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Strong coupling LQCD shares important features with QCD:
@ exhibits confinement, i.e. only color singlet degrees of freedom survive:

e mesons (represented by monomers and dimers)
e baryons (represented by oriented self-avoiding loops)

|
| T

m

L
T
|

@ and spontaneous chiral symmetry breaking/restoration: (restored at T.) ———
= SC-LQCD is a great laboratory to study the full (y, T) phase diagram =—=—.|. o =
SC-LQCD is a useful toymodel for nuclear matter " i -

Mean field (1/d expansion):

1983:
1985:
1992:
1995:
2004:
2009:

development of the technique [Kluberg-Stern, Morel, Petersson]
first finite density analysis [Damgaard, Hochberg & Kawamoto]
Te(rp=0)=5/3, uc(T =0) = 0.66 [Bilic et al]

entropy per baryon [Bilic & Cleymans]

full phase diagram and location of (tri)crital point [Nishida et al ]
include O() corrections [Ohnishi et al.]

Monte Carlo:

1984:
1989:

2003:

2008:
2010:

formulation as a dimer system [Rossi & Wolff]

first finite density results with MDP algorithm, aT.(x = 0) = 1.4, au(T = 0) = 0.63
[Karsch & Miitter]

first Worm algorithm applied to U(3): fast, easy to do chiral limit

[Adams & Chandrasehkaran]

spectroscopy for 7, p, a1, ao/fo, N: good agreement with HMC [de Forcrand & Kim]
full phase diagram and nuclear potential for SU(3) [de Forcrand & Fromm]



How to vary the temperature?
@ aT =1/N; is discrete with N, even
@ al.~15, ie N <2 =  we cannot address the phase transition!

Solution: introduce an anisotropy v in the Dirac couplings:

3—k 3! "
Z(mq,ﬁ,’}/, N. ) _ Z H ( 3Ikbb) 2kpd 1,0 H a(2am‘?) x H W(f, “)
£

{k,n, L} b=(x,p) x
kp € {0,...N.}, nx € {0,... N}

Should we expect a/a, = , as suggested at weak coupling?

(d—=1)(Nc+1)(Nc+2)
N7 6(Ne+3)

@ No: meanfield predicts a/a, =+, since 72 =

= sensible, N.-independent definition of the temperature: 3T ~ i J

@ Moreover, SC-LQCD partition function is a function of ~*

However: precise correspondence between a/a, and +* not known



Strategy for unambiguous answer: the continuous Euclidean time limit (CT-limit):

N, — oo, v — 00, Wz/NTEaT fixed J

@ same as in analytic studies: a, =0, aT =3 ' R

A

1/aT

J

- V=N _a o

Several advantages of continuous Euclidean time approach:

@ ambiguities arising from the functional dependence of observables on the anisotropy
parameter will be circumvented, only one parameter setting the temperature

@ no need to perform the continuum extrapolation N, — oo

@ allows to estimate critical temperatures more precisely, with a faster algorithm
(about 10 times faster than N; = 16 at T.)

@ baryons become static in the CT-limit, the sign problem is completely absent!



Partition function in inverse temperature ﬁ = 1/aT and in the chiral limit:

Z(B,pu)y= 3 L2 S~
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New formulation allows to make use of

Quantum Monte Carlo techniques:

« Continuous Time Worm Algorithm [Beard & Wiese]
« Stochastic Series Expansion [Sandvik]
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Strong Coupling U(1) is identical to XY Model in zero field!
Extension to U(N.) for SC-LQCD straightforward:

0

Vi 0
: > Ky it T V= \/k(lwf_k)
(X:Y> YIN¢
< and J~ = (J1)' for absorption /emission

o N.=3: vy =vi=v3 =1, VTEV2:2/\/§

@ state vector characterizing time slice:
57)(t) € {Rrey 5517 € {—Ne/2,... Ne/2}}

@ oriented spatial dimers act at time t; on |Sy) by raising/lowering spin at
absorption /emission site

