


Random Matrix Theory

Gernot Akemann

Faculty of Physics, Bielefeld University

STRONGnet summer school, ZiF Bielefeld, 14-25 June 2011
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• spectral statistics from εχPTand from RMT

• inclusion of chemical potential - why χPTis sensitive to baryonic µ

• further extensions: Wilson χPT



Relating Chiral Symmetry & Dirac Spectrum

3/19

• Banks Casher Relation ρD(λ = 0) = 1
π V Σ macroscopic density

Σ(m) ≡ 1
V ∂m logZQCD =

〈

∑

k
2m

V (λ2

k
+m2)

〉

=
∫

dλρD(λ) 2m
(λ2+m2)

- V → ∞ taken, then chiral limm→0
2m

(λ2+m2)
→ δ(1)(λ)
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- V → ∞ taken, then chiral limm→0
2m

(λ2+m2)
→ δ(1)(λ)

• small eigenvalues responsible for Σ 6= 0

(NOT true for chemical potential µ 6= 0: quenched Σ = 0!,

sign problem & oscillations give Σ 6= 0) [Osborn, Splittorff, Verbaarschot]

• spacing close to λ = 0: (V = L4)

- effect of strong coupling λ ∼ 1
V 6= 1

L free momenta

• microscopic scaling: limV →∞
1

ΣV ρD(λΣV ) zoom into origin
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• Resolvent definition

G(z) ≡ 〈 Tr
1

D − z
〉 −→

∫

dλρD(λ)
1

iλ − z
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- real eigenvalues λ: ρ(λ) ∼ Im[G(iλ)] discontinuity

- complex eigenvalues λ (µ 6= 0):

ρ(z) ∼ ∂∗
zG(z) anti-holomorphic derivative
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• Resolvent definition

G(z) ≡ 〈 Tr
1

D − z
〉 −→

∫

dλρD(λ)
1

iλ − z

• inversion of this relation:

- real eigenvalues λ: ρ(λ) ∼ Im[G(iλ)] discontinuity

- complex eigenvalues λ (µ 6= 0):

ρ(z) ∼ ∂∗
zG(z) anti-holomorphic derivative

• how to generate resolvent: auxiliary quarks

∂m det[D + m] = Tr 1
D−m det[/D + m] (from det[A] = exp[Tr log[A]]:)

• alternative: Replicas limn→0
1
n∂m det[D + m]n
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• auxiliary fermion- boson pair G(m) = ∂m

〈

det[/D+m]

det[/D+mB ]

∣

∣

∣

m=mB

〉
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〈

det[/D+m]

det[/D+mB ]

∣

∣

∣

m=mB

〉

• e.g. density:compute partially quenched εχPT

group integral with U(Nf + 1|1) [Damgaard, Osborn, Toublan, Verbaarschot 98]

• generating functions for all k-point densities:

U(NF + k|k)–supergroup integral of εχPT, take derivatives &
discontinuities

vs RMT ρk(y1, . . . , yk) ∼
∫

dyk+1 . . . dyNPjpdf (or + source too)

generating functions agree , so also all individual eigenvalues do!
[F. Basile, G.A. 07]

proof: Superbosonisation Theorem also [Littelmann,Sommers,Zirnbauer]

∫

dΨf(ΣkΨk × Ψk) ∼
∫

U(NF +k|k) dU0 sdet[U0]
Nf(U0)
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ZεχPT =
∫

dU0 det[U0]
ν exp

[

−1
4µ2F 2V Tr[U0, B][U †

0 , B] − 1
2ΣV TrM(U0 + U †

0)
]

• /D + γ0µ (non-Hermitian): add µ as imaginary vector current

∂αU → ∂αU + µ[Bα, U ] , B0 charge matrix = diag(1,-1) for isospin
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• density resolvent relation for µ 6= 0: ρ(λ) ∼ ∂∗
λG(λ)

