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Charmonium-hadron interaction



Total elastic J/ψ-N cross section

tion cross section evaluated from nuclear reactions. The
square in Fig. 13 shows the !JN extracted from the J/"
photoproduction from nuclei at a mean photon energy of 17
GeV #11$. The J/" meson momentum was not explicitly
fixed and is indicated in Fig. 13 only for orientation.
Furthermore, the circle indicates the result from the com-

bined analysis #12$ of experimental data on J/" production

from p!A collisions at beam energies from 200 to 800 GeV.
Again the J/" meson momentum was not explicitly fixed by
the analysis #12$.
Within the experimental uncertainties, our results for the

total J/"!N dissociation cross section fit the available ex-
perimental data reasonably well.
We notice, that our results slightly %!15%& underestimate

the J/"!N dissociation cross section evaluated from ex-
perimental data on J/" production from '!A and p!A
reactions.
We also note that the NA50 experimental data on J/"

production from heavy ion collisions #1$ can be reasonably
well fitted by the calculations #6,7,72$ with a J/"!N disso-
ciation cross section !JN!3–6.7mb. The most recent cal-
culations #2–4$ on J/" production and comparison to NA50
data #1$ indicates a smaller dissociation cross section, in the
range from 3 to 4.5 mb. In central Pl!Pb collisions at 160A
GeV the J/" meson momenta pJ in the nucleon rest frame
are distributed over the range from 15 to 70GeV/c with the
maximum at pJ!40GeV/c #73$. Comparing the heavy ion
results #1–4,6,7,72$ with our calculations from Fig. 11 we
also find reasonable agreement with A!A data.
Furthermore, the nonperturbative QCD calculations #74$

provide the J/"!N dissociation cross section of 4.4
"0.6mb at J/" meson momenta above 200 GeV, which is
consistent with our results shown by Fig. 13.

XI. FUTURE PERSPECTIVES

There are a few problems that remain open and need fur-
ther investigation.
In the present study we considered only OZI-allowed pro-

cesses resulting in an endothermic inelastic reaction, where
the total mass of the produced particles is larger than the
initial mass mJ!mN . These reactions provide the threshold
behavior of the cross section. On the other hand, the OZI-
suppressed reaction channels such as J/"!N!N!n( with
the number of the final pions from n#1 up to mJ /m(!22
are open even at pJ#0. These exothermic reactions, where
the total final mass of the produced particles is less than the
initial mass, provide a 1/pJ behavior of the J/"!N disso-
ciation cross section.
For instance, the OZI-suppressed J/"!N!N!( cross

section was calculated by the )-meson-exchange model #75$.
It was found that the cross section is negligibly small al-
though it diverges at pJ close to zero, because it is exother-
mic. Furthermore, the )-meson-exchange model evaluates
the J/"!)!( vertex, which accounts only to tiny fraction,
!1.27%, for the total hadronic decays of the J/" meson.
The multimeson OZI-suppressed reactions might play a non-
negligible role for J/" dissociation on a nucleon. Eventu-
ally, additional theoretical estimates are necessary in order to
make a final conclusion about the possibility of J/"!N
dissociation at low momenta.
Furthermore, we found a strong momentum dependence

of the J/"!N dissociation cross section, as illustrated by
Fig. 13. This momentum dependence of !JN might provide a
partial explanation of the variation of the slope * from the

FIG. 12. The circles show the elastic J/"!N!J/"!N cross
section as a function of the J/" momentum evaluated from the
total '!N!J/"!N cross section by vector dominance model of
Eq. %36& additionally corrected by the factor + given by Eq. %37&.
The solid line indicates our estimate for !el calculated by Eq. %34&.

FIG. 13. The elastic and dissociation (J/"!N) cross sections
as a function of the J/" meson momentum in the nucleon rest
frame. The solid lines show our results. The square shows the
J/"!N dissociation cross section evaluated from J/" photopro-
duction on nuclei, while the circle indicates the dissociation cross
section evaluated from J/" production from proton-nucleus
collisions.
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• QCDSR: A. Hayashigaki, Prog. Theor. Phys. 101 (1999) 923.

• gluonic van der Waals interaction: S. Brodsky and G.A. Miller, Phys. Lett. B412 (1997) 125.

• QCD mulutipole expansion: A. Sibirtsev and M.B. Voloshin, Phys. Rev. D71 (2005) 076005.

Total elastic J/ψ-N cross section

QCDSR 0.1 fm 1.3 mb
van der Waals 
interaction 0.25 fm 7.9 mb

QCD multipole 
expansion > 0.37 fm 17 mb

a
J/ψN σel
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• QCDSR: A. Hayashigaki, Prog. Theor. Phys. 101 (1999) 923.

• gluonic van der Waals interaction: S. Brodsky and G.A. Miller, Phys. Lett. B412 (1997) 125.

