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Resummation of large- @ and small- & double logarithms
in DIS and semi-inclusive e™e™ annihilation

A. Vogt (University of Liverpool)

with G. Soar, A. Lo Presti, C.H. Kom (UoL), A. Aimasy (UoL, now DESY),
K. Yeats (Simon-Frazer U) [and S. Moch (DESY), J. Vermaseren (NIKHEF) ]

$» Splitting and coefficient functions and their endpoint beha viour

® Generalized threshold resummation of 1 /Mellin- N contributions

® Small-x resummation of x *In‘x (SIA) and 2°In*x (DIS) terms
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Conventions and references

Double-log enhancement: two additional logs L per additional orderin o

Q n ~ L—EO(#LZ’n_I_ #LZn—l_I_ #LG—2_|_ ...) _|_ o
LL NLL NNLL
LL, NLL, ...: leading logarithms, next-to-leading logarit hms, ...

Counting of a resummation, cf. small- x, not of a (stronger) exponentiation,
cf. soft gluons:  NNLL resummation < (re-expanded) NLL exponentiation
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Conventions and references

Double-log enhancement: two additional logs L per additional orderin o

Q n ~ L—EO(#LZ’n_I_ #LZn—l_I_ #L2n—2_|_ ...) _|_ o
LL NLL NNLL
LL, NLL, ...: leading logarithms, next-to-leading logarit hms, ...

Counting of a resummation, cf. small- x, not of a (stronger) exponentiation,
cf. soft gluons:  NNLL resummation < (re-expanded) NLL exponentiation

® Non-singlet NNLL (NLL for DY) resummation from physical ker nels
MV, arXiv:0902.2342 (JHEP), 0909.2124 (JHEP)

® Singlet NNLL for fourth-order splitting functions and Fy, in DIS
SMVYV, 0912.0369 (NPB), 1008.0952 (Loops & Legs 2010)

® Generalized threshold resummation in inclusive DIS and SIA
A.V., 1005.1606 (PLB); ASV, 1012.3352 (JHEP); ALPV, 1202.5 224 (Radcor 2011), ...

» Small- z resummation of splitting & coefficient functions in SIA and D IS
A.V., arXiv:1108.2993 (JHEP); KVY, arXiv:1207.5631 (JHEP ); ...
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Hard lepton-hadron processes in pQCD

Inclusive deep-inelastic scattering (DIS), semi-incl. [T 1~ annihilation (SIA)

l

Left — right: DIS, g spacelike, Q% = —q*

P = ¢p, fI = parton distributions

Top — bottom: [T1—, q timelike, Q? = g2

h(p) p = &P, fragmentation distributions

Drell-Yan (DY) 171~ production: bottom — top, 2™ hadron from right ( {...})
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Hard lepton-hadron processes in pQCD

Inclusive deep-inelastic scattering (DIS), semi-incl. [T 1~ annihilation (SIA)

l

Left — right: DIS, g spacelike, Q% = —q*

P = ¢p, fI = parton distributions

Top — bottom: [T1—, q timelike, Q? = g2

p = £ P, fragmentation distributions

h(p)

Drell-Yan (DY) 171~ production: bottom — top, 2™ hadron from right ( {...})

Structure functions, fragmentation functions etc F,: coefficient functions
Fo(x,Q?) = |Caigsy(es(u?), 1%/Q%) ® fI () {®FF (1)} (=) + 0(1/Q®@)

Scaling variables: x = Q?/(2p-q) in DIS etc. p: renorm. /mass-fact. scale
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Splitting and coefficient functions in pQCD

Parton /fragmentation distributions  f; : (renorm. group) evolution equations

d
dln p?

