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key ingredients for cosmology

• universe homogeneous and isotropic on large scales (>100 Mpc)

• background dynamics determined by amount of matter + curvature present 
(+ a theory of gravity)

• inflation lays down the seeds for structure formation from quantum 
fluctuations

• these grow into galaxies and so on

• works ... if we include a cosmological constant or ‘dark energy’

• matter + curvature not enough
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Dark Energy Evidence	

• evidence of cosmological 
constant from COBE + age 
constraints

• independent confirmation 
from SNIa

• observations consistent 
with flat Lambda-CDM

‘concordance cosmology’
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Dark Energy Evidence	

• evidence of cosmological 
constant from COBE + age 
constraints

• independent confirmation 
from SNIa

• observations consistent 
with flat Lambda-CDM

‘concordance cosmology’

flat LCDM is it!
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Problems with Λ

• Lambda doesn’t make sense as vacuum energy:

• Why do we live at a special time?

• last modes are entering the Hubble radius ... we coincide with the largest 
modes which will ever exist 

• Perhaps Landscape arguments can answer this ... one day ...

• in 10500 universes ours must be special - breaks with the Copernican 
principle...

Approaches to Understanding Cosmic Acceleration 17

and in the resulting Einstein field equations as

Rµ! !
1

2
Rgµ! ! !gµ! =

1

M2
p

Tµ! , (30)

where Tµ! is the energy-momentum tensor for mass-energy sources in the universe.

As we have mentioned earlier, for cosmological purposes, we may treat the

cosmological constant as a component of the energy density in the universe, since adding
a cosmological constant to the Einstein equation is equivalent to including an energy-

momentum tensor of a perfect fluid with equation-of-state parameter is w! = !1.

As we have also seen, the cosmological constant is a prime candidate for the agent

causing cosmic acceleration and, subject to ever more accurate data, provides a rather

good fit to all known cosmological observations. Furthermore, In classical general

relativity the cosmological constant is merely a constant of nature, with dimensions
of [length]!2, in the same sense that the Planck mass in nothing but a dimensionful

constant of the theory. In this setting, it is meaningless to enquire about the value

of the constant, rather it is just something that we determine through experiment.

However, when we begin to think about the quantum nature of matter, it becomes clear

that the cosmological constant poses, a deep puzzle for fundamental physics.

Particle physics, described by quantum field theory, is a remarkably accurate
description of nature, and one of the best tested theories in all of science. Within

this theory, we can attempt to calculate the expected contribution to the cosmological

constant from quantum fluctuations in the vacuum. Taking the Fourier transform of a

free (noninteracting) quantum field, each mode of fixed wavelength is a simple harmonic

oscillator, which we know has zero-point (ground state) energy E0 = 1
2!!, where ! is the

frequency of the oscillator. The net energy of these modes is then given by an integral,
which, unfortunately, diverges. Thus, our most naive expectation of the vacuum energy

calculated within field theory is that it should be infinite! Perhaps, however, we have

been too hasty in performing this calculation. After all, we have included modes of

arbitrarily small wavelength, and this presumes that we can trust our descriptions of

matter and gravity down to such tiny scales. Without a well-understood and calculable

quantum theory of gravity, this is surely not reasonable. A better estimate of the vacuum
energy can therefore be obtained by introducing a cuto" energy, above which ignore any

potential contributions, assuming that this will be justified by a more complete theory

will provide. This approach corresponds to assuming that e"ective field theory correctly

describe the appropriate limit of quantum gravity. In that sense, if a parameter has

dimensions [mass]n, then we expect the corresponding mass parameter to be driven up

to the scale at which the e"ective description breaks down. Thus, if classical general
relativity is valid up to the Planck scale, we expect the vacuum energy to be given by

"(theory)
vac " M4

P . (31)

Comparing this value to the value "(obs)
vac required to explain cosmic acceleration, we

obtain

"(obs)
vac " 10!120"(theory)

vac , (32)
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which is embarrassing, to say the least. It is perhaps more sensible to express the

vacuum energy in terms of a mass scale as !vac = M4
vac, in terms of which the value

required to explain our observations is M (obs)
vac ! 10!3 eV, satisfying

M (obs)
vac ! 10!30M (theory)

vac . (33)

Nevertheless, this discrepancy of 30 orders of magnitude in energy is overwhelming, and

is what is meant by the cosmological constant problem.

One may add to this problem the following puzzling observation. The ratio of the

vacuum and matter densities changes as the universe expands according to

!!

!M
=

!!

!M
" a3 . (34)

Thus, only during a brief epoch of cosmic history is it possible for observers to witness

the transition from matter domination to " domination, during which !! and !M are

of the same order of magnitude. This is known as the coincidence problem.
The issue of reliably calculating the cosmological constant, and finding a framework

in which that calculation leads to a result dramatically di#erent to the expected one

has proven remarkably resistant to theoretical attack. It is fair to say that there are not

currently any especially promising approaches. Nevertheless, there are two theoretical

lines of research that are worth mentioning in this context.

The first is supersymmetry (SUSY). Supersymmetry is a spacetime symmetry that
relates particles of di#erent spins (there exists a matching fermionic degree of freedom

for every bosonic one, and vice-versa.) Since bosons and fermions make opposite sign

contributions to the vacuum energy, in a truly supersymmetric theory the net vacuum

energy should be zero, with cancellations occurring between, for example, the spin-1/2

electron and its spin-0 partner, the “selectron” (with the same mass and charge as the

electron.)
It is, however, entirely obvious from experiment and observation, that the world

is not supersymmetric - we would certainly know if there existed a scalar particle with

the same mass and charge as an electron. Thus, if supersymmetry is realized in nature,

it must be broken at some scale Msusy which current bounds force to be greater than

around a TeV. An analogous calculation of the vacuum energy in such a theory then

yields

Mvac ! Msusy , (35)

with !vac = M4
vac. That SUSY is a beautiful idea provides us with no clue as to the

possible value of Msusy. However, independent of the cosmological constant problem, or

any cosmological data, SUSY has been suggested as a solution to one of the outstanding
problems of the standard model of particle physics - the hierarchy problem: why is the

scale of electroweak symmetry breaking so much smaller than the scale of gravity. SUSY

can help with this problem if the SUSY breaking scale is very close to current bounds,

i.e.

Msusy ! 103 GeV , (36)
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vac, in terms of which the value

required to explain our observations is M (obs)
vac ! 10!3 eV, satisfying

M (obs)
vac ! 10!30M (theory)

vac . (33)

Nevertheless, this discrepancy of 30 orders of magnitude in energy is overwhelming, and

is what is meant by the cosmological constant problem.

One may add to this problem the following puzzling observation. The ratio of the

vacuum and matter densities changes as the universe expands according to

!!

!M
=

!!

!M
" a3 . (34)

Thus, only during a brief epoch of cosmic history is it possible for observers to witness

the transition from matter domination to " domination, during which !! and !M are

of the same order of magnitude. This is known as the coincidence problem.
The issue of reliably calculating the cosmological constant, and finding a framework

in which that calculation leads to a result dramatically di#erent to the expected one

has proven remarkably resistant to theoretical attack. It is fair to say that there are not

currently any especially promising approaches. Nevertheless, there are two theoretical

lines of research that are worth mentioning in this context.

The first is supersymmetry (SUSY). Supersymmetry is a spacetime symmetry that
relates particles of di#erent spins (there exists a matching fermionic degree of freedom

for every bosonic one, and vice-versa.) Since bosons and fermions make opposite sign

contributions to the vacuum energy, in a truly supersymmetric theory the net vacuum

energy should be zero, with cancellations occurring between, for example, the spin-1/2

electron and its spin-0 partner, the “selectron” (with the same mass and charge as the

electron.)
It is, however, entirely obvious from experiment and observation, that the world

is not supersymmetric - we would certainly know if there existed a scalar particle with

the same mass and charge as an electron. Thus, if supersymmetry is realized in nature,

it must be broken at some scale Msusy which current bounds force to be greater than

around a TeV. An analogous calculation of the vacuum energy in such a theory then

yields

Mvac ! Msusy , (35)

with !vac = M4
vac. That SUSY is a beautiful idea provides us with no clue as to the

possible value of Msusy. However, independent of the cosmological constant problem, or

any cosmological data, SUSY has been suggested as a solution to one of the outstanding
problems of the standard model of particle physics - the hierarchy problem: why is the

scale of electroweak symmetry breaking so much smaller than the scale of gravity. SUSY

can help with this problem if the SUSY breaking scale is very close to current bounds,

i.e.

Msusy ! 103 GeV , (36)

Lambda any larger 
and we couldn’t exist
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LCDM Denial

•  if acceleration isn’t cosmological constant:

• ‘real’ dark energy - quintessence, k-essence ... 

• modified gravity - gr wrong on Hubble scales

• inhomogeneous universe - backreaction?

• do we live at the centre of vast void? - copernican assumption wrong

}make things worse, 
but help test LCDM
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overview:

1. Small inhomogeneity and ‘backreaction’ of 
perturbations

2. Large inhomogeneity and the Copernican Principle

3. Consistency tests for LCDM
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How does structure affect the background?
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Averaging

• Define Riemannian averaging operator on arbitrary domain D

4

measured by the observers with 4-velocities n
a in their instantaneous rest-frame. In particular θ, σab and ωab differ

from the usual expansion, shear and vorticity of the matter fluid as measured by observers comoving with this matter
fluid (by acceleration terms essentially), that are defined by the decomposition of (gac + u

a
u

c)(gbd + u
b
u

d∇cud). For
example, the expansions are linked by the relation:

Θ ≡ ∇au
a = θ + γ(γ2

v
a
v̇a − n

a
v̇a) . (12)

Using (4), one can relate this quantities as follows:

ξ = γ
−1

θ − κ− γ
2
B (13)

Σab = γ
−1

σab − βab − γ
2

�
B(ab) −

1
3
Bhab

�
(14)

Wab = γ
−1

ωab − γ
2
B[ab] , (15)

where we have introduced the tensor:

Bab ≡
1
3
κ(vanb + vavb) + βcav

c
nb + βcav

c
vb + Wcav

c
nb + Wcav

c
vb , (16)

whose trace is given by B = 1
3κv

2 + βabv
a
v

b. In our notation, angular and round brackets denote the antisymmetric
and symmetric parts, respectively, of a tensor projected with hab. Let’s finally introduce the following notation for
convenience:

θB ≡ −γκ− γ
3
B (17)