• QCD mulutipole expansion: A. Sibirtsev and M.B. Voloshin, Phys. Rev. D71 (2005) 076005.

• Quench Lattice QCD: K. Yokokawa, S.S., T. Hatsuda, A. Hayashigaki, Phys. Rev. D74 (2006) 034504.

Total elastic J/ψ-N cross section



• No quark exchange
- The ccbar states do not share the same quark 
flavor with the light hadrons

• Mainly multiple-gluon exchange 
- Interaction is induced by the genuine QCD 
effect

- color van der Waals type force, which should 
be weakly attractive. 

Special features of ccbar-hadron interaction



depends on volume-shape 
and boundary condition 

∆E = − 2πa0

MredL3

�
1 + c1

a0

L
+ c2

�a0

L

�2
�

+O(L−6)

Universal

Scattering length

Volume

Mred = M1M2/(M1 + M2)

L3 box＋Periodic BC：
Lüscher (86)

Finite size effect on two-particle total energy

E2−body = M1 + M2 + ∆E �= M1 + M2

ΔE ( (+‒=

Lüscher’s finite size method, Commun. Math. Phys. 104, 177 (1986)



Simulation setup 
• 2+1 flavor PACS-CS gauge configurations
• Lattice size：L3xT=323x64 at 1/a = 2.17 GeV
• Iwasaki gauge action

＋NP Clover fermions (u,d quarks)
＋RHQ action (charm quark)

• charm: κcharm =0.106787, (mJ/ψ~3.0 GeV)

• light:

クエンチ近似の下での計算結果

セットアップ

クエンチ近似

格子サイズ
L

3 ! T = 323 ! 48, 163 ! 48

Plaquette作用
+

clover作用 (light), RHQ作用 (charm)

ゲージ配位数 395

クォーク質量
charm: ! =0.09495 m!c =3.47GeV
light:

! 0.1342 0.1339 0.1333
m" [GeV] 0.64 0.73 0.87
mN [GeV] 1.43 1.52 1.70

3fm

0.093fm

Introduction Relativistic heavy quark action BS 波動関数 クエンチ近似の下での計算結果 計算結果の解析 結論 ポテンシャルのソース依存性14/ 48

κ 0.13770 0.13754 0.13727 0.13700
mπ [GeV] 0.29 0.41 0.57 0.70
mN [GeV] 1.08 1.19 1.40 1.57
Statistics 799 450 400 399 0.0907fm



4-point correlator of two hadron states

Rh1-h2(t) =
Gh1-h2(t, tsrc)

Gh1(t, tsrc)Gh2(t, tsrc + 1)
→ exp(−∆E · t)

Gh(t, tsrc) = �Oh(t)Oh(tsrc)�
2-point correlator

Gh1-h2(t4, t3; t2, t1) = �Oh1(t4)Oh2(t3)
�
O

h1(t2)Oh2(t1)
�†�

O
h(t) =

�

x

O
h(x, t) projected on the lowest mode

4-point correlator

t1 = tsrc

t3 = t
t4 = t + 1

t2 = tsrc + 1
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at mπ=290 MeV

Measurement of Energy Shift ΔE

J/ψ-π and J/ψ-N channels clearly exhibit 
attractive interaction
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at mπ=290 MeV

Measurement of Energy Shift ΔE

J/ψ-π and J/ψ-N channels clearly exhibit 
attractive interaction

∆Eeff(t) = − ln
RJ/ψ-H(t + 1)

RJ/ψ-H(t)
→ ∆E for t� tsrc



at mπ=290 MeV

Measurement of Energy Shift ΔE

~ 2 MeV
below threshold
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Does J/ψ-N(π) channel form a shallow bound state ?

∆Eeff(t) = − ln
RJ/ψ-H(t + 1)

RJ/ψ-H(t)
→ ∆E for t� tsrc



What is a bound state?

In quantum mechanics, 

• The energy spectrum of a bound state is discrete.

• Their energy is negative (below threshold).

S.S and T. Yamazaki, Phys. Rev. D74 (2006) 114507
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What is a bound state?

In quantum mechanics, 

• The energy spectrum of a bound state is discrete.

• Their energy is negative (below threshold).
E

0

!E = ! 2!a

µL3

!
1 + c1

a

L
+ c2

a2

L2

"

Continuum
(Scattering states) !E a>0 (attractive)

Lüscher Formula for two-body system:

S.S and T. Yamazaki, Phys. Rev. D74 (2006) 114507



What is a bound state?

In quantum mechanics, 

• The energy spectrum of a bound state is discrete.

• Their energy is negative (below threshold).
E

0

Continuum
(Scattering states) !E a>0 (attractive)

How can we distinguish the shallow bound state from the lowest 

energy level of the scattering state in the finite volume simulation?