@ lowest/highest weight:  JT|N./2) =0, J |- N./2)=0

@ 5% counts net number of (odd-even) time like meson sites at each site
Q %[J*, J7] = JF =diag(—N./2,..., N./2) fulfilled, J?|S5%) = 5%|5%)
@ new observable: spin susceptibility xs = 3 <(Zl 57 )2> /N o R l i8 BT



energy density (SSE/CT-Worm)
1 .2 | | 1

aT =1.884
1+ L=4 FeoX——d
N 128 >
0.8 | & L=16 8- -
N L=32 + =~
0.6 | % i
04 | e i
TR~
SV
02 — *—:i::‘_'“:‘"‘—:'-—._—_.l__
O | | | | | ] ]
16 1.8 2 22 24 26 28 3
aT
spin susceptibility (SSE)
0.56
el aT =1.884 ]
| | =4 +--x---
0.52 L=8 . .
0. 48 . “XK‘;.&‘\ L=32 + = - _|
0.46 | “%;\;ki‘ B
0.44 | *’“‘@i,_{\__ -
0.42 —_—
0.4 - TR
0 38 ] | | | | | ] i
16 1.8 2 22 24 26 28 3

arl

specific heat (SSE/CT-Worm)
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Temperature T

chiral limit
0 A L A 1 i 1

0 1 2 3
Baryon Chemical Potential uy

chiral phase transition:

- 2nd order at low densities, 1st orderlow temperatures
- finite quark mass: TCP truns to CEP
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Continuous Time:
~ 08 2nd order ~--x-- : -
© tricritical point :--x---
1st order +——+—
0.6 | .
N.=4:
04 | 2nd order ---m--- .
' tricritical point :--o--- t
1st order —&=—
0.2 _
N =2
1st order
0 ] l ] | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
au

- finite Nt effects severe for low temperatures
- NO re-entrance as you consider the continuous time limit



The Phase Diagram in the Chiral Limit

1 flavor at strong coupling
connected to

4 continuum flavors

O(beta) corrections might tell

(with J. Langelage, M. Fromm,
K. Miura, 0. Philippsen)
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- plaquette term absent in strong coupling limit
- link integrals can be integrated out analytically,
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- exact rewriting in terms of strong coupling graphs




Aim: obtain phase diagram for 2-flavor SC-LQCD, where pion exchange may play a
crucial role for nuclear transition, but:

@ at present, no 2-flavor formulation for staggered SC-LQCD suitable for MC

@ already the mesonic sector has a severe sign problem (worse than for finite  HMC)

@ 2 new types of mixed dimers give negative sign in mesonic loops already for U(2):

unflavored mesons

_vAh_

— ~

a b
e L1 --/._-‘N“-—- v
(){Y ): gulx)iuly) dd(x)dd|y)

o B
5 e -

Oly ): o
{Y ] id(x)uuly) wulx)ud(y
dulx)ddly) dd(x)duly)
S
~

mixed mesons

flavored mesons

e

—

c d
_h. 4‘—
ud(x)duly) dulx)ud(y
—
ab+cd+o+f3

Observation in Continuous Time:
- static lines for 2 staggered flavors have all positive weight
-> N0 sign problem

- again: only single spatial dimers

positive weight: 1/4 negative weight: -1/2

- Hamiltonian formulation now also involves flavor charges



Flavored static lines:

@ new classification in terms of
quantum numbers

150,50, Qr+), S*=S83+S5p ==]20

@ N. = 2:in total 19 types of
lines in the mesonic sector, 10
with |B|=1 and 2 with B = |2|

Transition Rules:

A [—1,U
=% |-1,n
a;l—lzr[
% |-1,D

ol 0,20

g |0,Un’
G |0,U:t'

== 027
== 0,0
*= 027

=% 0.pn’

2= |0, D
=% 02D

@ “spin” 5% counts number of emission/absorption events
(remnant of even/odd decomposition) with S* = —2 NN, ..., +3 NN

@ ‘“charge” Qf = —N,,

..., +N. denote the flavor content (flavor neutral, &id, du)

@ spin/charge conservation: transitions at spatial dimers, raising charges at one

site, lowering at a neighboring site:

ASH|+|ASE =1, [AQu|=1 |




1) is identical to XY Model in zero field!
for SC-LQCD straightforward:

0

vi 0
_ with J© = ? 0 | .
y
VN, O
—t and J~ = (J")' for absorption/emissio

V1:V3:1, VTEV2:2/\/§

aracterizing time slice:

l~Z\ 7 .\ — [ £ ~Zl~Z —~ N /A NI



H=3) (J 090ty + I000 o) + o) F I g I (y))

x
<
~—

@ Absorption (J ", lower left triangle) and Emission (J~, upper triangle), state vector:

u D 7r+7r_'
=TT ~— —-2,0
u U D "7 & ——1iuU
| + 41 ’
1 |

|
'A G —1,D
#T10 D 1, xt
N b 1w
| D 0,20
u 0,2D
| T 0,27r+
I R e I I I = 0,27~
Jl/_: D U 7w 1 | | U D o7 w7 X = OZJ o
At 0 | #= D 0, Ur Tt
A D 0, Ur—
! — [ 0, Dx Tt
# b L 7t U 0, Dm —
[
I
I

D +1, U
— A+ U +1, D
+1,1‘T+
-

I . . +1?‘ﬂ'_
\ nhwy D Y W') \—+2,0 )

D U =« =

@ vertex weights are vz, = % if states with S =0, |Q| =1 are involved, v, =1 else



Comparison of aT. from MC data with mean field:

N =1 N. =2 N. =3
1 3/2[1.102(1)] 4/2[1.467(1)] 5/2[1.884(1)]
2 5/5[0.77(1)] 6/5 [1.04(1)]
2 5 specific heat
j 4x4x4 |
5 6x6x6
20 | N=2, U(2) | MF: aT e o T
MC: aT =1.04(1) ——
15|
T
51 - T *;':;;-
0 I 1 I I II *________T—___—
075 | spin suigiggbilliy'_ )
B 6x6x6
0‘.3&;; r . AL ki TS i< 8 + BxBX8B -+
0.6 |- i ot
055 x
0.5 : ' ' : i :
0.7 0.8 0.9 1 1.1 1.2 1.3 1.4

aT

1.5
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IRFP

N ,>33/2: IFRP at g=0 (trivial)
(Ppy)=0

Conformal Window
N;.-: N ,<33/2:

UVFP at g=0,
IFRP at g*>0

{(Ppy)=0

> g

Walking Dynamics
N, ~N,:

N ,<N:
UVFP at g=0
(infrared slavery)

(Ppy)#0

Literature on the Determination of Nf*

Red: conformal  Blue: vSB Black: unclear
@ SU(3) + Nf = 8-16 fundamental rep:

» Ny = 8: Appelquist et al; Deuzerman et al. Foder et al: Jin et al

= Nf =9: Fodor et al

» Ny = 10: Hayakawa et al; Appelquist et al

= Ny = 12: Hasenfratz; Appelquist et al; Deuzeman et al; Xin and Mawhinney: Fodor et al
» Ny = 16: Damgaard et al; Heller; Hasenfratz; Fodor et al

@ SU(2) + fundamental rep fermions:
» Ny = &: Karavirta et al
» Ny = 6: Del Debbio et al; Karavirta et al; Appelquist et al (unclear)
» Ny =8: iwasaki eta
» Ny =10 Karavirta et al

@ SU{Z) + Nr = 2 adjoint rep: Catterall et al: Bursa et al: Hietanen et al; De Grand et a

@ SU(3) + N¢ = 2 2-index symmetric rep: DeGrand et al; Sinclair and Kogut: Fodor et a
@ SU(4) + Ny = 2 2-index symmetric rep: DeGrand et al



Literature on the Determination of Nf*

Red: conformal Blue: YSB  Black: unclear
@ SU(3) + Nf = 8-16 fundamental rep:

Nf = 8: Appelquist et al; Deuzeman et al; Fodor et al; Jin et al

Nf = 0: Fodor et al

Nf = 10: Hayakawa et al; Appelquist et al

Nr = 12: Hasenfratz; Appelquist et al; Deuzeman et al; Xin and Mawhinney; Fodor et al

vV vy vy

Nf = 16: Damgaard et al; Heller; Hasenfratz; Fodor et al

@ SU(2) + fundamental rep fermions:

Nf = 4: Karavirta et al

Nf = 6: Del Debbio et al; Karavirta et al; Appelquist et al (unclear)
N = 8: Iwasaki et al

N¢f = 10: Karavirta et al

v v.vyYv

(2) + Nf =2 adjoint rep. Catterall et al; Bursa et al; Hietanen et al; De Grand et al
Qo SU(3) — Nf = 2 2-index symmetric rep: DeGrand et al; Sinclair and Kogut; Fodor et al

@ SU(4) + Nf = 2 2-index symmetric rep: DeGrand et al



/ero Temperature: (G (T = 0) = (1+a?)/2-1)2)"7?