• other rep. of 2-dim delta:

limm→0
m

(|z|2+m2)2
= δ(2)(z)
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• we need an auxiliary pair of complex conjugate fermions and
bosons to generate the resolvent (and regularize)
〈

det[D+m] det[D+m∗]
det[D+mB ] det[D+m∗

B
]+ǫ

〉

→ G(z)

• compute U(Nf + 1 + 1∗|1 + 1∗) supergroup integral ,

- has nontrivial baryon charge matrix even quenched

• example quenched density: identify Nµ 2 = V F 2µ2
Lat ≡ α2

ρ(ξ) = 1
α2 |ξ|

2Kν

(

|ξ|2

2α2

)

e+ 1

4α2
(ξ2+ξ∗ 2) ∫ 1

0 dt t e−t2α2

Jν(ξ)Jν(tξ
∗)
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• density (left) [Bloch, Wettig 06], ”smallest” eigenvalue (right) [+ G.A., Shifrin 07]
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ZRMT ≡

∫

dW1dW2 Π
Nf

f=1 det





mf iW1 + µfW2

iW †
1 + µfW †

2 mf



 e−NTrWjW †
j

• ZRMT ∼
∫

C

∏N
k dz2

kw(zk; µ)
∏Nf

f (z2 + m2
f ) |∆N (z2)|2 [Osborn 04]
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• Vandermonde trick: for arbitrary polynomials

∆N (λ) =
∏

k>l |λk − λj | =

∣

∣

∣

∣

∣

∣

1 λ1 . . .
1 λ2 . . .
· · ·

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

P0(λ1) P1(λ1) . . .
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· · ·

∣

∣

∣

∣

∣
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• Orthogonal Polynomials
∫

C
d2zw(z; µ; mf )Pk(z)Pl(z)∗ = hkδkl

- for µ = 0 weight w(λ) = λνe−λ Laguerre polynomials

- for µ 6= 0 Laguerre polynomials on C (weight exp · K-Bessel)
e.g.[Bender, G.A. 10]
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• the partition function

- quenched: Zν,RMT ∼
∫

C

∏N
k dz2

kw(zk; µ)| det[Pk]|
2 ∼ N !

∏
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• microscopic limit

large-N Laguerre : L
(ν)
N+j(−m2

f ) → Iν(m̂f ) gives again ZεχPT
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• gap probabilities E(λ) =
∫ ∞
λ Pjpdf

- equals partition function:

E(λ) = e−N2Σ2λZ
(Nf +ν)
ν=0 ({m′})

with shifted masses (irrelevant in Vandermonde)

m′
f =

√

λ + m2
f , f = 1, . . . , Nf

m′
f = λ, f = Nf + 1, . . . , Nf + ν

- microscopic limit easy, as for Z
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m′
f =

√
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m′
f = λ, f = Nf + 1, . . . , Nf + ν

- microscopic limit easy, as for Z

• first eigenvalue distribution

p1(y) = −∂yE(y2)

examples (Nf = 0):

ν = 0 p1(y) = y/2e−y2/4 , ν = 1 p1(y) = y/2e−y2/4I2(y) etc.



RMT correlation functions II

12/19

• density correlation functions

ρk(y1, . . . , yk) = 1
Z

N !
(N−k)!

∫

dyk+1 . . . dyNPjpdf



RMT correlation functions II

12/19

• density correlation functions
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∑N−1

j=0 Pj(z)Pj(v
∗)/hk → satisfies
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|∆N(z)|2 = det[Pk(zl)] det[Pk(z
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∗
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• Integration Theorem Mehta:
∫

dzNw(zN ) detk×k[KN (zi, z
∗
J)] = (N − k + 1) det(k−1)×(k−1)[KN (zi, z

∗
J)]
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• Theorem allows to perform all N − k integrations in the k-point
function

ρk(z1, . . . , zk) =
∏k

l w(zl) det1,...,k[KN (zj, z
∗
l )]