S.S and T. Yamazaki, Phys. Rev. D74 (2006) 114507



= ϕEn
(�x, �y)

relative coordinate part

equal-time BS amplitude

• One-particle correlation（2pt-function）

• Two-particles correlation（4pt-function）

Bethe-Salpeter (BS) wave function

�0|φ(�x, t)φ(�0, 0)|0� =
�

n

�0|φ(�x)|En�e−En·t�En|φ(�0)|0�

�0|ψ(�x, �y; t)ψ(�0,�0; 0)|0� =
�

n

�0|ψ(�x, �y)|En�e−En·t�En|ψ(�0,�0)|0�

ψ(�x, �y; t) = φ1(�x, t)φ2(�y, t)
クエンチ近似の下での計算結果: !c-N

S波状態のBS波動関数
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constant
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charmonium-hadron BS wave function
クエンチ近似の下での計算結果: !c-N

S波状態のBS波動関数
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accommodate a good fit with a small !2=ndf value, while
in the latter case we cannot get any reasonable fit. For
example, the functional forms ! exp"!r#=r and !1=r7

give !2=ndf ’ 2:5 and 34.3, respectively. It is clear that
the long-range force induced by a normal ‘‘van der Waals’’
type interaction based on two-gluon exchange [5] is non-
perturbatively screened.

If we adopt the Yukawa form!"e!#r=r to fit our data of
Vc !c-N"r#, we obtain "$ 0:1 and #$ 0:6 GeV. These val-
ues should be compared with the phenomenological c !c-N
potential adopted in Ref. [1], where the parameters
(" % 0:6, # % 0:6 GeV) are barely fixed by a Pomeron
exchange model. The strength of the Yukawa potential " is
6 times smaller than the phenomenological value, while the
Yukawa screening parameter # obtained from our data is
comparable. The c !c-N potential obtained from lattice QCD
is rather weak.

We next show both finite-size and quark-mass depen-
dence of the $c-N potential in Fig. 2. First, as shown in the
left panel of Fig. 2, there is no significant difference
between potentials computed from lattices with two differ-
ent spatial sizes (La & 3:0 and 1.5 fm). This observation is
simply due to the fact that the $c-N potential is quickly
screened to zero and turns out to be somehow short ranged.
In principle, the short-range part of the potential, which is
represented by ultraviolet physics, should be insensitive to
the spatial extent associated with an infrared cutoff. As a
result, it is assured that the larger lattice size is large
enough to study the $c-N system.
No large quark-mass dependence is also observed in the

right panel of Fig. 2. This is a nontrivial feature since there
is an explicit dependence on the reduced mass % in the
definition of the effective central potential (4). However, if
one recalls that the c !c-N interaction is mainly governed by
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FIG. 1 (color online). The wave function (left) and the effective central potential (right) in the s-wave $c-N system for
M& % 0:64 GeV as a typical example. In the right panel we fit a Yukawa potential (solid line) and compare with the phenomenological
potential (dashed line) adopted in Ref. [1].
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FIG. 2 (color online). The volume dependence (left) and the quark-mass dependence (right) of the $c-N potential.
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charmonium-hadron BS wave function
クエンチ近似の下での計算結果: !c-N

S波状態のBS波動関数
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accommodate a good fit with a small !2=ndf value, while
in the latter case we cannot get any reasonable fit. For
example, the functional forms ! exp"!r#=r and !1=r7

give !2=ndf ’ 2:5 and 34.3, respectively. It is clear that
the long-range force induced by a normal ‘‘van der Waals’’
type interaction based on two-gluon exchange [5] is non-
perturbatively screened.

If we adopt the Yukawa form!"e!#r=r to fit our data of
Vc !c-N"r#, we obtain "$ 0:1 and #$ 0:6 GeV. These val-
ues should be compared with the phenomenological c !c-N
potential adopted in Ref. [1], where the parameters
(" % 0:6, # % 0:6 GeV) are barely fixed by a Pomeron
exchange model. The strength of the Yukawa potential " is
6 times smaller than the phenomenological value, while the
Yukawa screening parameter # obtained from our data is
comparable. The c !c-N potential obtained from lattice QCD
is rather weak.

We next show both finite-size and quark-mass depen-
dence of the $c-N potential in Fig. 2. First, as shown in the
left panel of Fig. 2, there is no significant difference
between potentials computed from lattices with two differ-
ent spatial sizes (La & 3:0 and 1.5 fm). This observation is
simply due to the fact that the $c-N potential is quickly
screened to zero and turns out to be somehow short ranged.
In principle, the short-range part of the potential, which is
represented by ultraviolet physics, should be insensitive to
the spatial extent associated with an infrared cutoff. As a
result, it is assured that the larger lattice size is large
enough to study the $c-N system.
No large quark-mass dependence is also observed in the

right panel of Fig. 2. This is a nontrivial feature since there
is an explicit dependence on the reduced mass % in the
definition of the effective central potential (4). However, if
one recalls that the c !c-N interaction is mainly governed by
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FIG. 1 (color online). The wave function (left) and the effective central potential (right) in the s-wave $c-N system for
M& % 0:64 GeV as a typical example. In the right panel we fit a Yukawa potential (solid line) and compare with the phenomenological
potential (dashed line) adopted in Ref. [1].
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Q: localized or extended ?
A: extended !

