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Plan of Lectures
• Lecture 2 - Hadron Structure I

– What are we studying, and how do we encapsulate it?
– Paradigm: electromagnetic form factor of pion
– Nucleon EM form factors
– Polarized and unpolarized structure functions
– Three-dimensional imaging of hadrons: Generalized Parton 

Distributions
• Lecture 3: Hadron Structure - II

– Recent advances: Transverse-Momentum-Dependent distributions
– Flavor-singlet contributions: role of sea quarks and gluons
– Structure of excited states: radiative transitions between mesons
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Hadron Structure
How are
– charge and currents
– momentum
– spin and angular momentum

apportioned amongst the quarks and gluons that make up a hadron?
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Hadron Structure
How are
– charge and currents
– momentum
– spin and angular momentum

apportioned amongst the quarks and gluons that make up a hadron?

Encapsulated in
- electromagnetic form factors
- unpolarized structure functions and Transverse-momentum-dependent 

distributions (TMDs)
- polarized structure functions, Generalized Parton Distributions (GPDs), 

TMDs

Lattice QCD can either compute all of these or constrain them!
Technique: calculation of hadronic matrix elements - analogous to WME.

To paraphrase Nathan Isgur: “Tassos Vladikas wants to eliminate QCD, I 
want to understand it!” 
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�π(�pf ) | Vµ(0) | π(�pi)� = (pi + pf )µF (Q2)

Vµ =
2

3
ūγµu− 1

3
d̄γµd

−Q2 = [Eπ(�pf )− Eπ(�pi)]
2 − (�pf − �pi)

2

Paradigm: Pion EM form factor

e
e

where
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φ(x) = d̄(x)γ5u(x)

φ†(x) = −ū(x)γ5d(x)

Vµ(x) = euū(x)γµu(x) + edd̄(x)γµd(x).

Anatomy of a Matrix Element Calculation - I

Pion Interpolating 
Operator

π+

Sequential-source propagator
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φ(x) = d̄(x)γ5u(x)

φ†(x) = −ū(x)γ5d(x)

Vµ(x) = euū(x)γµu(x) + edd̄(x)γµd(x).

V cont
µ = ZV V

lattice
µ ;ZV = 1 for conserved current

Anatomy of a Matrix Element Calculation - I

Pion Interpolating 
Operator

π+

Sequential-source propagator
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U ij
αβ(x, y) = �ui

α(x)ū
j
β(y)�

Dij
αβ(x, y) = �diα(x)d̄

j
β(y)�,

ΓU
π+µπ+ = eu

�

�x,�y

e−i�p·�x−i�q·�yTr {γ5U(x, y)γµU(y, 0)γ5D(0, x)}

Quark propagator: Gij
αβ(x, y) = �qiα(x)q̄

j
β(y)� satisfies

M ik
αγ(x, z)G

kj
γβ(z, y) = δijδαβδxy; G(y, x) = γ5G(x, y)†γ5

Introduce Sequential Quark PropagatorHu(y, 0; tf , �p) =
�

�x e
i�p·�x

U(y, x)γ5D(x, 0)γ5

Satisfies: M(z, y)Hu(y, 0; tf , �p) = δtz,tf e
i�p·�zγ5D(z, 0)γ5

Finally: ΓU
π+µπ+ = eu

�
�y e

−i�q·�yTr
�
H

u(y, 0; tf , �p)†γ5γµU(y, 0)γ5
�

Anatomy of a Matrix Element Calculation - II
Construction of three-point function

Introduce quark propagators

Then U-contribution to three-point function given by
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�0 | φ(0) | π, �p+ �q��π, �p+ �q | Vµ(0) | π, �p��π, �p | φ† | 0�e−E(�p(t−ti)e−E(�p+�q)(tf−t)

3pt

2pt

Anatomy of a Matrix Element Calculation - II

Resolution of unity – insert states
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F (Q2) =
1

1 +Q2/MVMD
2

Pion Form Factor
LHPC, Bonnet et al,
Phys.Rev. D72 (2005) 054506
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F (Q2) =
1

1 +Q2/MVMD
2

Pion Form Factor
LHPC, Bonnet et al,
Phys.Rev. D72 (2005) 054506

�r2� = 6
dF (q2)

dq2

����
q2=0

Charge radius Nguyen et al, 1102.3652
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�pf | Vµ | pi� = ū(pf )