- arbitrary k-point density as k × k determinant - only large-N kernel
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function

ρk(z1, . . . , zk) =
∏k

l w(zl) det1,...,k[KN (zj, z
∗
l )]

- arbitrary k-point density as k × k determinant - only large-N kernel

• example Nf = 0, µ = 0:

ρ1(λ) = w(λ)KN (λ, λ) = λνe−NΣ2λ
∑N−1

j=0 Lν
j (z

2)Lν
j (v

∗ 2)/hj
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• Bessel-asymptotic of Laguerre polynomials gives

limN→∞ ρ(x = λNΣ) ∼ x
2

(

Jν(x)2 − Jν−1(x)Jν+1(x)
)

µ = 0

ρ(ξ) = 1
α2 |ξ|

2Kν

(

|ξ|2

2α2

)

e+ 1

4α2
(ξ2+ξ∗ 2) ∫ 1

0 dt t e−t2α2

Jν(ξ)Jν(tξ
∗) µ 6= 0
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[Damgaard, G.A.]
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• Compute several k-point densities from εχPT → reconstruct 1st
eigenvalue

• for complex eigenvalues a more direct computation of p1(r) is
difficult also from RMT
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• my favorite tool:

orthogonal polynomials (real and complex eigenvalues):

• go to eigenvalues basis & express jpdf as det of OP or KN

• Integration Theorem ⇒ all ρk & all pk

• Large-N limit of OP: universal for non-Gauß’ weight

– asymptotic behavior of class OP known: Laguerre → Bessel

• all 3 RMT’s for χSB classes + µ now solved for ρk:

W matrix elements in R, C, H

[Osborn 04, + Splittorff, Verbaarschot, GA; GA 05; Phillips, Sommers, GA.09+10]

• other ways of solving RMT possible: susy, replicas, . . .

◦ NEW: corrections from finite lattice spacing
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• Symanzik’s O(a) improvement:

close to the continuum discrete lattice quantum field theory can be
described by an effective, continuum field theory

Seff = S0 + aS1 + a2S2 + . . .

• applies to the effective field theory: Wilson χPT[Sharpe, Singleton 98] :

S =
1

2
V ΣTr(U + U †) − a2V W8Tr(U2 + U † 2)

−a2V W6[Tr(U + U †)]2 − a2V W7[Tr(U − U †)]2

= static part of action to O(a2) with counting rule a2V

& new LEC: W6, W7, W8 (not all indep. for Nf = 2)

• same strategy: ε-regime (with our without RMT approach)

- compute density and smallest eigenvalue LEC’s

- determine LEC from fit to Lattice data
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• Wilson εχPT with above Seff , or

• Wilson RMT DW =

[

aA iW
iW † aB

]

with additional Hermitian matrices A, B, Gaussian distribution

• D†
W = γ5DW γ5 6= DW non-Hermitian operator

⇒ define Hermitian operator D5 ≡ γ5DW

• problems at a 6= 0:

- DW non-Hermitian

- concept on topology no longer well defined, ∃ several related
densities of D5, real modes of DW , chirality density

- ν zero modes get smeared out and decouple from rest of
spectrum
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• partition function at equal mass (same from εχPT or RMT):

Z
(Nf )
ν = det[Z

(Nf )
ν+j−i] determinant of single flavour as before:

Z
(Nf =1)
ν =

∫ π
−π dθeiνθ exp[mV Σcos(θ) − 2a2V W8] → Iν(m̂)

- for W6 = W7 = 0 (switch on: Gaussian integrals over Z)

• meson correlators in Wilson εχPT: [Shindler, Necco, Bär]
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• Introduction to the mathematics of RMT: lectures G.A. → webpage

• Yan Fyodorov, ”Introduction to Random Matrix Theory . . . ”,
arXiv:math-ph/0412017, lectures Isaak Newton Institute
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