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Nuclear Physics, Number Theory, Quantum Chaos, . . .
quantum counterparts of classically chaotic systems display random
matrix statistics [BGS 84]

• What does RMT have to do with QCD?

describes spectrum of QCD Dirac-operator in precise limit (Nc = 3):
ε-regime of χPT(un-physical finite-V limit)⇔ RMT to LO

• What can we compute in RMT?

- analytic form of spectral density, distribution of smallest eigenvalue
- as functions of: Σ = |〈q̄q〉|, F (if we include µiso), χSB pattern,
gauge field topology = ν zero modes of D (index Theorem)

• What cannot be computed?

- actual value of Σ or F : fit density[Σ, F ] to Lattice data
- χSB or not: β(Nf )
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• 1st Dirac-eigenvalue vs. Lattice with chiral fermions [Edwards et at. 98]:

• ν = 0 (top): SU(2) — SU(3) — SU(2) adj.

& ν = 1 (bottom): different χSB patters
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• the approximation of QCD −→ εχPT

• equivalence εχPT to RMT and limitations

• first results from RMT:

- flavor-topology duality and

- smallest eigenvalue distribution
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- diagonalise: Dψk = iλkψk in finite V, Euclidean D† = −D
- index theorem: ν # zero modes←→ winding # of A

- sum over topology ZQCD ≡
∑

ν Zν exp[iΘν]

- {D, γ5} = 0: eigenvalues in pairs ±iλk
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Integration of all non-Goldstone modes:

• in a box V = L4: valid for momenta 1/L≪ Λ non-Goldstone scale

ZχPT ≡
∫

SU(Nf )[dU(x)] exp[−
∫

dxTr L(U, ∂U)]

• expansion in higher orders L = L2 + L4 + L6 + . . .

L2 = 1
4F

2∂αU(x)∂αU
†(x) + 1

2ΣM

(

e
i Θ

Nf U(x) + e
−i Θ

Nf U †(x)

)

• LECs: Pion decay constant F & chiral condensate Σ

M = diag(mu,md, . . .) quark masses
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∫

SU(Nf )[dU(x)] exp[−
∫
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• expansion in higher orders L = L2 + L4 + L6 + . . .

L2 = 1
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†(x) + 1

2ΣM

(

e
i Θ

Nf U(x) + e
−i Θ

Nf U †(x)

)

• LECs: Pion decay constant F & chiral condensate Σ

M = diag(mu,md, . . .) quark masses

• standard expansion U(x) = exp[iπk(x)σk/F ],

→ Pion mass : m2
πF

2 = Σ
∑Nf

f=1mf GOR – relation

• Fourier trafo: fix topology
∫

dΘeiνΘ
∫

SU(Nf ) dU =
∫

U(Nf ) dU det[U ]ν
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• ε counting [Gasser, Leutwyler 87]

mπ ∼ 1
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L = ε = V −4 ⇒ (m2
πV )−1 = O(1)

fig: [Bietenholz et al. physics/0309072]
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• ε counting [Gasser, Leutwyler 87]

mπ ∼ 1
L2 ≪ 1

L = ε = V −4 ⇒ (m2
πV )−1 = O(1)

fig: [Bietenholz et al. physics/0309072]

unphysical regime !!

BUT: we can do analytic, non-perturbative calculations

• standard p regime counting:

∂ ∼ mπ ∼ 1/L
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ν,εχPT ∼ det1,...,Nf

[
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j−1Iν+j−1(m̂k)

]

/∆Nf
(m̂f

2)

[Brower,Tan Rossi 81, etc], with m̂ = mV Σ, ∆ = Vandermonde

• group integral part equivalent to RMT to LO: O(ε0)
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• breakdown at Thouless Energy λc ∼ F 2/
√
V [Osborn, Verbaarschot 01]

• corrections to RMT regime can be computed: 1-loop εχPT

in Z corrections Σeff = Σ

(

1− N2

f
−1

NfF ∆̄(0)

)

, Feff = . . . in 1
√
V

[Gasser, Leutwyler 87; G.A., Basile, Lellouch 08]

⇒ spectral D-correlations from RMT with eff. LEC

• for Green’s function 〈π(x)π(0)〉: need εχPT[Hansen 90, Damgaard et al. 01]
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• computation of spectral 1-point and 2-point density possible by
adding extra source quarks (fermionic and bosonic)→ next lecture



The Matrix Model of QCD

12/18

• in RMT computation of ALL spectral densities and individual eigenvalue
distributions possible and much simpler



The Matrix Model of QCD

12/18

• in RMT computation of ALL spectral densities and individual eigenvalue
distributions possible and much simpler

Zν, RMT ≡
∫

dW Π
Nf

f=1 det





mf iW

iW † mf



 e−NΣ2TrWW †

[Shuryak, Verbaarschot 93]

• block matrix has same global symmetry as QCD-Dirac operator D:

Wij ∈ C: N × (N + ν) Gaussian random variables (chGUE)

2N + ν = V eigenvalues: N ±λk, ν zero eigenvalues



The Matrix Model of QCD

12/18

• in RMT computation of ALL spectral densities and individual eigenvalue
distributions possible and much simpler

Zν, RMT ≡
∫

dW Π
Nf

f=1 det





mf iW

iW † mf



 e−NΣ2TrWW †

[Shuryak, Verbaarschot 93]

• block matrix has same global symmetry as QCD-Dirac operator D:

Wij ∈ C: N × (N + ν) Gaussian random variables (chGUE)

2N + ν = V eigenvalues: N ±λk, ν zero eigenvalues

• universal large N ∼ V (volume) limit:
limN→∞Zν,RMT = Z

ν,εχPT



The Matrix Model of QCD

12/18

• in RMT computation of ALL spectral densities and individual eigenvalue
distributions possible and much simpler

Zν, RMT ≡
∫

dW Π
Nf

f=1 det





mf iW

iW † mf



 e−NΣ2TrWW †

[Shuryak, Verbaarschot 93]

• block matrix has same global symmetry as QCD-Dirac operator D:

Wij ∈ C: N × (N + ν) Gaussian random variables (chGUE)

2N + ν = V eigenvalues: N ±λk, ν zero eigenvalues

• universal large N ∼ V (volume) limit:
limN→∞Zν,RMT = Z

ν,εχPT

• equivalence of other objects than Z?

- all Dirac eigenvalue correlations [Damgaard et al 01, Basile, G.A. 07]



The Matrix Model of QCD

12/18

• in RMT computation of ALL spectral densities and individual eigenvalue
distributions possible and much simpler

Zν, RMT ≡
∫

dW Π
Nf

f=1 det





mf iW

iW † mf



 e−NΣ2TrWW †

[Shuryak, Verbaarschot 93]

• block matrix has same global symmetry as QCD-Dirac operator D:

Wij ∈ C: N × (N + ν) Gaussian random variables (chGUE)

2N + ν = V eigenvalues: N ±λk, ν zero eigenvalues

• universal large N ∼ V (volume) limit:
limN→∞Zν,RMT = Z

ν,εχPT

• equivalence of other objects than Z?

- all Dirac eigenvalue correlations [Damgaard et al 01, Basile, G.A. 07]

• different εχPT-χSB, classes: Wij ∈ R, H: RMT still solvable
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• Σ = 1 for simplicity:
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∫

dW
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f det[WW † +m2
f ]e−NTr WW †

• step 1. Grassmann det[. . .] =
∫

dψ exp[ψ . . . ψ] → do Gauß’
∫

dW

• step 2. ψ4 → Hubbard-Stratonovich : extra
∫

dQNf×Nf
→ do

∫

dψ:

Zν,RMT ∼
∫

dQdet[Q†]ν det
[

Q†Q
]N

e−NTr(Q†Q − M(Q+Q†))

• step 3. Saddle Point N →∞:
parametrise Q = UR, at SP: R ∼ 1|, + scale masses Nmf

Zν,RMT ∼
∫

dUU(Nf ) det[U †]νeNTrM(U+U†)

0-dimensional σ-model
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• integrand ≡ Pjpdf joint probability distribution



RMT eigenvalue representation

14/18

Zν,RMT ≡
∫

dW Π
Nf

f=1 det
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iW † mf



 e−NTrWjW †
j

• diagonalise WW † positive definite matrix : eigenvalues λk ≥ 0

(or singular values of W : yk with y2
k = λk Dirac eigenvalues

• Zν,RMT ∼
∫ ∞

0

∏N
k dλkλ

ν
ke

−NΣ2λk
∏Nf

f (λk +m2
f ) |∆N (λ)|2

• integrand ≡ Pjpdf joint probability distribution

• Vandermonde determinant
∆N (λ) =

∏

k>l(λk − λl) = exp[2
∑

k>l log[λk − λl]]

eigenvalues strongly coupled: log-gas, repulsion of eigenvalues
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• exhibits flavour-topology duality [Verbarschot]:

limm→0Z(Nf )
ν /mν ∼ Z(Nf−1)

ν+1

- this can also be shown on the level of the εχPTpartition function
[ADDV 01]

e.g. ”two massless flavours at ν = 0 = quenched nf = 2 at ν = 2”

valid only to LO in the epsilon regime!!

• note that in general we take the chiral limit as

limm→0, V →∞mV Σ finite

• define spectral density of Dirac eigenvalues y =
√
λ: insert δ

ρ(y) = 〈Trδ(D − y)〉 = N〈δ(y1 − y)〉 ∼
∫

dy2 . . . dyNPjpdf ({y})
- can be computed exactly for finite-N
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• distribution of the smallest eigenvalue p1(y):

from gap probability = probability that all eigenvalues are > λ:

E(λ) =
1

Z

∫ ∞

λ

N
∏

k=1

dλkλ
ν
ke

−NΣ2λk

Nf
∏

f

(λk +m2
f ) |∆N(λ)|2

⇒ −∂λE(λ) is the probability that 1 eigenvalue is at λ and all others
are ≥ λ
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• distribution of the smallest eigenvalue p1(y):

from gap probability = probability that all eigenvalues are > λ:

E(λ) =
1

Z

∫ ∞

λ

N
∏

k=1

dλkλ
ν
ke

−NΣ2λk

Nf
∏

f

(λk +m2
f ) |∆N(λ)|2

⇒ −∂λE(λ) is the probability that 1 eigenvalue is at λ and all others
are ≥ λ

• Exercise:

check for ν = 0 that the following holds for Dirac eigenvalues

1) for Nf = 0 derive p1(x) = x/2e−x2/4 with x = 2NΣy

2) derive p1(x) for arbitrary Nf > 0
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• spectral statistics from εχPTand from RMT

• inclusion of chemical potential - why χPTis sensitive to baryonic µ

• further extensions: Wilson χPT
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