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One-loop: important for LHC, testing the Standard Model

Many approaches:
e Original: Passarino-Veltman, et e~ ™~ Nucl. Phys. '79
Applications at the time, among others :4-point functions
e Higgs Decays, JF, F. Jegerlehner Phys.Rev ’81
e ete™ — Z H,JF,F. Jegerlehner Nucl.Phys. '83
e ete™ — WHtW~-,JF, F Jegerlehner,M.Zralek Z.Phys. '89
Tensor integrals are reduced to basic one-loop scalar integrals
(1-point, ... 4-point: A0,B0,C0,D0). The scalar integrals were
calculated originally by 't Hooft and Veltman, Nucl. Phys. ’79.

Problem: appearance of inverse Gram determinants, which
may become small, yielding numerical instabilities.
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One-loop: further developments

Improvement on numerical instabilities:

van Oldenborgh, Vermaseren Z.Phys. "90.
More problems: for 4-point functions NI's ~ forward scattering.
n-point functions (n>4): NI's happen also within phase space.

Recent activities on n-point functions (n>4):

® T. Binoth, J. Guillet, G. Heinrich, E. Pilon, C. Schubert, An algebraic / numerical
formalism for one-loop multi-leg amplitudes, JHEP 10 (2005) 015.

® A. Denner, S. Dittmaier, Reduction schemes for one-loop integrals, Nucl. Phys.
B734 (2006)

® A.van Hameren, Computer physics Commun., 182 (2011) 2427

® JF and T.Riemann: Phys. Rev. D83 (2011), Complete reduction of 1-loop
tensors.

® \.Yundin C++ package PJFry. Available at https://github.com/Vayu/PJFry

4/31 J. Fleischer Tensor reduction Frontiers, September 11, 2012



Introduction Recursions “Standard” Decomp. Contractions Rank 3 tensors n-point,n>6 n=7 Conclusion
[o]e] Jo) 00000000 000 [e]e) 0000 000 [e]e] o]
[e]e)

Use of Algebra of signed minors and higher dimensional integrals

First talk given on the subject, in connection with Mellin-Barnes
representations: Frontiers, 15.6.2007! Our approach based on:

¢ Algebra of signed Minors: D.B.Melrose, Nuovo Cim.40 (1965),

Reduction of Feynman diagrams, Cayley determinants. E.g.: present the
scalar 5-point function in terms of 4-point functions

1 0\
0. 2= ()"

¢ Higher dimensional integrals Davydychev:Phys.Lett. B263 (1991),
integrals in diff. space-time dim.

/5EE=

e Recursion relations Tarasov:Phys.Rev. D54 (1996), dimensional

recurrence relations.

e Demonstration JrJegerlehner, Tarasov: Nucl. Phys. B566 (2000) .
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The tensor integrals

n-point tensor integrals of rank R: (n,R)-integrals

R e
/#1“'#;? — / .ddk Hr:1 k':bl

d = 4 — 2¢ and denominators ¢; have indices v; and
chords g;

¢ =(k—q) —m+ie

< tensor integrals due to, e.g.:
, , « fermion propagators
; « three-gauge boson

~ — couplings
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Tensors expressed in terms of integrals in higher dimension

Following [Davydychev:1991 | ,alSO [J.F. et al.:2000 ]
express tensors by means of scalar integrals in higher
dlmenSIOI’]S( nj = vjj = 1+ (5,‘/', Njix = VijjVjjk, Vijk = 14 6k + 6jk etc.):

d n n
po= [l =i
r=1 i=1
v d TN @2 _ 1 at]
B = [k [Te" = > afafm 177 — 50
r= ij=
V2 d AT . Ao o Ty N [+
h= / keki i [Lerm == 22 afaf aemp hge +5 9" a "y
=1 i jok=1 =
\ d n n 4]t
v VoA —1 v oA +
" = / KK k™ kP H cr :”; 1 9" 97 i 9 M I g
r= 1,],K, 1=

1 3 1 2
—5 2 aarq mi v L ghg i
=
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The integrals

flo+l G d%%
pijk- = H C1+5,,+5,,+5,k+ a2

r=1
Integration in higher dimension, i.e. d = [d+]' =4 + 2/ — 2¢

(/' = 0 :“generic”).
“scratched” lines:

jlebot g bt t

n

is obtained from
/[{]ﬂ1 [ }

by
e scratching lines s, t
e raising the powers of inverse propagators a, b.
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The metric tensor

® External momenta and g#¥ in 4 dimensions.
® Considering an n-point tensor, g, = 0 is chosen. Scalar product

1
(gi-q) = > [Yj— Yin— Yo + Yan].