asymptotically plane wave at long distances

s-wave relative wave function

attractive interaction

Negative ΔE observed in J/ψ-N(π) channel 
does not means bound state formation



From BS-wave func. to Potential
! A potential can be determined from the BS-wave 

function through the stationary Schrödinger equation:

✓ INPUT：

✓ OUTPUT：　

Ishii-Aoki-Hatsuda, PRL99 (07) 022001

EϕBS(r) +
∇2

2Mred
ϕBS(r) = V (r)ϕBS(r)

E, Mred, ϕBS(r)

V (r) N-N potential
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クエンチ近似の下での計算結果: !c-N

有効ポテンシャル

!c-N ポテンシャル

全領域で引力的。

近距離! 1fmで遮蔽される近距離力。
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charmonium-nucleon potential
T. Kawanai, SS, Phys. Rev. D82 (2010) 091501
T. Kawanai, SS, arXiv:1011.1322, Proc. of Baryon 2010

✓weakly attractive at short distances
✓exponentially screened at large distances
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charmonium-nucleon potential
T. Kawanai, SS, Phys. Rev. D82 (2010) 091501
T. Kawanai, SS, arXiv:1011.1322, Proc. of Baryon 2010

✓weakly attractive at short distances
✓exponentially screened at large distances

long-range screening of the color van der Waals force
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◆●■　Full QCD
◇○□　Quench QCD

Kawanai and Sasaki, 
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✓No strong Nf dependence
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➡ multi-gluon exchange dominance 
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• Generalized spatial boundary condition (b.c.)

• All momenta are quantized in finite volume as 

accessible to any small momentum with the angle φ 

Twisted boundary condition

φ＝0：periodic boundary condition (PBC)
φ＝π：anti-periodic boundary condition (APBC)

P.F. Bedaque, PLB593 (04) 82

ψ(x + L) = eiφψ(x)

p =
2π

L

�
n +

φ

2π

�
with integer n



depends on volume-shape 
and boundary condition 

∆E = − 2πa0

MredL3

�
1 + c1

a0

L
+ c2

�a0

L

�2
�

+O(L−6)

Universal

Scattering length

Volume

Mred = M1M2/(M1 + M2)

L3 box＋Periodic BC：
Lüscher (86)

Finite size effect on two-particle total energy

E2−body = M1 + M2 + ∆E �= M1 + M2

∆Eθ = − 2πb

MredL3

�
1 + c1(θ)

b

L
+ c2(θ)

�
b

L

�2
�

+O(L−6)

Twisted BC：Bedaque (04) E2−body = E1(θ) + E2(θ) + ∆Eθ

b = (p cot δ(p))−1
���
p2=θ2

≈ a0 +O(θ2)
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total elastic cross section of 
charmonium-nucleon

preliminary

at mπ=290 MeVσel =
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Structure of charmonia
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QQbar BS wave function

structure of charmonia

Equal-time Coulomb gauge BS amplitudeHow to calculate ccbar potential？

1. Equal-time BS wavefunction

2. Schrödinger equation with non-local potential 

3. Velocity expansion 

φΓ(r) =
�

x

�0|q(x)Γq(x + r)|qq̄;JPC�

�

x,x�,y�

�0|q̄(x, t)Γq(x + r, t) (q̄(x�, tsrc)Γq(y�, tsrc))
† |0�

=
�

n

An�0|q̄(x)Γq(x + r)|n�e−MΓ
n (t−tsrc)

t�t0−−−→ A0φΓ(r)e−MΓ
0 (t−tsrc)

−∇
2

2µ
φΓ(r) +

�
dr�U(r, r�)φΓ(r�) = EΓφΓ(r)

time

x

x+ r

S. Aoki, T. Hatsuda and N. Ishii, Prog. Theor. Phys. 123 (2010) 89.
Y. Ikeda and H. Iida, arXiv:1102.2097 [hep-lat].

U(r�, r) = {V (r) + VS(r)SQ · SQ + VT(r)S12 + VLS(r)L · S + O(∇2)}δ(r� − r)

similar to dipole-dipole interaction?