�
γµF1(q

2) + iqν
σµν

2mN
F2(q

2)

�
u(pi)

GE(Q
2) = F1(Q

2)− Q2

(2mN )2
F2(Q

2)

GM (Q2) = F1(Q
2) + F2(Q

2)

Nucleon EM Form Factors
Two form factors

Dirac Pauli

Related to familiar Sach’s electromagnetic form factors through

N N1

γ
pipf

q
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�pf | Vµ | pi� = ū(pf )

�
γµF1(q

2) + iqν
σµν

2mN
F2(q

2)

�
u(pi)

GE(Q
2) = F1(Q

2)− Q2

(2mN )2
F2(Q

2)

GM (Q2) = F1(Q
2) + F2(Q

2)

Nucleon EM Form Factors
Two form factors

Dirac Pauli

Related to familiar Sach’s electromagnetic form factors through

N N1

γ
pipf

q

Isovector: difference 
between p and n or 
difference between u and d 
currents.
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Isovector Form Factor

J.D.Bratt et al (LHPC),
arXiv:0810.1933

DWF valence/Asqtad sea
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FIG. 7: Isovector Pauli radius, �r2
2�, and anomalous magnetic moment, κnorm

v ≡ mphys
N

mN (mπ)F
v
2 (0), as a function of the pion mass

for all ensembles.

regard to their error bars.

We can also scrutinize this behavior by looking at the form factors as a function of Q2
directly and compare the

location of the points on the two volumes. Figure 8 shows this comparison. The solid curves are dipole fits to all
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FIG. 8: Direct comparison of finite-volume effects for the isovector form factors, F v
1 (Q2) and F v

2 (Q2), at mπ = 356MeV on the
two volumes Ω = 283 × 64 and Ω = 203 × 64.

available data points. It is evident that their dipole masses are different, but the data points at small Q2
are identical.

The difference in curvature is only caused by points beyond that.

We conclude that we observe finite-size effects in our lattice form-factor data. However, the finite-size effects are

only significant for intermediate values of Q2
. Based on the smallest values of Q2

, the Dirac and Pauli radii may be

identical on both volumes. We did not find a satisfactory explanation based on chiral expansions or models at this

point and leave this matter for future investigations.

As a final remark, in Sec. IVD we will compare the radii defined by the generalized form factors. There we will

also find suggestive evidence that the mass radius is larger on the larger volume. Here our intention was to illustrate

our observation of finite-volume effects with the data that is most accurate.

IV. RESULTS

A. The axial charge

In this section we present new data on the nucleon axial charge gA. Although axial form factors are discussed in more

depth below in Sec. IV C, the fundamental phenomenological importance of the axial charge warrants highlighting our

Data well described by dipole form - but 
example of notable finite-volume effect: 
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Nucleon Form Factors - III

LHPC, arXiv:1001.3620

Dipole fits at each pion mass

0 0.1 0.2 0.3 0.4

m
!

2[GeV2]

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
experiment
Nf=2+1 DWF (2.7fm)
Nf=2 DWF (1.9fm)
Nf=0 DWF (3.6fm)
Nf=2 Wilson (1.9fm)
Nf=0 Wilson (3.0fm)
Nf=2+1 Mix (2.5fm)
HBChPT

"r1
2
#
1/2[fm]

FIG. 14: Dirac rms radius 〈r2
1〉1/2 determined from a dipole fit. Dashed line represents a linear

extrapolation of our results. Square, up triangle, diamond, left triangle and down triangle denote

two-flavor [2] and quenched DWF [1], two-flavor and quenched Wilson [23], and mixed action [29]

calculations, respectively. A prediction from HBChPT with the experimental result [12, 23] is also

plotted.

magnetic form factors
GM(q2)

GE(q2)
=

ΛV
T (q)

ΛV
4 (q)

. (25)

At zero momentum transfer, we obtain 1 + F2(0) from the ratio. Figure 16 shows that the

result for GE(q2)/GM(q2)− 1 at q2 = 0, obtained via a linear fit in q2, is consistent with the

determination from a dipole fit of F2(q2).