Usually one assumes the metric tensor to be given by
diag [g""] = (1,—1,-1,—1)

Here we use (assume a 5-point function with 4 independent g;, i =1...4, g5 = 0)

4 i

1 (;)

ngl = Z ﬁ q a7 = Qau9" " b,y = Ga- Qb-
ij=1 5

® No contraction of g”¥ with an integration momentum.
® Cancellation of (“reducibel”) scalar propagators is avoided.
® gt¥ cancels for n = 5.
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Notations: modified Cayley determinant

Modified Cayley determinant () of a diagram with n internal lines and chords g;:

0 1 1 1

1T Y Y2 ... Vi
On = 1 Y2 Yo ... Yo

1 Yin Yon ... Ym

with matrix elements

Yi=—(q—q)?+m+m, (ij=1...n)

Gram determinant Gn: Gp = |2q;qj|,i,j =1,...n

For a choice gn = 0, both determinants are related: ()» = —Gn_1

= The determinant (), does not depend on the masses.
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Notations: signed minors

11/31

We also need signed minors of ()n, constructed by deleting m rows and m columns
from ()n, and multiplying with a sign factor:

ook o m —
ki ke oo km ) T
rows ji - - - jm deleted ’

= (—1)2iUrtk) )
= (=D=""sangy 804 | columns Ky - - - km deleted

where sgn;, and sgny,, are the signs of permutations that sort the deleted rows
J1 -+ - jm and columns ky - - - ky into ascending order.

The signed minors are antisymmetric under exchange of
neighboring indices j and k.

Conclusion
o]
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Some algebraic relations [D.B.Melrose, Nuovo Cim.40 (1965)]

and

02),- .0, (.0 -0
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Recursion for integrals

Following [Tarasov:1996,JF:2000]: @pply recurrence relations relating
scalar integrals of different indices and - or different dimensions.

s+ g(d+2) i _ _/ . _/ —|
= [ (0), R ) x ]

o2 1 ([0 ~(0) |
@S = |(3) <3 (3)

where the operators i*, j£, k™ act by shifting the indices
vj,vj, v by 1. Example for a “scratched” integral (v; = 1+ ¢;):

(%) () > (jo)s
vj /A[,d,ﬂ _ J; 5 l‘[1<2’1_+],s Is/s /[d+] S 4 Z d+]
/ (3)5 ’ (5)5 t=1 3)5
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Recursion for tensors

14/31

5-point tensor recursion (5-PTR):

Express any (5, R) pentagon by a (5, R — 1) pentagon plus (4, R — 1) boxes by

applying recurrence relations, reducing simultaneously indices and dimension
[T.Diakonidis,JF, T.Riemann,J.B.Tausk: Phys.Lett. B683 (2010)]

5
M- HR—1H M- -R—1 At 2 : A - HR—1,S AL

s=1

auxiliary vectors with inverse Gram determinants

Q/.t _ 25: #(?)5 -0 5
S - qj () ’ S= 9ocog
i=1 5

For e.g. R =3, again [1/()s]® will occur.

Conclusion
o]
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Tensor of rank R = 3

5 5
174 v v )\
B = 3 qlararEr+ Y g% gy Eoor,
i j k=1 k=1

gl =97 +9”al + g7

Some algebra allows to obtain from our (5-PTR)
> [0+] S\ jlo+P
o - £ e (e
) 2_:(8 [ </> i)s*
5 .
1 0/ [d+]2,s , . Os [d+]
S (1@ 0ea] - () i)

No inverse ()5 ! Inverse 4-point Gram () ?

E,'/'k
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5
2 1 Os 2 Ost
A (02) _<is>5(d_1)/‘[‘d+] T <0si>5/‘£’dﬂﬁsr ’
0s/5 t=1
0s\ (0s Osi
d4P.s (js) d (0g)) (o
ylls = Eéi’;(éss)(d 2)(d — 1)y (OSS/) flths
s s Os
(d-2 z“: <Ost> Joist Z <Ost) [+t
(89 (62 = \osi/” 2 = \0s/

Indices i, j are contained in signed minors !!! .
Integrals free of indices !
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Small (j)5

4
2T - L QET =
0

t=1

[d+] Za,/[ (L+]) b]LZ‘EE+f)]7 L=0,---4
withr:(T)and
g |
T(L+j+ 3
=Mt 2) gt D=L+ ),

/ r(L+ %)
The v(z) is the logarithmic derivative of the Gamma function.