σBij ≡ −γβij − γ
3

�
B(ij) −

1
3
Bhij

�
, (18)

so that:

ξ = γ
−1(θ + θB) , (19)

Σij = γ
−1(σij + σBij) . (20)

B. General averaging procedure

The main concern of averaging in cosmology is to define an effective Hubble parameter and scale factor that
emcopass the dynamical properties of the Universe at a given coarsed smoothing scale, usually corresponding to the
scale of homogeneity of the distribution of matter as it is observed in the galaxy surveys. From this perspective,
it seems natural to define the effective Hubble parameter as the average of an expansion rate charaterictic of the
matter flow. As pointed out in the previous subsection, the tilt between the matter four-velocity and the observers
one introduces an ambiguity in the definition of the expansion rate of the matter fluid; one has two different local
expansions: the expansion as measured by the observers in their instantaneous rest frame, θ, and the expansion as
measured by observers comoving with the fluid, Θ. In addition, there is also the expansion of the observers worldlines,
ξ. As mentionned before, the concept of an effective homogeneous flow in cosmology is linked to the observations of
the matter distribution, so that the latter expansion rate, that is linked to the artificial set of coordinates used to
write down the space-time metric, can be ignored as far as one is concerned with defining this effective Hubble flow.
In the following we will then retain as our definition for the Hubble rate the following quantity:

HD ≡ 1
3
�Nθ�D =

1
3VD

�

D
NθJd

3
x , (21)

where J ≡
�

det(hij) and VD ≡
�

Jd
3
x is the Riemannian volume of D. The avereaging operator involved is simply

the Riemannian average over the domain D:

ψD = �ψ�D ≡ 1
VD

�

D
ψ(t, xi)Jd

3
x , (22)

that is well defined for any scalar function ψ. One can then define the effective scale factor for the averaged model as
the function aD(t) obeying:

HD =
∂taD
aD

. (23)
Riemannian volume element

4

measured by the observers with 4-velocities n
a in their instantaneous rest-frame. In particular θ, σab and ωab differ

from the usual expansion, shear and vorticity of the matter fluid as measured by observers comoving with this matter
fluid (by acceleration terms essentially), that are defined by the decomposition of (gac + u

a
u

c)(gbd + u
b
u

d∇cud). For
example, the expansions are linked by the relation:

Θ ≡ ∇au
a = θ + γ(γ2

v
a
v̇a − n

a
v̇a) . (12)

Using (4), one can relate this quantities as follows:

ξ = γ
−1

θ − κ− γ
2
B (13)

Σab = γ
−1

σab − βab − γ
2

�
B(ab) −

1
3
Bhab

�
(14)

Wab = γ
−1

ωab − γ
2
B[ab] , (15)

where we have introduced the tensor:

Bab ≡
1
3
κ(vanb + vavb) + βcav

c
nb + βcav

c
vb + Wcav

c
nb + Wcav

c
vb , (16)

whose trace is given by B = 1
3κv

2 + βabv
a
v

b. In our notation, angular and round brackets denote the antisymmetric
and symmetric parts, respectively, of a tensor projected with hab. Let’s finally introduce the following notation for
convenience:

θB ≡ −γκ− γ
3
B (17)

σBij ≡ −γβij − γ
3

�
B(ij) −

1
3
Bhij

�
, (18)

so that:

ξ = γ
−1(θ + θB) , (19)

Σij = γ
−1(σij + σBij) . (20)

B. General averaging procedure

The main concern of averaging in cosmology is to define an effective Hubble parameter and scale factor that
emcopass the dynamical properties of the Universe at a given coarsed smoothing scale, usually corresponding to the
scale of homogeneity of the distribution of matter as it is observed in the galaxy surveys. From this perspective,
it seems natural to define the effective Hubble parameter as the average of an expansion rate charaterictic of the
matter flow. As pointed out in the previous subsection, the tilt between the matter four-velocity and the observers
one introduces an ambiguity in the definition of the expansion rate of the matter fluid; one has two different local
expansions: the expansion as measured by the observers in their instantaneous rest frame, θ, and the expansion as
measured by observers comoving with the fluid, Θ. In addition, there is also the expansion of the observers worldlines,
ξ. As mentionned before, the concept of an effective homogeneous flow in cosmology is linked to the observations of
the matter distribution, so that the latter expansion rate, that is linked to the artificial set of coordinates used to
write down the space-time metric, can be ignored as far as one is concerned with defining this effective Hubble flow.
In the following we will then retain as our definition for the Hubble rate the following quantity:

HD ≡ 1
3
�Nθ�D =

1
3VD

�

D
NθJd

3
x , (21)

where J ≡
�

det(hij) and VD ≡
�

Jd
3
x is the Riemannian volume of D. The avereaging operator involved is simply

the Riemannian average over the domain D:

ψD = �ψ�D ≡ 1
VD

�

D
ψ(t, xi)Jd

3
x , (22)

that is well defined for any scalar function ψ. One can then define the effective scale factor for the averaged model as
the function aD(t) obeying:

HD =
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spatial average implies wrt 
some foliation of spacetime
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In the following we will then retain as our definition for the Hubble rate the following quantity:

HD ≡ 1
3
�Nθ�D =

1
3VD

�

D
NθJd

3
x , (21)

where J ≡
�

det(hij) and VD ≡
�

Jd
3
x is the Riemannian volume of D. The avereaging operator involved is simply

the Riemannian average over the domain D:

ψD = �ψ�D ≡ 1
VD

�

D
ψ(t, xi)Jd

3
x , (22)

that is well defined for any scalar function ψ. One can then define the effective scale factor for the averaged model as
the function aD(t) obeying:

HD =
∂taD
aD

. (23)
Riemannian volume element

4

measured by the observers with 4-velocities n
a in their instantaneous rest-frame. In particular θ, σab and ωab differ

from the usual expansion, shear and vorticity of the matter fluid as measured by observers comoving with this matter
fluid (by acceleration terms essentially), that are defined by the decomposition of (gac + u

a
u

c)(gbd + u
b
u

d∇cud). For
example, the expansions are linked by the relation:

Θ ≡ ∇au
a = θ + γ(γ2

v
a
v̇a − n

a
v̇a) . (12)

Using (4), one can relate this quantities as follows:

ξ = γ
−1

θ − κ− γ
2
B (13)

Σab = γ
−1

σab − βab − γ
2

�
B(ab) −

1
3
Bhab

�
(14)

Wab = γ
−1

ωab − γ
2
B[ab] , (15)

where we have introduced the tensor:

Bab ≡
1
3
κ(vanb + vavb) + βcav

c
nb + βcav

c
vb + Wcav

c
nb + Wcav

c
vb , (16)

whose trace is given by B = 1
3κv

2 + βabv
a
v

b. In our notation, angular and round brackets denote the antisymmetric
and symmetric parts, respectively, of a tensor projected with hab. Let’s finally introduce the following notation for
convenience:

θB ≡ −γκ− γ
3
B (17)

σBij ≡ −γβij − γ
3

�
B(ij) −

1
3
Bhij

�
, (18)

so that:

ξ = γ
−1(θ + θB) , (19)

Σij = γ
−1(σij + σBij) . (20)

B. General averaging procedure

The main concern of averaging in cosmology is to define an effective Hubble parameter and scale factor that
emcopass the dynamical properties of the Universe at a given coarsed smoothing scale, usually corresponding to the
scale of homogeneity of the distribution of matter as it is observed in the galaxy surveys. From this perspective,
it seems natural to define the effective Hubble parameter as the average of an expansion rate charaterictic of the
matter flow. As pointed out in the previous subsection, the tilt between the matter four-velocity and the observers
one introduces an ambiguity in the definition of the expansion rate of the matter fluid; one has two different local
expansions: the expansion as measured by the observers in their instantaneous rest frame, θ, and the expansion as
measured by observers comoving with the fluid, Θ. In addition, there is also the expansion of the observers worldlines,
ξ. As mentionned before, the concept of an effective homogeneous flow in cosmology is linked to the observations of
the matter distribution, so that the latter expansion rate, that is linked to the artificial set of coordinates used to
write down the space-time metric, can be ignored as far as one is concerned with defining this effective Hubble flow.
In the following we will then retain as our definition for the Hubble rate the following quantity:

HD ≡ 1
3
�Nθ�D =

1
3VD

�

D
NθJd

3
x , (21)

where J ≡
�

det(hij) and VD ≡
�

Jd
3
x is the Riemannian volume of D. The avereaging operator involved is simply

the Riemannian average over the domain D:

ψD = �ψ�D ≡ 1
VD

�

D
ψ(t, xi)Jd

3
x , (22)

that is well defined for any scalar function ψ. One can then define the effective scale factor for the averaged model as
the function aD(t) obeying:

HD =
∂taD
aD

. (23)

spatial average implies wrt 
some foliation of spacetime

to specify average 
energy density need 

full solution of the 
field equations
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Canonical Cosmology

ḡµν = gµν + �δ(1)gµν + �2δ(2)gµν + · · ·

• compute everything as power series in small parameter ε

‘real’ spacetime

‘background’ spacetime
FLRW

first-order
perturbation

second-order 
correction

fit to ‘background’ observables - SNIa etc
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Canonical Cosmology

ḡµν = gµν + �δ(1)gµν + �2δ(2)gµν + · · ·

• compute everything as power series in small parameter ε

‘real’ spacetime

‘background’ spacetime
FLRW

first-order
perturbation

second-order 
correction

fit to ‘background’ observables - SNIa etc

? how do these
fit in?
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Another view of the averaging problem

averaging gives corrections here

Hubble radiustoday
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model = flat FLRW + 
perturbations
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model = flat FLRW + 
perturbations

Another view of the averaging problem

averaging gives corrections here

Hubble radiustoday

eq
ua

lityen
d 

infl
ati

onhow do we remove backreaction bits
to get to ‘real’ background? 

smoothed background today is not
same background as at end of inflation 

?
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Aren’t the corrections just ~10-5?

• No.                      [Buchert, Kolb etal]

• Yes. Absolutely.   [Ishibashi & Wald, Baumann etal, Behrend etal,]

• Well, maybe.       [Rasanen, Li etal, Clarkson etal]

• Corrections from averaging enter Friedmann and Raychaudhuri equations

• is this degenerate with ‘dark energy’?

• can we separate the effects [if there are any]?