φΓ
QQ̄(r) =

�

x

�0|Q̄(x)ΓQ(x + r)|QQ̄�

for Γ = γ5, γi



     Potential from BS wave func. 
• Equal-time BS wave function

• Schrödinger eq. with non-local potential

• Velocity expansion

How to calculate ccbar potential？

1. Equal-time BS wavefunction

2. Schrödinger equation with non-local potential 

3. Velocity expansion 
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• Ikeda-Iida, arXiv:1011.2866 & 1102.2097  
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Figure 2: Plots of !2!(r)/!(r) = 2µ(V (r) " E) in PS channel (a)
and V channel (b) for each quark mass. The potentials show the
linear plus Coulomb form.

and 3 (V2(r)). The values of the string tension obtained in
this study are comparable to those predicted from Wilson
loop within the errors, while Coulomb coe!cients in V1(r)
are larger than those predicted from Wilson loop. Since
our simulation includes all the quark mass e"ects, V1(r) is
modified by the higher order e"ect of 1/mq expansion. As
shown in Table 3, if we employ the fit function V2(r) in
which O(1/mq) terms are taken into account, the Coulomb
coe!cients become smaller and are comparable to the val-
ues from Wilson loop. The fit functions V2(r) are shown
in Fig. 3 with solid curves.

5. Discussion and summary

We have studied the inter-quark potentials between
a quark and an anti-quark (q̄-q potentials) from the q̄-
q Nambu-Bethe-Salpeter (NBS) wave functions. For this
purpose, we have utilized the method which has been re-
cently developed in the calculation of nuclear force from
QCD [8, 9]. We have calculated the NBS wave functions
for the q̄-q systems with four di"erent quark masses in
pseudo-scalar and vector channels and obtained the q̄-q
potentials through the e"ective Schödinger equation. In
this framework, the q̄-q potentials basically contains full
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Figure 3: Plots of the potential with arbitrary constatnt energy shift
V (r) " E = !2!(r)/(2µ!(r)) in PS channel (a) and V channel (b)
for each quark mass.

quark motions with the finite masses. As a result, we have
found that the shapes of the q̄-q potentials are the linear
plus Coulomb form which is similar to the infinitely heavy
Q̄-Q potential obtained from Wilson loop.

For the fitting, we have employed two types of fitting
functions. One is the linear plus Coulomb form regarded
as the leading order (LO) terms in the 1/mq expansion.
The other function includes the next leading order (NLO)
terms in addition to LO terms. The fitting results with
LO terms reveal that the Coulomb coe!cients depend on
the quark masses and are larger than those predicted from
Wilson loop. On the other hand, if we have employed the
NLO terms together with the LO terms, the Coulomb co-
e!cients become smaller and are comparable to the value
from Wilson loop. With the both fitting functions, we
have obtained the string tension which is comparable to
the value from Wilson loop.

This is the first step to study the q̄-q potentials from the
NBS wave functions, and the main purpose of the present
study is to show that the method is applicable to the q̄-q
potentials. We find that the obtained q̄-q potential has the
basic property of that obtained from Wilson loop. There-
fore, this method can be used for the study of the q̄-q
potentials with finite quark masses.
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Propose a self-consistent determination of the quark mass

Under a simple, but reasonable assumption of lim
r→∞
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! PACS-CS configurations at mπ=156 MeV
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Charmonium potential from full QCD
• Kawanai-Sasaki (2011) in preparation

! PACS-CS configurations at mπ=156 MeV

lattice results

ANRp = 0.7281
√

σNRp = 0.3775 GeV

Acc̄ = 0.813(22)
√

σcc̄ = 0.394(7) GeV

The spin-independent part of the central potential resembles the NRp model 

Non-relativistic potential model
T.Barnes, S. Godfrey, E.S. Swanson, PRD72 (2005) 054026

Result; spin-independent ccbar potential 
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▶ The charmonium potential obtained 
from the BS wave function resembles 
the NRp model.

This work Static NRp model
A 0.714(30) 0.515(2) 0.7281

√σ [GeV] 0.434(11) 0.430(1) 0.3775

mq [GeV] 1.81(7) ∞ 1.4794

Non-relativistic potential (NRp) model
T.Barnes, S. Godfrey, E.S. Swanson, PRD72 (2005) 054026

▶ String breaking is not observed 
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Result; spin-spin ccbar potential 
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FIG. 3: Spin-spin charmonium potential calculated from the
BS wave function. The dashed, dotted and dash-dotted curve
corresponds to the fitting result for Yukawa, exponential,
Gausian type function, respectively. The all shaded bands
show the statistical fitting uncertainty calculated by the jack-
knife method. For comparison, the phenomenological poten-
tial employed in a NRp model [4] is also included as solid
curve.

TABLE III: Fitting function to spin-spin charmonium poten-
tial and resulting each parameters.

functional form α β χ2/ndf
Yukawa-type 0.321(45) 1.07(16) GeV 0.04
Exponential-type 0.78(10) GeV 1.95(14) GeV 0.11
Gaussian-type 0.258(14) GeV 0.840(54) GeV2 1.03

charmonium potential is also important to introduce the
hyperfine splitting for higher-mass charmonium states
with the non-zero angular momentum, such as small mass
difference between the spin averaged χc state and hc

state. The point like interaction ∝ δ(r) induced by one
gluon exchange according to the Fermi-Breit formula can-
not give the mass splitting to the non-zero angular mo-
mentum states whose wave function vanishes at the ori-
gin. In phenomenological potential model, actually non-
point like interaction induced by an O(v2) expansion is
employed [4]. Spin-spin charmonium from BS wave func-
tion satisfies the qualitative conditions requested from
the structure of the charmonium spectroscopy.