On the basis of this “standard” procedure, the C++ package PJFry by V.Yundin has
been written, available at https://github.com/Vayu/PJFry:up to tensors of rank R = 5.
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Contractions |

s /ddk [174(q; - k)
° im92 g
/kdek H?:S(qir k) 17

j—d/2 5
imd/ Hj:1Cj

iy~ Qigun

)

, , IR
G2 Qivpg *** Qigpn I5 7

etc. ,are obtained by constructing projection operators
or
by calculating scalar differential cross sections
(Born x 1-loop)
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Forgh =0, a=1,...,n—1, s=1,...n
G,
(Ga- Qo) = Z(Qa'qj') = —=(Yan — Ymn),
o 0, 2
G, 1
(ga- Qs) = Z(Qa - qp) = ;(0as — dns),
o 0, 2
Considering again the 5-PTR :
5 S
HA - LR B M- R HA - LR
/A = I Q& -> 1 Qt,
s=1
contracting with g shows: immediately we get rid of the inverse ()5
“Scratched” vectors for the 4-point function:
Qs = Z ’ s) r=0...5
©)s
J. Fleischer Tensor reduction Frontiers, September 11, 2012
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Scalar Expressions:

(¢

Qau 90 ls” = (qa- I5)(qb - Qo) Z Ga-15)(9b - Qs)

(ga- Is5) E(qa- Qo) — Z [5(qa- Qs),

5
(Ga- I7) =(qa- Q)5 — Z(CIa Q) =

t=1

[Zg’slf _ z;,stlgt}

(s

5

and with Y, = Ya5 — Ys5 and D = 45 — 055

5 = i(qa : q,-)((?ss>5 -3 {(2)3” <S>SD2}’

i=1

= S0 (?),- {004

JF and T.Riemann, Phys.Lett. B701 (2011) and Phys.Lett. B707 (2012).

20/31 J. Fleischer Tensor reduction Frontiers, September 11, 2012



Introduction Recursions “Standard” Decomp. Contractions Rank 3 tensors n-point,n>6 n=7 Conclusion

0000 00000000 [e]e]e} (e]e] 0000 [e]e]e} (e]e] [e]
oe

g lt”:

We take the following scalar products

@-a) - s, v ] a0y 1[@s_;
0 0) 2 ()5 + 55 7( 0 S)_ 2 ()5 s5(
(Q-Qs) = *%535 (QF-Qs)= 0, and
5
(ks Qo) = E(Qo - Qo) — Y 5(Qo - Q)
s=1
5 0 5 s
1) 1 <S> s | @)s s | ©)s }
= 591700 |- 724 Yes| — ) IF|-"2-46
2{(8)5; 0/s* | 0s = ;“ 05
- cancellation of (175 - and finally (not surprisingly)

.Y
gl :%EH}{’.
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Tensor of rank 3:/4°* = [ . Q) — Y2°_, 5. @)

n=7
fele}

The corresponding 4-point function reads (g5 = 0):

v d 1 0 ld+],
L = Zq,q,wﬂi,f] S = Sg e,

2
ij=1
wre _ Dsine O ione & O e
Vijly jj = —7s it sl +Zs 3,i
(5)5 (s>5 t=1 (3)5
IS / S S
eliminate gH” : /§)5 = <j)5 (1)5(31)5
(s)s ) ()5(3)5
5
Qo ly = (Ga-15) (- Q) =D (da- B) (a6~ @)
t=1

Us (9a- Qs)(qp - Qs)/[d+
(s)s

22/31 J. Fleischer
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(Qa'lsst):
> 1
(98- ") = (Ga- O = D(qa- QY = —— T8 — =5
u=1 (St)s
with
1 st st st
ZS,St - Y Dl’ DS
a 2{<st>5 27 s0) 2" \ot), af
Z;’s“’ _ 1 (st DY _ st D;— ts DS
2 (\st)s su)s tu) s
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Result for C5apc = — 321 GauGon I - 3 (8cs — dss)

1
Cdape = 8 { JA? — dapdacdq + YaYp (Iz? - /2)

+Ya (04 18— ) + Y (I8° + I5° — )
+ I§b5 + /acs + Ich abc

2 2 — I
Y, <R5 + 6bCRb> — Y (RS + 0acR?)
—RSa o RSb o RSC

+0ab (R® — %) + dac (A% — R)
+30 (R~ A*2) }
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and