• or ... is it dark energy? neat solution to the coincidence problem

Friday, 6 May 2011



Perturbation theory

• metric to second-order

• first-order potential:

• second-order potentials:

• backreaction is concerned with the homogeneous, average contributions
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Vectors
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scale increasing

Hubble radiusto
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scaling behaviour
at first-order

Friday, 6 May 2011



amplitude of second-order contributions

Friday, 6 May 2011
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amplitude of second-order contributions
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amplitude of second-order contributions

large equality scale suppresses 
backreaction - but overcomes 

factors of Delta
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backreaction

• second-order modes give non-trivial backreaction

• Hubble rate depends on 

• UV divergent terms don’t contribute on average

• well defined and well behaved backreaction

• this is only well behaved because of the long radiation era

• what would we do if the equality scale were smaller?
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Change to the Hubble rate at second-order

Normalised Hubble rate 
as function of redshift

from averaging Friedmann 
equation

14

IV. THE AVERAGED HUBBLE RATE AND DECELERATION PARAMETER

Models: We shall use length scales intrinsic to the model as reference points for smoothing and averaging: k
−1

silk
, k
−1

eq
,

and k
−1

H
, and so the baryon fraction appears as this governs the Silk scale. Recall that

ksilk ≈ 1.6
�
Ωbh

2
�0.52 �

Ω0h
2
�0.73

�
1 +

�
10.4Ω0h

2
�−0.95

�
Mpc

−1
, (96)

keq ≈ 7.46× 10
−2

Ω0h
2
Mpc

−1
, and kH =

h

3000
Mpc

−1
, (97)

where Ωb and Ω0 are the baryon and total matter contributions today and H0 = 100 h kms
−1

Mpc
−1

.

We shall use two models for comparison: Einstein-de Sitter with h = 0.7 and 5% baryon fraction (WMAP5 estimates

Ωb ≈ 0.046). This has k
−1

eq
� 27.9Mpc and k

−1

silk
� 6.0Mpc. The other model we shall use is a concordance model

with Ω0 = 0.26, h = 0.7, fbaryon = 0.175 (this is the WMAP5 best fit [? ]). The key length scales in this model are

k
−1

eq
� 107.2Mpc and k

−1

silk
� 11.5Mpc. Both models have k

−1

H
� 4.3Gpc. To calculate the integrals we use transfer

functions presented in [? ].

We set L = 10; that is, all k-integrals have an IR cut-off set at ten times the Hubble scale.

A. Hubble rate

There are different aspects of the backreaction we wish to probe, and some subtleties arise because we have to

take an ensemble average of our equations. When we examine the Hubble rate we are interested in two things: the

dynamics of the expansion rate, and the averaged Friedmann equation. In the Friedmann equation we are interested

in quantifying the new terms which enter the Field equations as a result of averaging, which are the new components

which drive the expansion; within the context of dark energy, it is common to think of these as effective fluid or

curvature terms. While the spatial average of these two agree up to perturbative order, when we take the ensemble

average we ascertain different information.

Take the ensemble average of the Hubble rate given by the generalised Friedmann equation. For a given domain

size this tells us the expectation value of the averaged Hubble rate we might expect to find. When we present HD
below, we have usually calculated

H̆D ≡
�

H
2

D (98)

i.e., we have taken the ensemble average of the Friedmann equation and then taken the square-root. This does not

yield the same answer as taking HD using Eq. (55) directly (but note that if we square Eq (55), take the ensemble

average, and then take the square-root we get the Hubble rate as calculated directly from the Friedmann equation).

The difference of course is the ‘ensemble-variance’ of the Hubble rate, which may be defined by

Var[HD] = H
2

D����
Eq. (56)

− H
2

D����
Eq. (55)

2

. (99)

When we write Eq. (55)
2

, this is developed to the correct perturbative order.

In Fig. 2 we show the evolution of the backreaction in the Hubble rate over time, using the background redshift

parameter z. The backreaction effect grows during dust domination and decays after the dark energy transition. In

Einstein-de Sitter, then, the backreaction effect is largest today, while in the concordance cosmology it peaks around

z ∼ 0.7. The smoothing scale and most importantly the averaging domain size are crucial in deciding how large the

effect of backreaction is. We see also that whether we consider H̆D or HD matters considerably if the domain size is

small; only if it is of order the Hubble scale do these agree.

As far as the Hubble rate goes there is no UV divergence in any of the integrals and so we may, if we choose, set

the smoothing scale to zero. In Figure 3 we show the dependence on domain size on the Hubble rate today. It is

largest as the domain size shrinks, but we see that it levels off at a constant value for RD bigger than a few hundred

Mpc. Recall that the domain scale only affects terms of the form �· · ·��· · ·�, so as RD becomes large those terms

disappear, leaving terms like �· · ·� which are independent of the domain scale. Thus we see that above a certain scale

the backreaction leaves a scale-invariant residue.

15

FIG. 1: Plots for H̆D with RD = 1/kequality, RS = 0, with the variance included, as a function of redshift.

FIG. 2: (Left) The averaged Hubble rate as a function of redshift as a percentage change to the background Hubble rate.

Top right shows the Hubble rate H̆D calculated from the ensemble-averaged Friedmann equation, and the top left shows the

Hubble rate calculated directly, HD. Both concordance and EdS models are considered, and three different averaging schemes,

indicated. Note that if we put RS = 0, HD still doesn’t have a UV divergence.

B. the Raychaudhuri equation and deceleration parameter

While we have see the change due to backreaction in the Hubble rate are small, and, in particular, have no UV

divergence, we can get further information about the effect of the backreaction from perturbations by looking at the

Raychaudhuri equation. these are sourced in part by the new back-reaction terms such as KD and so on, but with

many other quantities contributing. In terms of domain and smoothing scale, KD diverges as RS → 0, and QD − LD
diverges as RD → 0; it becomes domain size-invariant beyond a few hundred Mpc. All the other backreaction terms

are fairly independent of doamin and smoothing scales.

We define an averaged deceleration parameter as

qD(z) = − 1

H
2

D

äD
aD

, (100)

16

Hubble rate, which may be defined by

Var[HD] = H
2
D����

[Eq. (59)]

− H
2
D����

[Eq. (58)]
2

. (101)

When we write [Eq. (58)]
2
, this is developed to the correct perturbative order.

FIG. 1: The averaged Hubble rate as a function of redshift as a fractional change to the background Hubble rate. Right shows

the Hubble rate H̆D calculated from the ensemble-averaged Friedmann equation, and the left shows the Hubble rate calculated

directly, HD. Both concordance and EdS models are considered, and three different averaging schemes, indicated. Note that

if we put RS = 0, HD still doesn’t have a UV divergence.

FIG. 2: Plots for H̆D with RD = 1/kequality, RS = 0, with the variance included, as a function of redshift.

equality scale domain

Clarkson, Ananda & Larena, 0907.3377
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backreaction

• other quantities are much stranger

• time derivative of the Hubble rate represented in the deceleration parameter

• same types of things appear in q defined via distance-redshift relation

• UV divergent terms do not cancel out
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divergent terms
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divergent terms
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divergent terms
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ignore them - probably gauge or unphysical ?

where else could they appear?

wtf?
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fourth-order perturbation theory ... ?
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Hubble rate at fourth-order
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Hubble rate at fourth-order
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Hubble rate at fourth-order
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Conclusions Confusions

• Why are second-order perturbations so large?

•  

• tells us that perturbation theory must be relativistic, not Newtonian

• role of UV divergence must be understood to decide whether backreaction is 
small - higher order or resummation methods needed? must include tensors!

• do we need relativistic N-body replacement? 
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worse ... 

• All this assumes FLRW background spacetime

• is this obvious?

• can we demonstrate this observationally [scientifically]?

• what do we know if we don’t assume this?
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large-scale inhomogeneity
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Spherical Symmetry → void models

• within dust Lemaitre-Tolman-Bondi models - 2 free radial dof

• can fit distance-redshift data to any FLRW DE model

Mustapha, Hellaby, & Ellis
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FIG. 3: In the upper plot we show a fit of the Supernovae data (Riess et al. [28]) with an LTB model which has !2 = 186 (the
d.o.f. are 181). The inhomogeneous patch extends up to z ! 0.085 and the underdensity in the center is "CENTRE = "0.48.
We have shown !m # m " mempty: the magnitude (m # 5Log10DL) minus the magnitude of an empty open FLRW Universe
as a function of the redshift z. The blue solid line is our inhomogeneous model, the red dashed-line is an EdS model (whose
Hubble constant is normalized through the nearby supernovae), the green dotted line is the best-fit "CDM .
In the lower plot we show the density contrast for the same model, as a function of z. The average contrast (

p

$"2%) in the

inhomogeneous patch is 0.43 (
p

$"2% ! 0.33 in the underdensity,
p

$"2% ! 0.48 in the overdensity).

and this makes our model a good fit to the data. On the other hand if one allows a new free parameter (!!) then
the best fit turns out to be at a nonzero value for !!, and so the parameter value " = 0 would be formally excluded
at several ! (assuming a likelihood that goes as e!!2/2). This situation is similar to what we will encounter when we
perform the CMB fits (see section V): the MV model has a worse "2 as compared to "CDM, but the question that
we want to ask is about consistency of SN data with a MV model, and for this question the answer seems to be yes,
the "2/d.o.f. being roughly equal to 1.

We also note that we use only one dataset [28] (while there are other ones in the literature), since we would qualitatively
get very similar answer and it is not our purpose here to compare dataset with others, but just to check the consistency
of the model.

Finally we show, as an illustration, one example of a plot of DL ! z in figure IVB together with the shape of the
density profile (as a function of z) .

9
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CHAPTER 3. VOID INVESTIGATION 25

function H0(r)) in LTB models is position dependent, constructing such a quantity (i.e. µ! µempty)
independent of H0 is indeed a non-trivial task, and thus it appears to be necessary to include it (H0)
in the analysis. However, further investigation into this matter needs to be carried out, and this shall
be done in future work.

3.3 Results and Analysis

We now present results that we obtained after fitting the void models first to !CDM, and then to
the SN and H data.

3.3.1 Fitting to !CDM

In this section, we investigate how well our void parameterizations can reproduce the !CDM distance
modulus curve. To do this, we found best-fit model parameters with µ!CDM as input data for various
choices of the !CDM matter density today "

M 0
, and either fixed "out = 1 or left it free.