Finite Temperature:

1.5
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On the other hand: loop expansion of the determinant shows that dynami-
cal fermions induce a plaquette coupling ox Nf/m‘;, as studied numerically by

[A. Hasenfratz, T. DeGrand PRD49 (1994)]: fermions have ordering effect
= suggests chiral symmetry restoration for sufficiently large N; 7
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Chiral Symmetry Restored!
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MC data
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Mihg

N=56 —
N[ZQB b .
i L=4 _
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0 - i L
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- parity partners degenerate

- mMass ratios should
become independent of L

- L-dependence governed
by mass anomalous
dimension

IT'pion
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hadron spectrum obtained
for Nf=56 and Nf=96 at
Zero quark mass:
- hadron masses in
chiral limit are nonzero
- but masses decrease a
lot as L is increased

N=56
N=96

My o (1/L) T (v*~1.0&0.4)

0.05 0.1 0.15 0.2 0.25 0.3
1/L
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| = suggests chiral symmetry restoration for sufficiently lange M 7

Ghiral Condensate
MG df

Chiral Symmetry Restore:
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The strong coupling IR-conformal phase is analytically connected
with the weak coupling, continuum IR-conformal phase

am,=0,T=0, SU(3)
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o e — hadron spectrum cbtained

| for Mf=56 and MNf=G6 2t
1. ey o
L zero quark mass
o
, a | « hadran masses in
rhy chiral limit are nonzero
as 1 + but masses decrease a
lot as Lis increased
.\\ [ s [ as 1 12 14 15
P -
1| R

- parity partners degenerate ¢
2

My o (/L) =7 (2" 1.0 4 04)
« mass ratics should

become independentof L
- L-dependence governed "
by mass anomalous ;
dimension v am a1 owm 6z 1= m

Integrated eigenvalue density

S o(Rd = e e [0,1]

=5 fraction of Eve smaller than A

= derivative gves @04 ) measured for
Mf=0 [quenched } and Mf=56 28
{chiralky symmatric phasa) "
at zero quark mas

+ Nf=5& shows spectral gap, consistent
with chiral symmetry restaration,

) 20=0 1

EES §

5 - o « IR-spectrum invariant after rescaling: ;
spect L

- IR physics only depends on L,

+ L physics ona
5

[

' ) — Dirac Spectrum consistent with IR-conformal theory
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The strong coupling IR-conformal phase is analytically connected
with the weak coupling, continuum IR-conformal phase

am,=0,T =0, SU(3)

- strong coupling chirally restored
phase seems to be conformal

- triviality (g*=0) cannot be ruled
out, but is not favored by our data

- strong coupling limit is laboratory
of choice to study IR-conformal
gauge theory: range of conformal
invariance is maximized:

N,=11N,/2

weak coupling:
i i i >
N. a 1/A L=aN

strong coupling:
i —»

o0 a=~1/A L=aN
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of choice to study IR-conformal

gauge theory: range of conformal
invariance is maximized:
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N,=11N,/2

weak coupling:

| | | >
a 1/A L=aN
strong coupling:
| —
a~1/A L=aN



Comparison af a7, from MC data with mean freld The strong coupling IR-conformal phase is analytically connected
I W.o=1 [ No=13 with the weak coupling, continuum IR-conformal phase

1 l'.‘l‘ 102(1)] 4211 lb-'ll:l '|..‘||||,!Id|:|]| _ _ L
2 85 [077(1)]  6/5 [1.04(1)] 7/5 am, =0,T =0, 5U(3)

B " : T I ' Ty#0 st couphing

« Continuous Time - Continuous Time partition - a strong first order bulk

framework improves on function can be mapped transition exists
mu-T phase diagram on a quantum spin system, - finding in contrast to
- re-entrance vanishes Hamiltonian allows for meanfield theory
Quantum Monte Carlo - chirally restored phase
+ O(beta) corrections may extends to weaker
help to understand the - 2-Flavor Phase Diagram coupling
connection to the (4 flavor) feasible
continuum phase diagram - maybe: nuclear potential . strong coupling chirally
incorporating pion restored phase appears
exchange to be IR-conformal

- this phase seems to have
a non-trivial IRFP

Strong Coupling QCD remains exciting both
from algorithmic and physics point of view



