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First Passage Percolation on the Lattice

I Positive edge-weights {τe},
e in edge-set of Zd .

I Path γ(0, x) has total
weight W (γ(0, x)) = sum of
edge-weights

I First-Passage Time:

T (0, x) = inf
γ
W (γ(0, x))
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We want to compute the time-constant
Subadditivity
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We want to compute the time-constant
Kingman’s Theorem

I Subadditive Ergodic Theorem(Kingman, 1968): the following
limit exists almost surely

lim
n→∞

T (0, [nx ])

n
=: µ(x).

I If the measure is ergodic, µ(x) is deterministic; hence the
name time-constant.
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Motivation: the limit-shape
Why is the time constant interesting?

Consider sites occupied by time t:

At := {x ∈ Rd |T ([x ]) ≤ t},

We’re interested in the limiting behavior of this set. Then
(loosely),

Theorem: (Cox and Durrett, 1981)

lim
t→∞

At/t = {x | µ(x) ≤ 1} =: B0
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What’s known about the limit shape?
Some things, not a lot

I B0 is known to be convex and compact if the edge-weights are
nice(Kesten, 1986).

I For two special edge-weight distribitions in directed FPP,
exact limit shapes are known: Johansson (2000) and
Seppalainen (1998) both with a very specific edge-weight.

I Understanding time-constant important for understanding
fluctuations (Newman, 1995; Licea, Newman, and Piza, 1996)

I Variance is supposed to go as n2/3, and exponents are thought
to satisfy the KPZ scaling relation (Chatterjee (2011)).

I For directed FPP with special edge-weights, fluctuations
follow the Tracy-Widom GUE (Johansson, 2000). Using
asymptotics of orthogonal polynomials.
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We will find an equation for the limit shape
Analogy with Brownian Motion

Sn is simple random walk, S(t) linearly interpolated version.

Tightness argument gives convergence to some process B(t):

Sn(t) :=
S(nt)√

n
→ B(t)

I For some f , consider
un(x , t) = Ex [f (Sn(t))], and
u(x , t) = Ex [f (B(t))].

I By weak conv.
un(x , t)→ u(x , t)

I Want to show

∂tu + ∂xxu = 0

I T (nx)/n is scaled
first-passage time, µ(x)
time-constant

I By subadditive ergodic
theorem Tn(x)→ µ(x)

I Want to show

H(Dµ(x)) = 1
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Outline of Talk

I Show exact variational formula for H

I Solve the equation to get exact formula for µ.

I Show exact limit shapes for a large class of problems

I If time permits, will do a heuristic proof sketch
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Notation for Main Theorem

I Let A := {±e1, . . . ,±ed} where ei unit vectors, d is
dimension.

I Edge-weights are a process τ(x , α, ω). It represents the
edge-weight at the point x ∈ Zd in the α ∈ A direction.

I τ(x , ·, ω) is stationary with respect to translation on Zd

I Probability space Ω with measure ergodic under translation

I S set of functions f : Zd → R with discrete derivatives
f (x + α, ω)− f (x , ω) that are stationary and mean zero.
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Main Theorem
Variational Formula

Theorem (K.)

The time constant µ(x) satisfies the equation

H(Dµ(x)) = 1, µ(0) = 0,

where

H(p) = inf
f ∈S

sup
x∈Zd

Ĥ(Df + p, x , ω),

where

Ĥ(Df + p, x , ω) = sup
α∈A

{
−(f (x + α, ω)− f (x , ω)) + p · α

τ(x , α, ω)

}
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What does it all mean?
Solving the equation H(Dµ(x)) = 1

I If the edge-weights are nice (bounded away from 0 from
below, and bounded above, say), µ(x) is positive for x 6= 0.

I µ is 1-homogeneous for λ > 0:

µ(λx) = λµ(x)

I µ inherits subadditivity from T (x).

I Hence µ is a norm.

I By a Hopf-Lax formula, H is the dual-norm of µ!

H(p) = sup
µ(x)=1

x · p
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Application
Exact limit shapes

I Will consider two types of media: periodic (deterministic),
and random

I Will assume a symmetry to make the formula easy to solve,
but still non-trivial

I Edge-weights for each medium:

periodic τe ∈ {a, b}
random τe ∈ {a, b}
random τe ∈ {a, b, c}, a < c < b

I We will see the level sets H(p) = 1.

I The “bigger” the Hamiltonian level-set, the slower the
percolation. It’s a speed-time duality.
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Example: Periodic Edge-Weights
τe ∈ {1, 2}
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Limit Shape: Periodic Medium
τ ∈ {1, 2}, Plot of H(p) = 1



Random Medium
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Limit Shape: Random Medium
τ ∈ {1, 2}, Plot of H(p) = 1



Limit Shape: Random Medium
τ ∈ {1, 1.5, 2}, Plot of H(p) = 1



Limit Shape: Comparison of Periodic and Random limit
shapes



What do we mean by exact limit-shapes?
Explicit Iteration

Theorem (K.): Constructing the Minimizer

Under the symmetry assumption, we construct an explicit iteration
that produces the minimizer for any edge-weight distribution.

I Recall: H(p) = inff ∈S supω∈Ω Ĥ(f + p, ω)

I Start with any f0, we recurse fn+1(ω) = I (fn(ω)) with an
explicit I . This produces a minimizer almost surely.

I Implication: if edge-weights takes n values, we need to solve a
deterministic convex minimization problem in n2 variables.



What do we mean by exact limit-shapes?
Explicit Iteration

Theorem (K.): Constructing the Minimizer

Under the symmetry assumption, we construct an explicit iteration
that produces the minimizer for any edge-weight distribution.

I Recall: H(p) = inff ∈S supω∈Ω Ĥ(f + p, ω)
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Conclusion

What we can do

I Exact solutions using
iteration, special
symmetry

I Explicit bounds for
general iid case.

I Optimal control setup
that handles a large
class of problems:
long-range
percolation, directed
FPP and so on.

Interesting open questions

I Generalize the iteration to i.i.d case

I Prove Hamiltonian H(p) is C 1

(Dual property is strict convexity)
Classical problem: Have a
variational problem, want regularity
of the minimum/minimizer

I I don’t believe this PDE
mumbo-jumbo, is there a better
theory?

I Can complex analysis applied to
the problem? Minimization is over
discrete analytic functions.
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