3.3.1.1 Fixing "out = 1

In Fig. ?? (left panel) we show the percentage di#erence between µvoid and µ!CDM as a function
of "

M 0
. Fig. 3.5 shows plots of the profiles today as a function of comoving coordinate r, the

corresponding magnitude and percentage di#erences as well as the e#ective deceleration parameter
as a function of redshift di#erence for the case for the case "

M 0
= 0.3 (i.e. the concordance !CDM

value), for each void parameterization, and in Table 3.1 we summarize those results. Blah...
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Figure 3.4: Present day radial profiles (left) and corresponding di#erence in distance moduli for each
void and that of !CDM, as well as the resulting e#ective deceleration parameter as a function of
redshift (right), after fitting each void to !CDM with "out = 1.

3.3.1.2 Leaving "out free

In Fig. ?? (right panel) we show the percentage di#erence between µvoid and µ!CDM as a function
of "

M 0
. Fig. 3.5 shows plots of the profiles today as a function of comoving coordinate r, the

Fitting Voids: to LCDM

indistinguishable from LCDM
using distance measurements

February, Larena, Smith & CC arXiv:0909.1479, MNRAS
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Supernovae as seen by o!-center observers in a local void 11

Figure 4. Magnitude dipole induced by moving the observer away from the void
center in the best fit on-center models. The curves show the di!erence in magnitude
for two SNe Ia with the same redshift but in opposite directions in the sky. Left panel:
A void with scale radius rs = 0.7 Gpc (z ! 0.18), preferred by the SDSS-II data
set. Right panel: A void with scale radius rs = 3.5 Gpc (z ! 1.02), preferred by the
Constitution data set.

6. Constraining the observer position with SNe Ia

O!-center observers will see an anisotropic relation between the luminosity distance

and the redshift for the SNe Ia. This means that a standard candle with the same

redshift but in di!erent directions in the sky will have di!erent observed magnitudes.

The isotropy of the data can be used to establish constraints on the observer position

inside the void. In this section, we will investigate how far from the center the observer
can be located.

6.1. Maximum anisotropy

To get a sense for how big the e!ect of being situated o!-center has on the SN Ia

observations, we can calculate the maximum anisotropy in the form of the magnitude

dipole. We take two SNe Ia with the same redshift but in opposite directions in the
sky, aligned with the o!-center observer through the void center. Figure 4 shows the

magnitude dipole, i.e., the di!erence in magnitude between the two SNe Ia for three

di!erent redshifts as a function of the radial displacement of the observer. We have used

the best fit on-center models for the SDSS-II (left panel), where rs = 0.7 Gpc (z ! 0.16),

and the Constitution data set (right panel), where rs = 3.5 Gpc (z ! 1.02).

The behaviour of the curves is easily understood. For on-center observers, the
universe is isotropic and the magnitude dipole vanishes. For observers located very

far from the center, the magnitude dipole becomes less significant. The curves reach

a maximum at some displacement, depending on the redshift. Figure 4 demonstrates

that SNe Ia at di!erent redshifts have di!erent constraining power when determining

the observer position. For the smaller void preferred by the SDSS-II data, the largest

Supernovae as seen by o!-center observers in a local void 15

Figure 6. The changes in the !2 values for the fit to the SNe Ia as a function of the
observer’s position. The stars show the values when the static observer is displaced in
the direction of the CMB dipole in the best fit on-center LTB model. The diamonds
show the values when the observer also has a peculiar velocity directed to accommodate
the observed CMB dipole. The arrows indicate the direction of motion, either away
from the void center or towards it. The vertical dotted line shows the position where
the peculiar velocity is zero. The scale radius of the void is rs = 5.0 Gpc for the
SDSS-II set (left panel) and rs = 3.7 Gpc for the Constitution set (right panel).

equation (27), calculate the corresponding cosmological luminosity distance, and finally

translate this value according to equation (28) in order to compare to the measured

luminosity distance.

7.2. Results

We make new model fits for the case of a static on-center observer in an asymptotically

flat void, using the measured redshifts instead of the redshifts corrected to the CMB

frame provided in the data set. The best fit to the SDSS-II set has !2 = 231.5 and the

best fit parameters are !in = 0.22 and rs = 5.0 Gpc. For the Constitution set, the best

fit has !2 = 471.5, with !in = 0.13 and rs = 3.7 Gpc.

Using these best fit on-center models, Figure 6 shows how the !2 values change
compared to the on-center value as the observer is displaced from the center in the

direction of the CMB dipole. In the first case (denoted as static) the observer has

no peculiar velocity and the CMB dipole requirement is disregarded. These points

only serve as a comparison in the plot. In the second case (denoted as moving) the

observer has a peculiar velocity that perfectly balances the o"-center position so that

the dipole requirement of equation (26) is fulfilled at all values of robs. The arrows
indicate the direction of the velocity, either away from the void center or towards

it. The vertical dotted line marks the position where the peculiar velocity is zero.

Figure 6 demonstrates the power of combining the SNe Ia data with the CMB dipole

requirement when constraining the observer position. While the induced CMB dipole

can always be balanced with an appropriately directed peculiar velocity, this motion
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Abstract. Inhomogeneous universe models have been proposed as an alternative
explanation for the apparent acceleration of the cosmic expansion that does not require
dark energy. In the simplest class of inhomogeneous models, we live within a large,
spherically symmetric void. Several studies have shown that such a model can be
made consistent with many observations, in particular the redshift–luminosity distance
relation for type Ia supernovae, provided that the void is of Gpc size and that we live
close to the center. Such a scenario challenges the Copernican principle that we do
not occupy a special place in the universe. We use the first-year Sloan Digital Sky
Survey-II supernova search data set as well as the Constitution supernova data set
to put constraints on the observer position in void models, using the fact that o!-
center observers will observe an anisotropic universe. We first show that a spherically
symmetric void can give good fits to the supernova data for an on-center observer,
but that the two data sets prefer very di!erent voids. We then continue to show that
the observer can be displaced at least fifteen percent of the void scale radius from the
center and still give an acceptable fit to the supernova data. When combined with
the observed dipole anisotropy of the cosmic microwave background however, we find
that the data compells the observer to be located within about one percent of the void
scale radius. Based on these results, we conclude that considerable fine-tuning of our
position within the void is needed to fit the supernova data, strongly disfavouring the
model from a Copernican principle point of view.

Keywords: dark energy theory, supernova type Ia

1. Introduction

The discovery of the dimming of distant type Ia supernovae (SNe Ia) [1, 2] constituted

the first impactful evidence that the expansion of the universe is in a phase of

acceleration. This picture has been corroborated by several independent probes,
including measurements of the cosmic microwave background (CMB) anisotropies [3]

and baryon acoustic oscillations (BAO) [4, 5]. Under the assumption that the universe
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anti-Copernican

The Cosmological Principle
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anti-Copernican

• Copernican P says we are not at special place in universe

• Λ introduced for misguided temporal CP ...

• we don’t throw out the concordance model because of its coincidence 
problem - wait for better understanding

Friday, 6 May 2011



Are void models ridiculous?

• being ‘at the centre of the 
universe’ is crazy, but actually 
only a coincidence of 
1 in 10~9 in our Hubble volume

• possible selection effects?

• could high dark matter 
density inhibit solar system 
formation?
must be stable for ~5Gyr

• so, maybe not anti-
Copernican ?
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Isn’t this a bit silly?
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Isn’t this a bit silly?

• Yes

• But:

• we should be able to rule void models out observationally - tests CP

• helps make data ‘cosmology independent’ (eg, compare SNIa vs BAO)

• provides alternative probe of coincidence problem which can be tested

• unusual DE interpretation without LCDM as fixed point - only ‘DE’ model 
with known physics at late times

• can we construct a void which fits all observations? fine-tuned?
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Small scale CMB

• high-l CMB fixes only:

baryon-photon ratio

baryon fraction

distance to last 
scattering

CC & Marco Regis
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Small scale CMB

indistinguishable 
from LCDM
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large-scale CMB, BAO, structure formation...

• ... all require perturbation theory

• unsolved!

• k-modes not independent - important for BAO
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• kSZ (and SZ) effect can look inside our past lightcone

Looking the void in the eyes - the kSZ e!ect in LTB models 8
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Figure 2. Examples of the size of the dipole for di!erent parameters of the constrained
GBH model [19]. The dashed line in the left figure is the first order approximation
given in [30].
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Figure 3. The angular and redshift distribution of current observations together with
the predicted dipole distribution for a giga parsec sized void model. Red triangles and
blue squares represent positive and negative peculiar velocities respectively, with the
size of the symbol indicating the magnitude of the velocities.

4. Constraints from current observations

We have compiled a set of 9 clusters with kSZ measurements from [37, 38, 39] (see table

1 and Fig. 3). Currently both systematic and random errors are very large, but even
though observations are scarce they already give very interesting bounds on the size of

a possible void.

We have used the observations to compare with the constrained GBH model,

making a grid of models with di!erent parameters (see table 3), and calculated the

likelihood of each model. From the literature we only have the (asymmetric) 68%

confidence limits for the observations, and not the full probability distributions. To
respect the asymmetric error bars, while keeping the probability distribution close to

Gaussian, we use the !-skew-normal (!SN) distribution [40], which has the probability

density function (PDF)
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Figure 1. An o!-centre cluster of galaxies in a void will “observe” CMB photons
coming from the last scattering surface from all directions. Due to the higher expansion
rate inside the void, photons arriving through the centre (from the right in the figure)
will have a larger redshift ("zin), than photons arriving directly from the LSS (left,
with "zout). There is a subdominant e!ect due to the time-dependent density profile
(the solid line corresponds to the current time, while the dot-dashed line to one tenth of
the present time). With a larger underdensity at later times, we have "z1 > "z4, and
"z2 +"z3 < 0, giving an overall di!erence "z1 > "z2 +"z3 +"z4 or, equivalently, a
subdominant dipole with a blueshift towards the centre of the void. The overall e!ect
is a blueshift away from the centre.

Consequently, in the ideal case of a spherical void, and a well embedded cluster, the

cluster observer will see an almost perfect dipole in the CMB, aligned along the radial

direction, and with the blueshift pointing away from the centre of the void, where the
observer is (see Fig. 1). The detailed e!ect of a spherical void on the CMB sky of an

o!-centre observer has been calculated in [30], and it is shown that for small distances

from the centre of the void the dominating term is a dipole. For simplicity, in this paper

we will estimate the change on the CMB sky as a pure dipole. To find the amplitude it

is then enough to integrate two radial light rays one going towards the centre, and the

other away from the centre of the void. The calculation of the grid of parameters is done
using our public easyLTB program [31], but we have also used the completely di!erent

approach of Taylor expansion around an Einstein de Sitter solution, as detailed in [19],

and checked that we get the same result for the parameters in Fig. 2. It should be noted

that this dipole approximation breaks down when the e!ective size of the void on the

sky, as observed from the cluster, becomes too small (i.e. less than ! 2!), or possibly

when the density or Hubble expansion profiles have very contrived time dependence.
Motivated by the observed size of our CMB dipole, we assume that we are located

at the centre of the void, and observe clusters in the light cone at di!erent redshifts.