In contrast of the case of the spin-independent poten-
tial, the spin-spin potential obtained from lattice QCD is
slightly different from the phenomenological one. As we
mentioned before, the phenomenological potential is ba-
sically determined by perturbative one-gluon exchange.
In this sense, the realistic spin-dependent potential from
first principles of QCD can provide new and valuable in-
formation to the NRp models. An improvement of the
spin-dependent potential would modify theoretical pre-
dictions about the higher-mass charmonium states.

To examine the appropriate functional form for the
spin-spin potential, we have tried three types of func-

tional forms:

VS(r) =






α exp(−βr)/r : Yukawa form
α exp(−βr) : Exponential form
α exp(−βr2) : Gaussian form

(8)

We then determine which functional form can give a
reasonable fit over the range of r/a from 2 to 10. All
fitting results are summarize in Table III. The long-
range screening observed in the spin-spin potential is
more easily accommodated by the Yukawa form or the
exponential-type form than the Gaussian form that is of-
ten employed in the NRp model. Although the Yukawa
form provides the smaller χ2/ndf than the exponential
form, it is mainly caused by the short-range behav-
ior of the spin-spin potential. As we mentioned previ-
ously, the short-range part in the potential suffers much
from the discretization error, which can be monitored by
signs of the rotational breaking that appears seriously
at short distances. In this sense, both the Yukawa and
exponential-type forms equally well describe the data
points of the spin-spin charmonium potential obtained
from lattice QCD.

In this letter, we present both spin-independent and
-dependent part of the interquark potential at the charm
quark mass from the BS wave function in dynamical lat-
tice QCD simulations. The spin-independent charmo-
nium potential obtained from the BS wave function has
the good agreement with the one used in the phenomeno-
logical model. On the other hand, though the spin-spin
potential exhibits the short range repulsive interaction
which is phenomenologically required by the charmonium
spectroscopy, its shape is slightly different from the phe-
nomenological one. Therefore spin-dependent potential
from lattice QCD can provide new information to the
NRp models.

We will next determine the every terms of charmo-
nium potential including the tensor and spin-orbit forces
by applying this BS amplitude method to P -wave and
D-wave charmonium state with respect to the structure
of the spinor such as S12φΓ(r). To obtained the detailed
information of the short range behavior of the charmo-
nium potential, a important step is taking the contin-
uum limit or improvement of the derivative operator to
remove the discretization error at short distances. Once
the every terms of the realistic charmonium potential is
determined, we can make a more precise prediction to
the spectroscopy of higher-mass charmonium states in
the same framework as quark potential model.

We would like to thank H. Iida and Y. Ikeda for fruitful
discussions. T.K. is supported by Grant-in-Aid for the
Japan Society for Promotion of Science (JSPS) Research
Fellows (No. 22-7653). S.S. is supported by the JSPS
Grant-in-Aids for Scientific Research (C) (No. 19540265
and No. 23540284) and Scientific Research on Innovative
Areas (No. 21105504).

▶  Short range, but non-point like, repulsive interaction
▶  A difference appears in the spin-spin potential

 Fitting function α β χ/ d.o.f
Yukawa 0.297(12) 0.982(47) GeV 0.89

exponential 0.866(29) GeV 2.067(37) GeV 0.45
Gaussian 0.309(7) GeV 1.069(17) GeV2 12.40

Charmonium potential from full QCD

A difference appears in the spin-spin potential

Non-relativistic potential model
T.Barnes, S. Godfrey, E.S. Swanson, PRD72 (2005) 054026
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TABLE III: Results of fitted parameters for the spin-spin po-
tential with three types of the fitting functional form.

functional form α β χ2/dof
Yukawa-type 0.287(8) 0.894(32) GeV 7.28
Exponential-type 0.825(19) GeV 1.982(24) GeV 1.46
Gaussian-type 0.313(26) GeV 1.02(95) GeV2 25.75

the Wilson loop approach fails to reproduce the correct

behavior of the spin-spin interaction, since the spin-spin

potential becomes attractive at short distances [8].

In contrast of the case of the spin-independent poten-

tial, the spin-spin potential obtained here is absolutely

different from a repulsive δ-function potential generated

by perturbative one-gluon exchange, which is widely

adopted in the NRp models. However, such the contact

form ∝ δ(r) of the Fermi-Breit type potential is not reli-

able since the point-like spin-spin interaction can not give

a finite hyperfine mass splitting of the P - and higher-wave

charmonium states [1]. Indeed, the finite-range spin-spin

potential described by the Gaussian form is adopted in

Ref. [5], where many properties of conventional charmo-

nium states at higher masses are predicted.