In Fig. 17 we present the anomalous magnetic moment of the nucleon, determined by the

dipole fit presented in table IV, together with some other lattice QCD calculations and the

experimental value. Our present results slightly decrease with the pion mass, in agreement

with previous lattice calculations [1, 23]. They extrapolate well linearly in the pion mass

squared, and result in a value 26% smaller than the experiment. This result at the physical

pion mass is consistent with those of previous calculations [1, 19] using a linear fit.

We present in Fig. 19 the result of the Pauli rms radius. These results are obtained from

a dipole fit and summarized in table IV. Some other lattice QCD calculations [1, 23] are

also plotted in the figure for comparison. We find the lightest point to be slightly smaller

25

RBC/UKQCD, arXiv:0904.2039
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�N(p, S) | ψ̄γµγ5ψ | N(p, S)�

Nucleon Axial-Vector Charge - I 
Nucleon’s axial-vector charge gA: 
benchmark of lattice QCD

D. Alexandrou, Lattice 2010

Different actions, volumes

Twisted mass QCD: volume 
corrected

Precisely measured in 
neutron β decay
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Q2 = −q2 = (k� − k)2

ν = q · P/M

x =
Q2

2Mν

Bjorken limit:
Q2 −→ ∞, ν −→ ∞, x fixed

Wµν =
1

4π

�
dzeiq·z�N(p, S) | Jµ(z)Jµ(0) | N(p, S)�

Structure Functions - I

The structure functions are defined in terms of the hadronic tensor:

Yields two unpolarized structure functions F1(x,Q2) and F2(x,Q2), and two 
polarized structure functions g1(x,Q2) and g2(x,Q2)
Leading twist structure functions: product of currents at light-like z2 →0

In Euclidean lattice QCD, use OPE to write in terms of local operators  
whose matrix elements we can compute in Euclidean space
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� 1

0
dx x

n−1
F2(x,Q

2) =
�

q=u,d

Cn(µ
2
/Q

2), g(µ))�xn�(µ)

where
�N(p) | Oµ1...µn+1

q | N(p)� = �xn�(µ)[pµ1 . . . pµn+1 ]

14

Structure Functions - II

Operators
Capitani, this school

polarized

Matrix elements related to moments of structure functions
Wilson coeffs Operator 

renormalization

Friday, June 24, 2011



� 1

0
dx x

n−1
F2(x,Q

2) =
�

q=u,d
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2
/Q
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O
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14

Structure Functions - II

Operators
Capitani, this school

polarized

Matrix elements related to moments of structure functions
Wilson coeffs Operator 

renormalization
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14

Structure Functions - II

Operators
Capitani, this school

polarized

Matrix elements related to moments of structure functions
Wilson coeffs Operator 

renormalization

Perturbation theory

Friday, June 24, 2011



� 1

0
dx x

n−1
F2(x,Q

2) =
�

q=u,d

Cn(µ
2
/Q

2), g(µ))�xn�(µ)

where
�N(p) | Oµ1...µn+1

q | N(p)� = �xn�(µ)[pµ1 . . . pµn+1 ]

O
cont = ZO

latt

14

Structure Functions - II

Operators
Capitani, this school

polarized

Matrix elements related to moments of structure functions
Wilson coeffs Operator 

renormalization

Perturbation theory
Non-perturbatively
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�x�u−d = C

�
1− 3g2A + 1

(4πFπ)2
m2

π ln

�
m2

π

π2

��
+ e(µ2)

m2
π

(4πFπ)2

Quark Momentum Fraction - I

15

Covariant B ChPT

LHPC, 2010: DWF valence, Asqtad sea

HB Limit B ChPT HBChPT

Heavy-Baryon Ch PT (HBChPT)
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Quark Momentum Fraction - II 

16

• Need to go to approach physical light-
quark masses: chiral behavior

Similar renormalization prescription

RBC/UKQCD 2010: DWF
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Quark Momentum Helicities

17

LHPC, 2010: DWF valence, Asqtad sea

HHBChPT

RBC/UKQCD 2010: DWF

• Need to go to approach physical light-
quark masses: chiral behavior

Similar renormalization prescription
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Moments of Parton Distributions

We are computing moments
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Do not have full Lorentz symmetry
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Moments of Parton Distributions

We are computing moments

Do not have full Lorentz symmetry

n >= 5: operator mixing
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Moments of Parton Distributions

We are computing moments

Do not have full Lorentz symmetry

n >= 5: operator mixing

Detmold, Melnitchouk, 
Thomas
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Moments of Parton Distributions