Each cluster is then observed at a certain time tcl(z), related to its redshift. In order
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1 Instituto de F́ısica Teórica UAM-CSIC, Universidad Autónoma de Madrid,
Cantoblanco, 28049 Madrid, Spain,
2 Department of Physics and Astronomy, University of Aarhus, DK-8000 Aarhus C,
Denmark

E-mail: juan.garciabellido@uam.es, haugboel@phys.au.dk

Abstract. As an alternative explanation of the dimming of distant supernovae it has
recently been advocated that we live in a special place in the Universe near the centre
of a large void described by a Lemâıtre-Tolman-Bondi (LTB) metric. The Universe
is no longer homogeneous and isotropic and the apparent late time acceleration is
actually a consequence of spatial gradients in the metric. If we did not live close
to the centre of the void, we would have observed a Cosmic Microwave Background
(CMB) dipole much larger than that allowed by observations. Hence, until now it has
been argued, for the model to be consistent with observations, that by coincidence
we happen to live very close to the centre of the void or we are moving towards it.
However, even if we are at the centre of the void, we can observe distant galaxy clusters,
which are o!-centre. In their frame of reference there should be a large CMB dipole,
which manifests itself observationally for us as a kinematic Sunyaev-Zeldovich (kSZ)
e!ect. kSZ observations give far stronger constraints on the LTB model compared to
other observational probes such as Type Ia Supernovae, the CMB, and baryon acoustic
oscillations. We show that current observations of only 9 clusters with large error bars
already rule out LTB models with void sizes greater than ! 1.5 Gpc and a significant
underdensity, and that near future kSZ surveys like the Atacama Cosmology Telescope
(ACT), South Pole Telescope (SPT), APEX telescope, or the Planck satellite will be
able to strongly rule out or confirm LTB models with giga parsec sized voids. On the
other hand, if the LTB model is confirmed by observations, a kSZ survey gives a unique
possibility of directly reconstructing the expansion rate and underdensity profile of the
void.
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Figure 2. Examples of the size of the dipole for di!erent parameters of the constrained
GBH model [19]. The dashed line in the left figure is the first order approximation
given in [30].

 

-135-90-4504590135180

-90

-60

-30

0

30

60

90 !in=0.23, r0=1.8, H0=0.65, "r/r0=0.35

0.0 0.2 0.4 0.6
Redshift

-6

-4

-2

0

2

4

6

8

v P
 [1

00
0 

km
/s

]

Figure 3. The angular and redshift distribution of current observations together with
the predicted dipole distribution for a giga parsec sized void model. Red triangles and
blue squares represent positive and negative peculiar velocities respectively, with the
size of the symbol indicating the magnitude of the velocities.

4. Constraints from current observations

We have compiled a set of 9 clusters with kSZ measurements from [37, 38, 39] (see table

1 and Fig. 3). Currently both systematic and random errors are very large, but even
though observations are scarce they already give very interesting bounds on the size of

a possible void.

We have used the observations to compare with the constrained GBH model,

making a grid of models with di!erent parameters (see table 3), and calculated the

likelihood of each model. From the literature we only have the (asymmetric) 68%

confidence limits for the observations, and not the full probability distributions. To
respect the asymmetric error bars, while keeping the probability distribution close to

Gaussian, we use the !-skew-normal (!SN) distribution [40], which has the probability

density function (PDF)
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Figure 1. An o!-centre cluster of galaxies in a void will “observe” CMB photons
coming from the last scattering surface from all directions. Due to the higher expansion
rate inside the void, photons arriving through the centre (from the right in the figure)
will have a larger redshift ("zin), than photons arriving directly from the LSS (left,
with "zout). There is a subdominant e!ect due to the time-dependent density profile
(the solid line corresponds to the current time, while the dot-dashed line to one tenth of
the present time). With a larger underdensity at later times, we have "z1 > "z4, and
"z2 +"z3 < 0, giving an overall di!erence "z1 > "z2 +"z3 +"z4 or, equivalently, a
subdominant dipole with a blueshift towards the centre of the void. The overall e!ect
is a blueshift away from the centre.

Consequently, in the ideal case of a spherical void, and a well embedded cluster, the

cluster observer will see an almost perfect dipole in the CMB, aligned along the radial

direction, and with the blueshift pointing away from the centre of the void, where the
observer is (see Fig. 1). The detailed e!ect of a spherical void on the CMB sky of an

o!-centre observer has been calculated in [30], and it is shown that for small distances

from the centre of the void the dominating term is a dipole. For simplicity, in this paper

we will estimate the change on the CMB sky as a pure dipole. To find the amplitude it

is then enough to integrate two radial light rays one going towards the centre, and the

other away from the centre of the void. The calculation of the grid of parameters is done
using our public easyLTB program [31], but we have also used the completely di!erent

approach of Taylor expansion around an Einstein de Sitter solution, as detailed in [19],

and checked that we get the same result for the parameters in Fig. 2. It should be noted

that this dipole approximation breaks down when the e!ective size of the void on the

sky, as observed from the cluster, becomes too small (i.e. less than ! 2!), or possibly

when the density or Hubble expansion profiles have very contrived time dependence.
Motivated by the observed size of our CMB dipole, we assume that we are located

at the centre of the void, and observe clusters in the light cone at di!erent redshifts.

Each cluster is then observed at a certain time tcl(z), related to its redshift. In order
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of a large void described by a Lemâıtre-Tolman-Bondi (LTB) metric. The Universe
is no longer homogeneous and isotropic and the apparent late time acceleration is
actually a consequence of spatial gradients in the metric. If we did not live close
to the centre of the void, we would have observed a Cosmic Microwave Background
(CMB) dipole much larger than that allowed by observations. Hence, until now it has
been argued, for the model to be consistent with observations, that by coincidence
we happen to live very close to the centre of the void or we are moving towards it.
However, even if we are at the centre of the void, we can observe distant galaxy clusters,
which are o!-centre. In their frame of reference there should be a large CMB dipole,
which manifests itself observationally for us as a kinematic Sunyaev-Zeldovich (kSZ)
e!ect. kSZ observations give far stronger constraints on the LTB model compared to
other observational probes such as Type Ia Supernovae, the CMB, and baryon acoustic
oscillations. We show that current observations of only 9 clusters with large error bars
already rule out LTB models with void sizes greater than ! 1.5 Gpc and a significant
underdensity, and that near future kSZ surveys like the Atacama Cosmology Telescope
(ACT), South Pole Telescope (SPT), APEX telescope, or the Planck satellite will be
able to strongly rule out or confirm LTB models with giga parsec sized voids. On the
other hand, if the LTB model is confirmed by observations, a kSZ survey gives a unique
possibility of directly reconstructing the expansion rate and underdensity profile of the
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Figure 2. Examples of the size of the dipole for di!erent parameters of the constrained
GBH model [19]. The dashed line in the left figure is the first order approximation
given in [30].
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Figure 3. The angular and redshift distribution of current observations together with
the predicted dipole distribution for a giga parsec sized void model. Red triangles and
blue squares represent positive and negative peculiar velocities respectively, with the
size of the symbol indicating the magnitude of the velocities.

4. Constraints from current observations

We have compiled a set of 9 clusters with kSZ measurements from [37, 38, 39] (see table

1 and Fig. 3). Currently both systematic and random errors are very large, but even
though observations are scarce they already give very interesting bounds on the size of

a possible void.

We have used the observations to compare with the constrained GBH model,

making a grid of models with di!erent parameters (see table 3), and calculated the

likelihood of each model. From the literature we only have the (asymmetric) 68%

confidence limits for the observations, and not the full probability distributions. To
respect the asymmetric error bars, while keeping the probability distribution close to

Gaussian, we use the !-skew-normal (!SN) distribution [40], which has the probability
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Figure 1. An o!-centre cluster of galaxies in a void will “observe” CMB photons
coming from the last scattering surface from all directions. Due to the higher expansion
rate inside the void, photons arriving through the centre (from the right in the figure)
will have a larger redshift ("zin), than photons arriving directly from the LSS (left,
with "zout). There is a subdominant e!ect due to the time-dependent density profile
(the solid line corresponds to the current time, while the dot-dashed line to one tenth of
the present time). With a larger underdensity at later times, we have "z1 > "z4, and
"z2 +"z3 < 0, giving an overall di!erence "z1 > "z2 +"z3 +"z4 or, equivalently, a
subdominant dipole with a blueshift towards the centre of the void. The overall e!ect
is a blueshift away from the centre.

Consequently, in the ideal case of a spherical void, and a well embedded cluster, the

cluster observer will see an almost perfect dipole in the CMB, aligned along the radial

direction, and with the blueshift pointing away from the centre of the void, where the
observer is (see Fig. 1). The detailed e!ect of a spherical void on the CMB sky of an

o!-centre observer has been calculated in [30], and it is shown that for small distances

from the centre of the void the dominating term is a dipole. For simplicity, in this paper

we will estimate the change on the CMB sky as a pure dipole. To find the amplitude it

is then enough to integrate two radial light rays one going towards the centre, and the

other away from the centre of the void. The calculation of the grid of parameters is done
using our public easyLTB program [31], but we have also used the completely di!erent

approach of Taylor expansion around an Einstein de Sitter solution, as detailed in [19],

and checked that we get the same result for the parameters in Fig. 2. It should be noted

that this dipole approximation breaks down when the e!ective size of the void on the

sky, as observed from the cluster, becomes too small (i.e. less than ! 2!), or possibly

when the density or Hubble expansion profiles have very contrived time dependence.
Motivated by the observed size of our CMB dipole, we assume that we are located

at the centre of the void, and observe clusters in the light cone at di!erent redshifts.

Each cluster is then observed at a certain time tcl(z), related to its redshift. In order
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Figure 2. Examples of the size of the dipole for di!erent parameters of the constrained
GBH model [19]. The dashed line in the left figure is the first order approximation
given in [30].