This phenomenological spin-spin potential is also plot-

ted in Fig. 3 for comparison. There still remains a slight

difference between the spin-spin potential from first prin-

ciples QCD and the phenomenological one. In this sense,

the reliable spin-dependent potential derived from lattice

QCD can provide new and valuable information to the

NRp models. This improvement of the spin-dependent

potential will help in making accurate theoretical predic-

tions about the higher-mass charmonium states.

To examine the appropriate functional form for the

spin-spin potential, we have tried three types of func-

tional forms:

VS(r) =






α exp(−βr)/r : Yukawa form

α exp(−βr) : Exponential form

α exp(−βr2
) : Gaussian form.

(8)

We then determine which functional form can give a rea-

sonable fit over the range of r/a from 2 to 10. All re-

sults of correlated fits are summarized in Table III. The

long-range screening observed in the spin-spin potential

is more easily accommodated by the Yukawa form or the

exponential form than the Gaussian form that is often

employed in the NRp model. Although the exponential

form provides the smaller χ2/dof than the Yukawa form,

a solid conclusion requires more accurate information on

the short-range behavior of the spin-spin potential.

In this Letter, we have studied both spin-independent

and -dependent part of the charmonium potential by

means of the BS wave function of 1S charmonium

states in dynamical lattice QCD simulations. The spin-

independent charmonium potential obtained from lattice

QCD with almost physical quark masses is quite simi-

lar to the one used in NRp models. The spin-spin po-

tential, which is, for the first time, determined in dy-

namical lattice simulations, properly exhibits the short

range repulsive interaction. Its r-dependence, however, is

slightly different from the phenomenological one adopted

in Ref. [5]. Thus, our results of the charmonium poten-

tial, which are derived from first principles QCD, suggest

that properties of higher-mass charmonium states pre-

dicted in quark potential models may change. We plan

to extend our research to determine all spin-dependent

terms in the charmonium potential, including the tensor

and spin-orbit forces and also to address all the possible

systematic uncertainties described in the text.
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Fig. 12. Spin-spin (tensor) potential V3(r) at ! = 6.0 and ! = 6.3. The dotted line
is the fit curve Eq. (3.11), applied to the data of ! = 6.0.
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Fig. 13. Spin-spin potential V4(r) at ! = 6.0 and ! = 6.3. The dotted line is the fit
curve Eq. (3.12), applied to the data of ! = 6.0.

V3(r) (see Fig. 12) if the ansatz motivated by one-gluon-exchange in Eq. (3.9)
is appropriate. The fit to this function yields the coe!cient c = 0.214(2) with
!2

min/Ndf = 3.7. This value of !2
min/Ndf is relatively large and the result for c

is 28 % smaller than the Coulombic coe!cient in V !
0(r). A better fit can be

achieved using an ansatz in which the power of 1/r is left as a free parameter,
i.e.

V3;fit(r) =
3c!

rp
. (3.11)
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Wilson loop approach

Y. Koma and M. Koma, NPB769 (2007) 79

attractive

Vspin(r) ∝ ∇2Vcc̄(r)Our approach

repulsive

V (r) = Vcc̄(r) + SQ · SQ̄Vspin(r)



Summary
!Charmonium-hadron interaction
• Weakly attractive 

✓ Not strong enough to form hadronic-molecular states 
✓ Long-range screening of the color van der Waals force  

• J/ψ-N scattering length ~ 0.17 fm (σel~3-4 mb)
✓ Larger than QCDSR estimate, but smaller than model estimates

✓ More detailed information on charmonium-hadron interaction is also 
available under twisted boundary conditions
- Elastic scattering amplitude at low energies



Summary
!Structure of charmonia
• BS wave function for QQbar system

✓ Size of the J/ψ state is larger than that of the ηc

- J/ψ-N interaction is stronger than the ηc-N case

• New method to calculate QQbar potential
✓ QQbar potential is obtained at finite quark mass 

✓ Spin-independent QQbar potential smoothly approaches the Wilson loop 
result in the heavy quark limit

✓ Spin-spin potential, which is determined in dynamical simulations for 
the first time, properly exhibits the short range repulsive interaction
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Possible contamination from channel mixings

In the case of J/ψ-N, we cannot exclude the possible contamination of 
the ηc-N state to the spin-1/2 J/ψ-N state

ηc+N
J/ψ+N

D＋Λc

J/ψ+N

ηc+Δ (I=3/2)

spin-1/2 spin-3/2

3920 MeV

4037 MeV

4296 MeV

4212 MeV



How to treat heavy quarks
❖ Heavy quark mass introduces discretization errors of O((ma)n)

