " ( breeze, e-
P" + treyy, )éPH% )

≤ eQÑ ) ( tr e-Put e.
PNE tray,)eP%i)
IET

Note : Dyson series e- PCTBT ) =
•

1 £
_ pctsn)U

= §
,

b)
"

fdsn.fds.ete-PH-sn.int . . . Tet
"U

Matrix elements IT Is> ≥ O ie positivity preserving
semigroup

Path integral interpretation as TW on QN

/ e- PM
- BT)

to> = ftp.pbldwespfpf/ulwcsDds)

Poisson process with

intensity bp on each of
N copies of Cal]

spin- flop
at ×

Summery of upper
bd : Oh Rae

linsup Olnlpib) ≤ next Ipo) , top G) } ☐

N→ do



④

↑ʰ

For details
,
see : PMP 3- (2022 ) .



⑧



④

On replica symmetry breaking in quantum glasses
A. Quantum random energy model

similar calculate to p. 4 i
H= JU- bT

f. ddg F- Olnlpib) / = - F- <⇒
3=1

= -É § EIgcekelg.pk>]
<7- type . )

9p=e→%éPH
=
-¥ § El ?☒<else⇔]

Gaussian it .

1-

by parts
= fds ⇐ / e- P

"-"His> Col e-PSH /⇒f- PVÑ)
0

- ⇐let
"
to} C- prÑ )Po = left

=p :( E- § 43 ;D≥ - F-✗ 11rad ) -4] )% ] )

Duhamel correlation of Po = IEKEI

<A ;B7p : - fhstre-1-SYHAe-YHBltre-i.lt .

Note : For (A)
p

will Sp = e-
P " /trent ,

It:-. Ito- ¥13 :

one has : A≥ = LAIB≥ - <A)2B}



④
Properties of Deland correlations

• 0 ≤ <A){ ≤ < A.A) ≤ CAZ≥
• Falk-Bruck inequality
<A ; A} ≥ <a-% § /¥⇔

,

( [AHH ,ATB)
with ⑦lrthr) - t¥ ∅'" owe×

> r

Otr) ≥ Flier)

Here § CPE≥ = § <Po>
- I

Expect for b- bdp) : { <Po ;D≥ =L

'with more work : Mana
'

/W
.

'
21 (unpublished)

Thm Replica symmetry breaking a QREM

E- ( 11rad )=1]) > = { 1- ¥ p >pub -bdp)
0 else

I



?⃝
B. Quantum SK model A- Usu - BT

Usu = - ¥ §, Gong?oÉ ,
] > 0 .

Physics predictions
Fedorov / Shendu

'

86

Yamamoto / Ishii
' 87

:

Mukherjee /Rajah /
Chahrcbeti 48

'

:

Quantum Parisi formula ?
1

cp .

b--0 Ollpio ) - if PG]
,
Plx)=h2tf×lQo)- { fqxlqldq

✗ :[on]2

Monotone

with f-✗ unique solution of

¥ + { [8g¥+xlH¥Y] -0 , £11,ylehashpy

As an a- dim .

limit of vector spin glasses
Adhikari /Brennecke '21 (no explicit info from that )



Adhikari / Brennecke
'
21 i



②

Replica order parameter R :=↓§gᵗ⊕gᵗ
(R = ¥→ , §, Gigi} + 011N )

Edwards - Anderson order parameter

qq.EE (R2>
④
= F-✗oFoET ] + 011N)

Theorem >existence of RSB for QSK

① 9-EA> 0 in red region Lescure/ Kauai /Rader /W'21

② 9-EA=O in blue region
Lescure /Rothlanf/
Rndv / Spitter '21

Proof of ① - after Bray /Moore
'

80 ,
Aikman/Lebowih/Ruelle

'

87

u = F- <Used = -1 Ñˢ Efgntoitoit)]
Gaussian

= + ¥3 (EGi-oE.pt#-EKioi-T]int by
parts - exercise !

⇒ Gea
= IE <A ; A>

- ¥ u A- = ᵗÑ

Classically: r.es = 1- ¥ u ≥ 1-2,11=>0
plogeeuegh



Quantum with the help of Falk-Breh (of p.is ) :

⑦

<A ;AZ≥ § / < [ A ;[pHiATD)
Exercise : [A ,

It
,
AT]=4pb(Q✗+oE )

Differential inequality : H= U - { bjoj"
j=r

d-⇔
; pkoi.si>

- ⇔ )db
,

Exercise

≤ plait > - Gii )= pin -⇔)
Integration
⇒ ⇔ > ≤ th b) .

win ⇔bÉo°

Summary Falk -Breh estimate

9-ex ≥ $121b thpb) - %
f. 32 Parisi hanbok

↓

This gives fatted region
with hp=o= ] -0,763 . .

.FR

To connect to 8=1 one has to work harder
.