 

-135-90-4504590135180

-90

-60

-30

0

30

60

90 !in=0.23, r0=1.8, H0=0.65, "r/r0=0.35

0.0 0.2 0.4 0.6
Redshift

-6

-4

-2

0

2

4

6

8

v P
 [1

00
0 

km
/s

]

Figure 3. The angular and redshift distribution of current observations together with
the predicted dipole distribution for a giga parsec sized void model. Red triangles and
blue squares represent positive and negative peculiar velocities respectively, with the
size of the symbol indicating the magnitude of the velocities.

4. Constraints from current observations

We have compiled a set of 9 clusters with kSZ measurements from [37, 38, 39] (see table

1 and Fig. 3). Currently both systematic and random errors are very large, but even
though observations are scarce they already give very interesting bounds on the size of

a possible void.

We have used the observations to compare with the constrained GBH model,

making a grid of models with di!erent parameters (see table 3), and calculated the

likelihood of each model. From the literature we only have the (asymmetric) 68%

confidence limits for the observations, and not the full probability distributions. To
respect the asymmetric error bars, while keeping the probability distribution close to

Gaussian, we use the !-skew-normal (!SN) distribution [40], which has the probability

density function (PDF)
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Figure 1. An o!-centre cluster of galaxies in a void will “observe” CMB photons
coming from the last scattering surface from all directions. Due to the higher expansion
rate inside the void, photons arriving through the centre (from the right in the figure)
will have a larger redshift ("zin), than photons arriving directly from the LSS (left,
with "zout). There is a subdominant e!ect due to the time-dependent density profile
(the solid line corresponds to the current time, while the dot-dashed line to one tenth of
the present time). With a larger underdensity at later times, we have "z1 > "z4, and
"z2 +"z3 < 0, giving an overall di!erence "z1 > "z2 +"z3 +"z4 or, equivalently, a
subdominant dipole with a blueshift towards the centre of the void. The overall e!ect
is a blueshift away from the centre.

Consequently, in the ideal case of a spherical void, and a well embedded cluster, the

cluster observer will see an almost perfect dipole in the CMB, aligned along the radial

direction, and with the blueshift pointing away from the centre of the void, where the
observer is (see Fig. 1). The detailed e!ect of a spherical void on the CMB sky of an

o!-centre observer has been calculated in [30], and it is shown that for small distances

from the centre of the void the dominating term is a dipole. For simplicity, in this paper

we will estimate the change on the CMB sky as a pure dipole. To find the amplitude it

is then enough to integrate two radial light rays one going towards the centre, and the

other away from the centre of the void. The calculation of the grid of parameters is done
using our public easyLTB program [31], but we have also used the completely di!erent

approach of Taylor expansion around an Einstein de Sitter solution, as detailed in [19],

and checked that we get the same result for the parameters in Fig. 2. It should be noted

that this dipole approximation breaks down when the e!ective size of the void on the

sky, as observed from the cluster, becomes too small (i.e. less than ! 2!), or possibly

when the density or Hubble expansion profiles have very contrived time dependence.
Motivated by the observed size of our CMB dipole, we assume that we are located

at the centre of the void, and observe clusters in the light cone at di!erent redshifts.

Each cluster is then observed at a certain time tcl(z), related to its redshift. In order
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of a large void described by a Lemâıtre-Tolman-Bondi (LTB) metric. The Universe
is no longer homogeneous and isotropic and the apparent late time acceleration is
actually a consequence of spatial gradients in the metric. If we did not live close
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(CMB) dipole much larger than that allowed by observations. Hence, until now it has
been argued, for the model to be consistent with observations, that by coincidence
we happen to live very close to the centre of the void or we are moving towards it.
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which are o!-centre. In their frame of reference there should be a large CMB dipole,
which manifests itself observationally for us as a kinematic Sunyaev-Zeldovich (kSZ)
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Figure 2. Examples of the size of the dipole for di!erent parameters of the constrained
GBH model [19]. The dashed line in the left figure is the first order approximation
given in [30].
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Figure 3. The angular and redshift distribution of current observations together with
the predicted dipole distribution for a giga parsec sized void model. Red triangles and
blue squares represent positive and negative peculiar velocities respectively, with the
size of the symbol indicating the magnitude of the velocities.
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with "zout). There is a subdominant e!ect due to the time-dependent density profile
(the solid line corresponds to the current time, while the dot-dashed line to one tenth of
the present time). With a larger underdensity at later times, we have "z1 > "z4, and
"z2 +"z3 < 0, giving an overall di!erence "z1 > "z2 +"z3 +"z4 or, equivalently, a
subdominant dipole with a blueshift towards the centre of the void. The overall e!ect
is a blueshift away from the centre.

Consequently, in the ideal case of a spherical void, and a well embedded cluster, the

cluster observer will see an almost perfect dipole in the CMB, aligned along the radial

direction, and with the blueshift pointing away from the centre of the void, where the
observer is (see Fig. 1). The detailed e!ect of a spherical void on the CMB sky of an

o!-centre observer has been calculated in [30], and it is shown that for small distances

from the centre of the void the dominating term is a dipole. For simplicity, in this paper

we will estimate the change on the CMB sky as a pure dipole. To find the amplitude it

is then enough to integrate two radial light rays one going towards the centre, and the

other away from the centre of the void. The calculation of the grid of parameters is done
using our public easyLTB program [31], but we have also used the completely di!erent

approach of Taylor expansion around an Einstein de Sitter solution, as detailed in [19],

and checked that we get the same result for the parameters in Fig. 2. It should be noted

that this dipole approximation breaks down when the e!ective size of the void on the

sky, as observed from the cluster, becomes too small (i.e. less than ! 2!), or possibly

when the density or Hubble expansion profiles have very contrived time dependence.
Motivated by the observed size of our CMB dipole, we assume that we are located

at the centre of the void, and observe clusters in the light cone at di!erent redshifts.

Each cluster is then observed at a certain time tcl(z), related to its redshift. In order

ar
X

iv
:0

80
7.

13
26

v1
  [

as
tro

-p
h]

  9
 Ju

l 2
00

8

Looking the void in the eyes - the kSZ e!ect in LTB

models
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Lithium problem → inhomogeneity at early times?

• a Gpc fluctuation in baryon-photon ratio solves Li problem

2

FIG. 1: Constraints on η. Top left we estimate current constraints on η10 = 1010η from different observations. Constraints
from 7Li observations [10] in Galactic globular clusters and Galactic halo are shown separately, alongside 4He [7] and 3He [7].
These agree with each other if η10 ∼ 4. Local measurements of D are very uncertain [8] though they also require η10 ∼ 4 if we
assume the rather precise value we show (from Bayesian analyses in [11]) and an astration factor (i.e. depletion of D due to star
formation in our Galaxy) of f ∼ 2− 3. (Or, alternatively, a smaller f [12] with a slightly different value for D). On the other
hand, D observations at high redshift (red) [9] and CMB require η10 � 6. Bottom left we show how a varying radial profile for
η can fit all the observational constraints, for differing inhomogeneity scales. (The D and CMB constraints are in redshift, so
move when given in terms of comoving distance r, being r(z) dependent on inhomogeneity profile.) On the right we show the
nuclei abundances as a function of z in our example model (see text). Filling in points on this graph will test this theory.

7
Li problem, as we show in Fig. 1.

Inhomogeneous model: How could dark energy be re-

lated to the Lithium problem? Let us consider this in

the context of a toy void model which can fit SNIa data,

though our discussion is more widely applicable. Spheri-

cally symmetric void models have a spatially varying cur-

vature, with differing values today at the centre and at

large distances (where we observe the CMB). The scale of

the void is of order the Hubble radius today, so is only di-

rectly significant at late times. When the curvature mode

is larger than the horizon size, gradients in the curvature

across a distance H(a)
−1

are negligible; significant effects

appear between widely separated radii. For the BBN and

CMB calculations we assume that early time evolution in

a causal patch follows the usual FLRW evolution, with a

different FLRW model at each radius. When we calcu-

late the area distance to the CMB the curvature profile

directly enters which can be constrained.

At early times during the radiation era, we find that

unless η is fine-tuned to be exactly spatially constant, the

radiation inhomogeneity grows while the matter inhomo-

geneity is frozen at a value δm � 1 − η(in)
/η(out) � δr

Do primordial Lithium abundances imply there’s no Dark Energy?

Marco Regis and Chris Clarkson
Astrophysics, Cosmology & Gravity Centre, and,

Department of Mathematics & Applied Mathematics, University of Cape Town, South Africa

Explaining the well established observation that the expansion rate of the universe is apparently
accelerating is one of the defining scientific problems of our age. Within the standard model of
cosmology, the repulsive ‘dark energy’ supposedly responsible has no explanation at a fundamental
level, despite many varied attempts. A further important dilemma in the standard model is the
Lithium problem, which is the substantial mismatch between the theoretical prediction for 7Li from
Big Bang Nucleosynthesis and the value that we observe today. This observation is one of the
very few we have from along our past worldline as opposed to our past lightcone. By releasing
the untested assumption that the universe is homogeneous on very large scales, both apparent
acceleration and the Lithium problem can be easily accounted for as different aspects of cosmic
inhomogeneity, without causing problems for other cosmological phenomena such as the cosmic
microwave background. We illustrate this in the context of a void model.

Introduction: Distant supernovae Ia (SNIa) explo-
sions are too dim to be explained when taken with other
cosmological observations, a fact based on a model where
the curvature of the universe is constant in space and all
material in the universe is gravitationally attractive. The
standard interpretation of SNIa observations within the
concordance model of cosmology is that the cosmologi-
cal constant, Λ, takes on about the same value as the
total present day energy densities of cold dark matter
(CDM) and baryons in the Universe. This extraordi-
nary coincidence of numbers, at odds with quantum field
theory estimates for the vacuum energy by 120 orders
of magnitude, leaves many cosmologists slightly queasy.
Attempts to explain such values typically postulate the
physical existence of an infinite number of universes with
randomly chosen constants of nature, whereby it just so
happens that we live in a universe like ours at the particu-
lar time when Λ starts to dominate. An elegant idea, but
untestable except in highly specialised configurations.
Alternative explanations for the observed brightnesses
of SNIa within the homogeneous Friedmann-Lemâıtre-
Robertson-Walker (FLRW) models ether postulate exotic
forms of matter with huge negative pressures at low tem-
perature, or make ad hoc changes to Einstein’s General
Relativity on Hubble scales [1].