We are computing moments

Do not have full Lorentz symmetry

n >= 5: operator mixing

Need to assume 
parametrization

Detmold, Melnitchouk, 
Thomas

Friday, June 24, 2011



Different Regimes in Different Experiments

Form Factors
transverse quark

 distribution in 
Coordinate space

Friday, June 24, 2011



Different Regimes in Different Experiments

Form Factors
transverse quark

 distribution in 
Coordinate space

Structure Functions
longitudinal

quark distribution
in momentum space
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Different Regimes in Different Experiments

Form Factors
transverse quark

 distribution in 
Coordinate space

Structure Functions
longitudinal

quark distribution
in momentum space

GPDs
Fully-correlated

quark distribution in 
both coordinate and 
momentum space

Friday, June 24, 2011



Generalized Parton Distributions (GPDs)

D. Muller et al (1994), X. Ji & A. 
Radyushkin (1996)
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Generalized Parton Distributions (GPDs)

D. Muller et al (1994), X. Ji & A. 
Radyushkin (1996)

Measured in Deeply 
Virtual Compton 
Scattering
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Generalized Parton Distributions (GPDs)

D. Muller et al (1994), X. Ji & A. 
Radyushkin (1996)

J
q =

1

2
− J

G =
1

2

� 1

−1
x dx [Hq(x, ξ, 0) + E

q(x, ξ, 0)]

Ji’s Sum rule

Measured in Deeply 
Virtual Compton 
Scattering
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Generalized Parton Distributions (GPDs)

D. Muller et al (1994), X. Ji & A. 
Radyushkin (1996)

J
q =

1

2
− J

G =
1

2

� 1

−1
x dx [Hq(x, ξ, 0) + E

q(x, ξ, 0)]

Ji’s Sum rule

Measured in Deeply 
Virtual Compton 
Scattering

ξ is skewness
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Moments of GPD’s
• Matrix elements of  light-cone correlation functions

• Expand O(x) around light-cone

• Off-forward matrix element

Co-efficient of ξi

LHPC, QCDSF, 2003
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Origin of Nucleon Spin

HERMES, PRD75 (2007)

LHPC, Haegler et al., 
Phys. Rev. D 77, 094502 
(2008); arXiv.1001.3620
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Origin of Nucleon Spin

HERMES, PRD75 (2007)

LHPC, Haegler et al., 
Phys. Rev. D 77, 094502 
(2008); arXiv.1001.3620
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carried by quarks small
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Origin of Nucleon Spin

HERMES, PRD75 (2007)

LHPC, Haegler et al., 
Phys. Rev. D 77, 094502 
(2008); arXiv.1001.3620
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Total orbital angular momentum 
carried by quarks small
Orbital angular momentum carried 
by quark flavors substantial
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23

Origin of Nucleon Spin - II

Ph. Hägler, MENU 2010, W&M 19

!"#$!% &'()*+&'$,-."/'

LHPC +/0-12344356784 (this work)

LHPC PRD `08 0705.4295

QCDSF (Ohtani et al.) 0710.1534

Goloskokov&Kroll EPJC`09 0809.4126

Wakamatsu 0908.0972

DiFeJaKr EPJC `05 hep-ph/0408173

(Myhrer&)Thomas PRL`08 0803.2775

9!:+;$<+**$=$>?:@4AB$<C?DCE$!<C>@4FG
Ph. Hagler, Menu 20010

p-DVCS (HERMES)

n-DVCS (Hall A)
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• t-dependence ↔ impact parameter

Compare to phenomenological 
models

bT (fm)
x

Decrease slope : decreasing 
transverse size as x ! 1 
Burkardt

Transverse Distribution - I
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Flattening of GFFs with increasing n

Lattice results consistent with 
narrowing of transverse size with 
increasing x

Transverse radii

Transverse Distribution - II
LHPC, Haegler et al., Phys. Rev. D 
77, 094502 (2008)
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Summary: Lecture II
• Lattice QCD can describe describe hadron structure in 

terms in terms of fundamental parton degrees of 
freedom

• Major effort: approach the physical light-quark masses 
to gain control over chiral behavior - Extrapolation to 
Interpolation

• Important role: lattice QCD + expt together 
determining eg GPDs in a way neither can alone

• Next time
– New developments: TMDs
– Flavor-singlet structure
– Structure of excited states
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