Details : PRL 127 : 20720412021)



240
III. A glance at spectral theoryforQREM-
Low energy spectrum of QREM : It = Uren - lot

5EUREm)
I 1 I ✗✗ I ✗ ✗ I ✗✗ I ✗✗ I ✗ I ✗ XXXXX# 1 I

- bN - pan
0 OCBT)

-1hm : Mandi /W
'

or✗ ive : 2202.00334

① Quantum paramagnetic phase b> pe

For any yet >
0 and all Eff . large N

on an event with prob . exponentially close to one
all eigenvalues below -Katy )N are in union of
intervals of size 01N

-"2+7 at

Rn - N)bt(z÷b
Number : ( Nn) .

Delocalization of eigenvectors :

114115 ≤ In exp IN 81%7-1 +01M )

ylx) = - xhx-k-xll.fi
-x)✗ Binary entropy i '



⑧ - I

② Spin glass phase be pc

For 8>0 small and N large enough 0h an
event of prob . exponentially close to one
all eigenvalues below - Re- d) N are in
1- A correspondence to large deviations from

Lpc-8 = { 5 1 Uk) < C- fat8)N }

More precisely they are given by
UK) + b¥g + OCN

-
"
4)

.

Te corresponding eigenvectors are localised
near 0 :

- close to extremism : for all KE IN ,
s

'
c- Feb)

14¥11 ≤ 01 N- K)

I 1410512≤ 0 (N
-KH ) )

¢B⇔

- far from extremism : for any ✗ c-Con) at some ex :

I 1451112 ≤ e- can
.

014Bank)



④

Proof of ① :

I. Hypercubedivity of Laplacian on hypercube

G ' / ett /5) = Gshlt) Ntahct)d& ) from
exercise p .

8

= sup sup Krletty> /11 eᵗTHz→o
114112--1 °

≤ soupÑTTTT
= ↳het)E

Consequence for delocalization of 4 sit .
E - O

H 4E Eye ,
It --U- BT

/Year) /2=1 Cottage] (A) to> ≤ if 81 e-
ᵗ"
by

t>0

≤ if et
'_ """a) ghettoThey

t> 0

= 2-New81 E+"#↳!¥osh(tb)
"



④
II. Spectral concentration

Qe = 1- Pe = 1-
c-en ,en) (T) E c- Car) .

a-""

( Nn ) ≤ 2N e-
&%N

,
ae- IQN)Chernoff estimate : I

neo

⇒ dim Pe = I (1) ≤ 2N
" e-
"NK

.

I K-El > ENZ

lemma { UK) } •c-an independent , mean too
1Eur) --0

with variance E-NGT] ≤ 1 and bonded by Mn with

MardinPe / 2N < 1 .
Then for de t> 0 :

PC / HEWPelt EHRWB.lt/stMnVdihgP---) ≤ c. e- cÑ

Moreover :

11=-41PewPell ) ≤ 2N✓dig¥=
Sketch of proof :

1. Talagrand concentration FCW) :-. HRW Pell

Convexity : Flaw + C-a) W
'

) ≤ ✗ Flu) tax)Flu ' )
triangle inegh .



⑧

LipsLitt continuity : Pick 4 c-Pellow) , 11411=1 sit .

I / Pew-W' 1%11=241 W -w
'

147

⇒ / Flw) - Flu ' ) / ≤ 11 Palw -w ' /Pell - Gil W - W
'

/4)

= § (Wls) -W'⇔)# i ≤ § /win-win 17%1141142
-

→ (71441/4)
"

≤ 11 W -W
'

Iz 11411N
≤ 114112-114110

≤ 11W -w'll
, ✓GlPÑ

= 11W -with✓oʰ¥ .

2. Upper bdd i method of moments

F- 11kW Pell ≤ (Etr#wpe.TN )%
"

≤
* .

≤ 2N ✓%¥
↑

some tedious
Scholten norm bolt Jensen

calculations +

estimates
.



⑨

Application : Hub ≤ fc N

• 1113hPa // ≤ C Nsk e- E¥

• 11Pelt- N)PeH≤ care
-

'¥

• 11Pa@4-CNYP, / / ≤ c. No e- 4¥

III. Krein - Feshbaoh -Schur

PHP PHQ
Proposition PᵗQ=1 It = ( Qltp QHQ)
For all E< info CQHQ) with RIE)=fQ#-E) Q]

"

1-
.
E- c- SCH) if OEo(PHP - E-PARLE) HP )

2. 11-4--1=4 with 4=(4×1) iff
(PHP - E - PARLE) HP ) 41--0

4z=
- RIE)QHP4n

Proof . Exercise !



⑤
Application :

• QeHQe ≥ - EbNQe+QeUQe
≥ - Nlfcteb ) Qe

Choose e small enough s.tt ≤ - N d- eb -18 )

• RCE) + ¥ = RIE)QHQ

PeHQ&lE)QeHP, + Pe NE = PURE)UP + PNE
=p N-UQP + PURQ (U - bT)Q UP ¥
=P N=p + PU¥UP_ + PURQUQP¥

- b PURQTUP ¥

←
gain VÑ !

ell ch norm negligible

¥ , " MEN ≤ ¥ " up 11 ≤ (N+NÉ¥ )
"

IIQTH ≤ EN

choose e=0µʰnI)

Summary : Ee KH) if
Oe of-bTPe- Et NE t 01N-12+0 ) ) ☐