A seemingly radical explanation for the SNIa observa-
tions suggests that the universe is not exactly homoge-
neous on Hubble scales, but that instead there is signif-
icant spatial variation in the matter distribution, which
is accompanied by spatial changes in the curvature and
local expansion rate. In the simplest of these models, we
live in a region where the matter density is significantly
less than the density of that of the universe on super-
Hubble scales [2]. The simplicity of the models means
that they require violation of the Copernican Principle,
that we are in some sense ‘typical’ observers. Conse-
quently, they suffer a spatial coincidence problem rather
than the temporal one of concordance cosmology. Nev-
ertheless, these models fit SNIa and other local back-

ground observations [3–5], and, as we show, the cosmic
microwave background (CMB). Structure formation re-
mains the unexplored area where these models may fail
standard tests, but this is a technically challenging prob-
lem which has not been properly attempted. The early
universe is a key area to be analysed, but this is often as-
sumed trivial because the models can evolve from FLRW.
It’s not. [29]

BBN: Big-Bang nucleosynthesis (BBN) is the most
robust probe of the first instants of the post-inflationary
Universe. After three minutes, the lightest nuclei (mainly
D, 3He, 4He, and 7Li) were synthesised in observation-
ally significant abundances [7, 8]. Observations of these
abundances provide powerful constraints on the primor-
dial baryon-to-photon ratio η = nb/nγ , which is constant
in time during adiabatic expansion. In the ΛCDM model,
the CMB constrains ηCMB = 6.226 ± 0.017 × 10−10 [8]
at a redshift z ∼ 1100. Observations of high redshift
low metallicity quasar absorbers tells us D/H= (2.8 ±
0.2) × 10−5 [9] at z ∼ 3, which in standard BBN leads
to ηD = (5.8 ± 0.3) × 10−10, in good agreement with
the CMB constraint. In contrast to these distant mea-
surements at z ∼ 103 and z ∼ 3, primordial abundances
at z = 0 are either very uncertain (D and 3He), not a
very sensitive baryometer (4He), or, most importantly,
in significant disagreement with these measurements –
7Li. To probe the BBN yield of 7Li, observations have
concentrated on old metal-poor stars in the Galactic halo
or in Galactic globular clusters. The ratio between ηLi

derived from 7Li at z = 0 and ηD derived from D at z ∼ 3
is found to be ηD/ηLi � 1.5 − 2. Within the standard
model of cosmology there appears to be no way to ex-
plain this anomalously low value for ηLi, which disagrees
with the CMB derived value by up to 5-σ [10] (unless
one includes an unresolved large systematic uncertainty
in 7Li measurements [7, 8]). On the other hand, a local
value of η ∼ 4×10−10 is consistent with all the measure-
ments of primordial abundances at z = 0, which means
that an inhomogeneous radial profile for η can solve the
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derived from 7Li at z = 0 and ηD derived from D at z ∼ 3
is found to be ηD/ηLi � 1.5 − 2. Within the standard
model of cosmology there appears to be no way to ex-
plain this anomalously low value for ηLi, which disagrees
with the CMB derived value by up to 5-σ [10] (unless
one includes an unresolved large systematic uncertainty
in 7Li measurements [7, 8]). On the other hand, a local
value of η ∼ 4×10−10 is consistent with all the measure-
ments of primordial abundances at z = 0, which means
that an inhomogeneous radial profile for η can solve the
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Lithium problem → inhomogeneity at early times?

• a Gpc fluctuation in baryon-photon ratio solves Li problem
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FIG. 1: Constraints on η. Top left we estimate current constraints on η10 = 1010η from different observations. Constraints
from 7Li observations [10] in Galactic globular clusters and Galactic halo are shown separately, alongside 4He [7] and 3He [7].
These agree with each other if η10 ∼ 4. Local measurements of D are very uncertain [8] though they also require η10 ∼ 4 if we
assume the rather precise value we show (from Bayesian analyses in [11]) and an astration factor (i.e. depletion of D due to star
formation in our Galaxy) of f ∼ 2− 3. (Or, alternatively, a smaller f [12] with a slightly different value for D). On the other
hand, D observations at high redshift (red) [9] and CMB require η10 � 6. Bottom left we show how a varying radial profile for
η can fit all the observational constraints, for differing inhomogeneity scales. (The D and CMB constraints are in redshift, so
move when given in terms of comoving distance r, being r(z) dependent on inhomogeneity profile.) On the right we show the
nuclei abundances as a function of z in our example model (see text). Filling in points on this graph will test this theory.

7
Li problem, as we show in Fig. 1.

Inhomogeneous model: How could dark energy be re-

lated to the Lithium problem? Let us consider this in

the context of a toy void model which can fit SNIa data,

though our discussion is more widely applicable. Spheri-

cally symmetric void models have a spatially varying cur-

vature, with differing values today at the centre and at

large distances (where we observe the CMB). The scale of

the void is of order the Hubble radius today, so is only di-

rectly significant at late times. When the curvature mode

is larger than the horizon size, gradients in the curvature

across a distance H(a)
−1

are negligible; significant effects

appear between widely separated radii. For the BBN and

CMB calculations we assume that early time evolution in

a causal patch follows the usual FLRW evolution, with a

different FLRW model at each radius. When we calcu-

late the area distance to the CMB the curvature profile

directly enters which can be constrained.

At early times during the radiation era, we find that

unless η is fine-tuned to be exactly spatially constant, the

radiation inhomogeneity grows while the matter inhomo-

geneity is frozen at a value δm � 1 − η(in)
/η(out) � δr

Do primordial Lithium abundances imply there’s no Dark Energy?
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Explaining the well established observation that the expansion rate of the universe is apparently
accelerating is one of the defining scientific problems of our age. Within the standard model of
cosmology, the repulsive ‘dark energy’ supposedly responsible has no explanation at a fundamental
level, despite many varied attempts. A further important dilemma in the standard model is the
Lithium problem, which is the substantial mismatch between the theoretical prediction for 7Li from
Big Bang Nucleosynthesis and the value that we observe today. This observation is one of the
very few we have from along our past worldline as opposed to our past lightcone. By releasing
the untested assumption that the universe is homogeneous on very large scales, both apparent
acceleration and the Lithium problem can be easily accounted for as different aspects of cosmic
inhomogeneity, without causing problems for other cosmological phenomena such as the cosmic
microwave background. We illustrate this in the context of a void model.

Introduction: Distant supernovae Ia (SNIa) explo-
sions are too dim to be explained when taken with other
cosmological observations, a fact based on a model where
the curvature of the universe is constant in space and all
material in the universe is gravitationally attractive. The
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concordance model of cosmology is that the cosmologi-
cal constant, Λ, takes on about the same value as the
total present day energy densities of cold dark matter
(CDM) and baryons in the Universe. This extraordi-
nary coincidence of numbers, at odds with quantum field
theory estimates for the vacuum energy by 120 orders
of magnitude, leaves many cosmologists slightly queasy.
Attempts to explain such values typically postulate the
physical existence of an infinite number of universes with
randomly chosen constants of nature, whereby it just so
happens that we live in a universe like ours at the particu-
lar time when Λ starts to dominate. An elegant idea, but
untestable except in highly specialised configurations.
Alternative explanations for the observed brightnesses
of SNIa within the homogeneous Friedmann-Lemâıtre-
Robertson-Walker (FLRW) models ether postulate exotic
forms of matter with huge negative pressures at low tem-
perature, or make ad hoc changes to Einstein’s General
Relativity on Hubble scales [1].

A seemingly radical explanation for the SNIa observa-
tions suggests that the universe is not exactly homoge-
neous on Hubble scales, but that instead there is signif-
icant spatial variation in the matter distribution, which
is accompanied by spatial changes in the curvature and
local expansion rate. In the simplest of these models, we
live in a region where the matter density is significantly
less than the density of that of the universe on super-
Hubble scales [2]. The simplicity of the models means
that they require violation of the Copernican Principle,
that we are in some sense ‘typical’ observers. Conse-
quently, they suffer a spatial coincidence problem rather
than the temporal one of concordance cosmology. Nev-
ertheless, these models fit SNIa and other local back-

ground observations [3–5], and, as we show, the cosmic
microwave background (CMB). Structure formation re-
mains the unexplored area where these models may fail
standard tests, but this is a technically challenging prob-
lem which has not been properly attempted. The early
universe is a key area to be analysed, but this is often as-
sumed trivial because the models can evolve from FLRW.
It’s not. [29]

BBN: Big-Bang nucleosynthesis (BBN) is the most
robust probe of the first instants of the post-inflationary
Universe. After three minutes, the lightest nuclei (mainly
D, 3He, 4He, and 7Li) were synthesised in observation-
ally significant abundances [7, 8]. Observations of these
abundances provide powerful constraints on the primor-
dial baryon-to-photon ratio η = nb/nγ , which is constant
in time during adiabatic expansion. In the ΛCDM model,
the CMB constrains ηCMB = 6.226 ± 0.017 × 10−10 [8]
at a redshift z ∼ 1100. Observations of high redshift
low metallicity quasar absorbers tells us D/H= (2.8 ±
0.2) × 10−5 [9] at z ∼ 3, which in standard BBN leads
to ηD = (5.8 ± 0.3) × 10−10, in good agreement with
the CMB constraint. In contrast to these distant mea-
surements at z ∼ 103 and z ∼ 3, primordial abundances
at z = 0 are either very uncertain (D and 3He), not a
very sensitive baryometer (4He), or, most importantly,
in significant disagreement with these measurements –
7Li. To probe the BBN yield of 7Li, observations have
concentrated on old metal-poor stars in the Galactic halo
or in Galactic globular clusters. The ratio between ηLi

derived from 7Li at z = 0 and ηD derived from D at z ∼ 3
is found to be ηD/ηLi � 1.5 − 2. Within the standard
model of cosmology there appears to be no way to ex-
plain this anomalously low value for ηLi, which disagrees
with the CMB derived value by up to 5-σ [10] (unless
one includes an unresolved large systematic uncertainty
in 7Li measurements [7, 8]). On the other hand, a local
value of η ∼ 4×10−10 is consistent with all the measure-
ments of primordial abundances at z = 0, which means
that an inhomogeneous radial profile for η can solve the
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Are void models ridiculous?

• what if the universe is huge, 
with voids all over the 
place? [like galaxies]

• maybe it’s a clue to super-
Hubble scales?