✓ At charm quark, it becomes severe: 

mc ～1.5 GeV and 1/a ～2 GeV, then mca ～ O(1)

❖ Relativistic heavy quark (RHQ) approach:
A.X. El-Khadra, A.S. Kronfeld, P.B. Mackenzie (1997)

✓ All O((ma)n) and O(aΛ) errors are removed by the appropriate choice 
of six canonical parameters {m0, ζ, rt, rs, CB, CE}

✓ We follow the Tsukuba procedure to determine parameters
S. Aoki, Y. Kuramashi,  S.-I. Tominaga (1999) 

Slat =
�

n,n�

ψ̄nKn,n�ψn�

K = m0 + γ0D0 + ζγiDi −
rt

2
D2

0 −
rs

2
D2

i + CB
i

4
σijFij + CE

i

2
σ0iF0i

explicit breaking of axis-interchange symmetry



• RHQ action (Tsukuba-type) with 5 parameters
! PACS-CS configurations at mπ=156 MeV
! Relativistic Heavy Quark (RHQ) action for charm

✓ 323 x 64 lattice
✓ a = 0.0907(13) fm
✓ La ~ 2.9 fm
✓ 198 configs

➡  

➡  

✓  

1
4

�
Mηc + 3MJ/ψ

�
= 3.069(2) GeV

Tuning RHQ parameters

3800

3600

3400

3200

3000

M
cc
b
ar
 [
M
e
V
]

 M!=156 MeV (Ours)
 Physical point (Namekawa et al.)

"c (0
- + 
) J/# (1- - ) $c0 (0

++ 
) $c1 (1

++ 
) hc (1

+ - 
)

DDbar threshold

c2
eff = 1.04(5)

Namekawa et al., (PACS-CS), arXiv:1104.4600

∆Mhyp = 111(2)MeV



ccbar-nucleus as ideal mesic nuclei

✓ If the attraction between the ccbar and nucleon is sufficiently 
strong, the ccbar could be bound to nucleus for large A.
• Charmonium is bound to nuclei for A≥3
• Charmonium binding energy in nuclear matter is O(10)MeV

Brodsky et al. PRL64 (90) 1011, Luke et al. PLB288 (92) 355

✓ Precise information on the charmonium-nucleon interaction is 
indispensable for exploring nuclear-bound charmonium state.

$ There is no Pauli exclusion effect and no 
nuclear absorption for the ccbar state in the 
nucleus. → No complicated many-body effect

はじめに
•拡がる”エキゾチック原子核”の世界
•ハイパー核（Σ,Λ,Ξ粒子＋原子核）
• K中間子-原子核束縛状態
•η中間子, φ中間子原子核
•反物質を含む原子核
•チャーモニウム(ccbar)原子核、、、、

Introduction
チャーモニューム原子核

チャーモニューム原子核の存在の示唆
ポテンシャルを湯川型引力に仮定。
A ! 3のとき、束縛状態の実現する可能性が
ある。
J-PARC、GSIで観測できる可能性?

Brodsky et al.,

PRL 64 (1990) 1011

" チャーモニューム-核子間のポテンシャルを精密に決める必要がある。

チャーモニューム核子相互作用
クォーク交換力を含まない。
多重グルーオン交換が支配的。
QCDからの理解が不可欠。

河内　太一 (初田研究室) 修士論文発表会 2010 年 1 月 27 日 3 / 35



Wilson-loop approach may spoil δ-type repulsive 
interaction
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Fig. 12. Spin-spin (tensor) potential V3(r) at ! = 6.0 and ! = 6.3. The dotted line
is the fit curve Eq. (3.11), applied to the data of ! = 6.0.
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Fig. 13. Spin-spin potential V4(r) at ! = 6.0 and ! = 6.3. The dotted line is the fit
curve Eq. (3.12), applied to the data of ! = 6.0.

V3(r) (see Fig. 12) if the ansatz motivated by one-gluon-exchange in Eq. (3.9)
is appropriate. The fit to this function yields the coe!cient c = 0.214(2) with
!2

min/Ndf = 3.7. This value of !2
min/Ndf is relatively large and the result for c

is 28 % smaller than the Coulombic coe!cient in V !
0(r). A better fit can be

achieved using an ansatz in which the power of 1/r is left as a free parameter,
i.e.

V3;fit(r) =
3c!

rp
. (3.11)
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Vspin(r) ∝ ∇2Vcc̄(r)

∇2

�
1
r

�
= −4πδ(r)

∇2

�
e−αr

r

�
= −4πδ(r) + α2 e−αr

r

origin of repulsive interaction

Vcc̄(r) =
�

− 1
r Coulomb

− e−αr

r Yukawa

∇2Vcc̄ → V ��
cc̄ +

2
r
V �

cc̄ in Wilson-loop approach

Yukawa-type attraction