00000000 [e]e]e} (e]e] [elee] } [e]e]e} (e]e] [e]

(e]e]

(02 0).A - (626,
@ [8)5-2 )]

1 + st Ost stu
| ()2 n o) 2]

1 +],s S S S st
o, {“’5’5" Yt (o)f > (f)f }

I§’]

Elimination of ﬁ solved - a=b=c=sy#5only!
s/5
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General Approach for n-point tensors

Following ideas presented in
Z. Bern, L. J. Dixon, D. A. Kosower, Nucl. Phys. B412 (1994) 751816,
an iterative approach has been systematically worked out in

T. Binoth, J. Guillet, G. Heinrich, E. Pilon, C. Schubert, JHEP 10 (2005) 015.
n

[pHe bR — Z CH M2 MR with the conditions

r=1

n n

' v 1 LV '
> G =50 > =0
= =

The solution of this set is not unique. Numerical?.Assume
n—1

%g‘“’ = Z Gijq'q), then

i,j=1

n—1
Cr =3 G
i=1
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n==6

n—1

> (Ga-a)(as - q) (3) = %(Qa * Qb) (z) - %()n (8as — dns) (6bs — dns) -
i.j=1 n n

Observation:all our sums are valid for arbitrary n and have to be considered
as identities in terms of arbitrary (symmetric) Yj.
From (), = 0 for the "physical“ ones, we obtain
1 v (zl) v
EQ” = Z?,j:1 (5): a‘qr, or

We have to find a proper representation of the metric tensor. E.g. we have

Cs,u _ 25: L (:)6 o OS,[A . 1
S = g/ V- = Q" s=1...6.
i=1 (5)6

° (sr

Z( ) =0, s=1,...6
Si

r=1 6

sr or
yields the second condition. Further possibility: Of"'“ or (5)s = ()

3 .
(s~ (e
J. Fleischer Tensor reduction Frontiers, September 11, 2012
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n=7,8...
Starting with a sum, again, to find the proper metrik tensor:

G <SU) = (G- a») (Z) n

i,j=1

1
—Z { |:< ) (5at - 5nt) - < > 5as - 5ns):| (5bt - 5nt)
<;> (5as 5ns) - ( ) 6at - 6ns :| 5bs - 6/75)} )

With dimension 4 of the chords, all (),, n > 7, have rank 6. (Melrose,1965).
The (), is of order 8 and thus

(), =0and (), =0,

and therefore the whole curly bracket vanishes with the result

+

6

L 1 t' L L
=5 s (on) o = e
7 7

i=1 \st

Similar for the 8-point function, etc..
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Complete contraction
ke kA =— Z Qb ke kAT gt redundancy indices,
ry=1
7
H2---LR>M _ 15U 12 (13- R 512 :
Is =-> k with
£t 1 [ sti
S, 1y _ n
@ = = a;
— ( ) str
i=1 \st/7 7
rui
ri,Us p 1 i
sz Z r1u nur i

For R = 3 : the 5-point vector remains, no redundancy index

7
NeYe riro, rrars A, .
/g 12:Ef1’2001zu_§ :/4123042# with

rz=1

Gn, =" Gr),

Tensor reduction Frontiers, September 11, 2012

r1r20) 6 (r1r2r3)
f1f2 B 2 : '1’2' Fr2 0 w\nrilz
ql r1r2 Q g
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Contractions

Also for the higher n-point functions, we can work with
Contractions,e.g.

(qa : QrSt) = ﬁ% |:<z;>7 (5ar - 57r) - (z:)7(5at - 571) - <;f>7(5as - 673):|

= % (0ar — 07,) for s, t# a7
Recall
5
Qan Qo I§ = (qa - 5)(qb - Qo) — Z (CIa : If)(% - Qs)
s=1
with

1 . -
(g - Qs) = 5 (Obs — J5s).
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Conclusion

e Starting with the representation given by Davydychev,

e a systematic application of the algebra of signed minors
according to Melrose

e was first presented in JF et al. in connection with the recursion
relations of Tarasov.

e In JF & T.Riemann the complete reduction was described and
with the C++ program PJFry by V.Yundin a publicly available
numerical package was provided for tensors up to rank 5.

o After separation of the indices from the integrals

e for the contraction a method for the summation over the indices
was developed, yielding analytic expressions, JF & T.Riemann .

e Avoidance of the inverse Gram determinants is achieved.
e Applicability for any higher n-point functions is demonstrated.

e Package on contractions in preparation in collaboration with
J.Gluza.
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