• then tells us about universe 
early in inflation era : 
something is wrong with 
slow-roll inflation

• Key conclusion:
dark energy is consequence 
of assumed homogeneity
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Curvature test for the Copernican Principle

• in FLRW we can combine Hubble rate and distance data to find curvature

• independent of all other cosmological parameters, including dark energy 
model, and theory of gravity

• tests the Copernican principle and the basis of FLRW (‘on-lightcone’ test)

Ωk =
[H(z)D�(z)]2 − 1

[H0D(z)]2
�
dL = (1 + z)D = (1 + z)2dA

�

C (z) = 1 + H
2
�
DD

�� −D
�2� + HH

�
DD

� = 0

Clarkson, Basset & Lu, PRL 100 191303

Friday, 6 May 2011



Using age data to reconstruct H(z)

Shafieloo & Clarkson, PRD
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Open issues for voids

• void models have many problems:

• perturbations/BAO/large scale CMB not calculated, but it looks like they 
will be able to fit all observations - would this be fine-tuned?

• initial conditions: could inflation/something produce a simple void?

• they’re weird: can the Copernican problem be averted?

• dark energy, or is slow roll inflation wrong?

• can we test the Copernican principle in general?
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can we instead quantify other deviations from 
flat LCDM?

... model independent consistency tests ... 
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A litmus test for flat ΛCDM

2

curvature, thereby providing a genuine litmus test for the cosmological constant.

Reconstructing Dark Energy The dark energy equation of state, w(z), is typically reconstructed using distance
measurements as a function of redshift. The luminosity distance may be written as

dL(z) =
c(1 + z)
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which is formally valid for all curvatures, where H(z) is given by the Friedmann equation,
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and !DE = 1"!m "!k. The usual procedure is to postulate a several parameter form for w(z) and calculate dL(z)
using Eq. (1). An alternative method is to reconstruct w(z) by directly reconstructing the luminosity-distance curve.
It has been shown in [9? ] dL(z) may be inverted to yield w(z). Writing D(z) = (H0/c)(1 + z)"1dL(z), we have

w(z) =
2(1 + z)(1 + !kD2)D!! "

)

(1 + z)2!kD!2 + 2(1 + z)!kDD! " 3(1 + !kD2)
*

D!

3 {(1 + z)2 [!k + (1 + z)!m] D!2 " (1 + !kD2)}D!
. (3)

Thus, given a distance-redshift curve D(z), we can reconstruct the dark energy equation of state [? ]. Typically, one
chooses a parameterised ansatz for D(z), such as the Pade ansatz used in [5],

DL(z) =

+

(1 + z) " !
"

(1 + z) " 1 + !

"(1 + z) + #
!

1 + z + 2 " ! " " " #

,

. (4)

one then fits it to the data, and then calculates w(z) from Eq (3). Such a reconstruction method is more generic
than parameterising w(z) directly because we are fitting directly to the observable, and so can spot small variations
in dL which can translate to dramatic variations in w(z). Unfortunately, this also leads to larger reported errors in
w(z) than calculated by parameterising it directly. It is not clear, however, which errors on our understanding of
dark energy should be taken most seriously. What is very nice about this method is that, if done in small redshift
bins, measurements of w(z) in a given bin is independent of bins at lower z; this is not the case for parameterised w
methods as they integrate over redshift when calculating dL(z). Both methods su"er from strong degeneracies with
!k and !m, however – see, for example [8, 9, 10]. This vital problem we circumvent using the tests we present below.

Consistency Test for #CDM For flat #CDM mod-
els the slope of the distance data curve must satisfy
D!(z) = 1/

"

!m(1 + z)3 + (1 " !m). Rearranging for
!m we have

!m =
1 " D!(z)2

[(1 + z)3 " 1]D!(z)2
. (5)

Within the flat #CDM paradigm, if we measure D!(z) at
some z and calculate the rhs of this equation, we should
obtain the same answer independently of the redshift of
measurement. Di"erentiating Eq. (5) we then find that

L (z) = $D!!(z) + 3(1 + z)2D!(z)[1 " D!(z)2]

= 0 for all flat #CDM models. (6)

We have used the shorthand $ = 2[(1 + z)3 " 1]. Note
that this is completely independent of the value of !m.
We may use this as a test for # as follows: take a param-
eterised form for D(z) and fit to the data. If L (z) = 0

lies outside the n-% error bars, we have n-% evidence for
deviations from #, assuming the curvature is zero (see
below for the generalised test without this restriction).
If, on the other hand, L (z) = 0 is a su$ciently good
fit for all suitable parameterisation we can think of, then
that is good evidence for #. But the important thing
is that only one choice of parameterisation has to imply
L (z) #= 0 to provide evidence that #CDM is wrong. Ev-
ery parameterisation has many blind spots – variations
in w(z) that could never be picked up – so by searching
through various ensures that the blind spots are illumi-
nated.

Testing the test To illustrate the test, and to demon-
strate that it will work, we fit the Padè ansatz given
in Eq. (4) to the luminosity-distance data for a set of
simulated data. The derivatives D!! and D! are then
calculated and substituted into Eq. (6). A deviation of
L (z) = 0 within the error bars of the reconstruction sig-

Zunckel & Clarkson, PRL, arXiv:0807.4304; 
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2

curvature, thereby providing a genuine litmus test for the cosmological constant.

Reconstructing Dark Energy The dark energy equation of state, w(z), is typically reconstructed using distance
measurements as a function of redshift. The luminosity distance may be written as

dL(z) =
c(1 + z)

H0

!
"!k

sin

!

"

"!k

# z

0

dz!
H0

H(z!)

$

, (1)

which is formally valid for all curvatures, where H(z) is given by the Friedmann equation,

H(z)2 = H2
0

%

!m(1 + z)3 + !k(1 + z)2 + !DE exp

&

3

# z

0

1 + w(z!)

1 + z!
dz!

'(

, (2)

and !DE = 1"!m "!k. The usual procedure is to postulate a several parameter form for w(z) and calculate dL(z)
using Eq. (1). An alternative method is to reconstruct w(z) by directly reconstructing the luminosity-distance curve.
It has been shown in [9? ] dL(z) may be inverted to yield w(z). Writing D(z) = (H0/c)(1 + z)"1dL(z), we have

w(z) =
2(1 + z)(1 + !kD2)D!! "

)

(1 + z)2!kD!2 + 2(1 + z)!kDD! " 3(1 + !kD2)
*

D!

3 {(1 + z)2 [!k + (1 + z)!m] D!2 " (1 + !kD2)}D!
. (3)

Thus, given a distance-redshift curve D(z), we can reconstruct the dark energy equation of state [? ]. Typically, one
chooses a parameterised ansatz for D(z), such as the Pade ansatz used in [5],

DL(z) =

+

(1 + z) " !
"

(1 + z) " 1 + !

"(1 + z) + #
!

1 + z + 2 " ! " " " #

,

. (4)

one then fits it to the data, and then calculates w(z) from Eq (3). Such a reconstruction method is more generic
than parameterising w(z) directly because we are fitting directly to the observable, and so can spot small variations
in dL which can translate to dramatic variations in w(z). Unfortunately, this also leads to larger reported errors in
w(z) than calculated by parameterising it directly. It is not clear, however, which errors on our understanding of
dark energy should be taken most seriously. What is very nice about this method is that, if done in small redshift
bins, measurements of w(z) in a given bin is independent of bins at lower z; this is not the case for parameterised w
methods as they integrate over redshift when calculating dL(z). Both methods su"er from strong degeneracies with
!k and !m, however – see, for example [8, 9, 10]. This vital problem we circumvent using the tests we present below.

Consistency Test for #CDM For flat #CDM mod-
els the slope of the distance data curve must satisfy
D!(z) = 1/

"

!m(1 + z)3 + (1 " !m). Rearranging for
!m we have

!m =
1 " D!(z)2

[(1 + z)3 " 1]D!(z)2
. (5)

Within the flat #CDM paradigm, if we measure D!(z) at
some z and calculate the rhs of this equation, we should
obtain the same answer independently of the redshift of
measurement. Di"erentiating Eq. (5) we then find that

L (z) = $D!!(z) + 3(1 + z)2D!(z)[1 " D!(z)2]

= 0 for all flat #CDM models. (6)

We have used the shorthand $ = 2[(1 + z)3 " 1]. Note
that this is completely independent of the value of !m.
We may use this as a test for # as follows: take a param-
eterised form for D(z) and fit to the data. If L (z) = 0

lies outside the n-% error bars, we have n-% evidence for
deviations from #, assuming the curvature is zero (see
below for the generalised test without this restriction).
If, on the other hand, L (z) = 0 is a su$ciently good
fit for all suitable parameterisation we can think of, then
that is good evidence for #. But the important thing
is that only one choice of parameterisation has to imply
L (z) #= 0 to provide evidence that #CDM is wrong. Ev-
ery parameterisation has many blind spots – variations
in w(z) that could never be picked up – so by searching
through various ensures that the blind spots are illumi-
nated.

Testing the test To illustrate the test, and to demon-
strate that it will work, we fit the Padè ansatz given
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!m we have
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. (5)

Within the flat #CDM paradigm, if we measure D!(z) at
some z and calculate the rhs of this equation, we should
obtain the same answer independently of the redshift of
measurement. Di"erentiating Eq. (5) we then find that

L (z) = $D!!(z) + 3(1 + z)2D!(z)[1 " D!(z)2]

= 0 for all flat #CDM models. (6)

We have used the shorthand $ = 2[(1 + z)3 " 1]. Note
that this is completely independent of the value of !m.
We may use this as a test for # as follows: take a param-
eterised form for D(z) and fit to the data. If L (z) = 0

lies outside the n-% error bars, we have n-% evidence for
deviations from #, assuming the curvature is zero (see
below for the generalised test without this restriction).
If, on the other hand, L (z) = 0 is a su$ciently good
fit for all suitable parameterisation we can think of, then
that is good evidence for #. But the important thing
is that only one choice of parameterisation has to imply
L (z) #= 0 to provide evidence that #CDM is wrong. Ev-
ery parameterisation has many blind spots – variations
in w(z) that could never be picked up – so by searching
through various ensures that the blind spots are illumi-
nated.

Testing the test To illustrate the test, and to demon-
strate that it will work, we fit the Padè ansatz given
in Eq. (4) to the luminosity-distance data for a set of
simulated data. The derivatives D!! and D! are then
calculated and substituted into Eq. (6). A deviation of
L (z) = 0 within the error bars of the reconstruction sig-
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