£ (&, 1) = [Pigzi(as(uz)) 0% fk(p?)} (£) , & : Mellin convolution

Initial conditions: incalculable, fit-analyses of referen Ce processes
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Splitting and coefficient functions in pQCD

Parton /fragmentation distributions  f; : (renorm. group) evolution equations

d . .
dln p2 fi(&,p%) = [Rii;:i(as(ﬂ%) ® fk(u2)] (&), ® : Mellin convolution

Initial conditions: incalculable, fit-analyses of referen Ce processes

Expansion in ag: splitting functions P, coefficient fct's ¢, of observables

P = aSP(O) + as2 ) 2189 + a? )21 + afP(S) 4+ ...
Ca = al* e +a,elV+ alel? + alcl® +...]

A - J/
Ve

NLO: first real prediction of size of cross sections

NNLO, P(2)] ¢(2).
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Splitting and coefficient functions in pQCD

Parton /fragmentation distributions  f; : (renorm. group) evolution equations

d 2 S/ T 2 ) . )
dln 22 fi (&%) = [R,;k/ki(as(/-l' ) ® fi. (1 )] (¢), ® : Mellin convolution
Initial conditions: incalculable, fit-analyses of referen Ce processes

Expansion in ag: splitting functions P, coefficient fct's ¢, of observables

P = aSP(O) + aZ pW + ol pP® + afP(3) + ...
Ca = al* e +a,elV+ alel? + alcl® +...]

A - J/
Ve

NLO: first real prediction of size of cross sections

NNLO, P(2)] ¢(2).

N2LO: for high precision ( ;s from DIS), slow convergence (Higgsin  pp/pp)
F2/Fs: MWV (2005/8), P _ ,: Baikov, Chetyrkin (06), ...; g1 so: MV (05), ...

Endpoint logarithms for x— 0, 1: resummation can be useful or necessary
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MS splitting functions at large  x/ large N

Mellin trf. f(IN) = fold:n (™~ '{-1}) f(x)¢{1y: M-convolutions — products

n _ _1\n+1 1\
In™(1— =) M (=1) In" TN+ ..., In"(1—x) M (=1) In" N + ...
(1—x), n+1 N
Diagonal splitting functions: no higher-order enhancemen tat N°, N~
(£—1) _A® (£) 0y 1 _
PijeeMN) = Ay, MmN+ B, +Co/ —InN+ ..., Ag=Ca/Cp Aq

..., Korchemsky (89); MVVV(04); Dokshitzer, Marchesini, Sa  lam (05)
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MS splitting functions at large  x/ large N

Mellin trf. f(IN) = fold:n (™~ '{-1}) f(x)¢{1y: M-convolutions — products

n _ _1\n+1 1\
In™(1— =) M (=1) In" TN+ ..., In"(1—x) M (=1) In" N + ...
(1—x), n+1 N
Diagonal splitting functions: no higher-order enhancemen tat N°, N~
(£—1) _A® (£) 0y 1 _
PijeeMN) = Ay, MmN+ B, +Co/ —InN+ ..., Ag=Ca/Cp Aq

..., Korchemsky (89); MVVV(04); Dokshitzer, Marchesini, Sa  lam (05)

Off-diagonal: double-log behaviour, colour structure wit h Cpyr = Ca—Cp
Cr P /nitPY = LIn*N #Clp
+ A I IN(#Chp + #Cp+ #1)Cup "+ ...

Double logs In" N, £+1 < n < 2¢ vanish for Cr = C4 (— SUSY case)
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MS coefficient functions at large  x/ large N

‘Diagonal’ [ O(1)] coeff. fct's for F2 3,4 iN DIS, Fr 4,4 in SIA, Fpy = Gioccll"—c;jl

Cyt) g = #M* N . NI H# WP N 4 + ..

N° parts: threshold exponentiation Sterman (87); Catani, Trentadue (89); ...

Exponents known to next-to-next-to-next-to-leading log ( N3LL) accuracy - mod. A(4)
=> highest seven (DIS, SIA), six (DY, Higgs prod.) coefficients known to all orders

DIS: MVV (05), DY /Higgs prod.: MV (05); Laenen, Magnea (05); Idilbi, Ji, Ma, Yuan (05)
(+ SCET papers, from 06), SIA: Blumlein, Ravindran (06); MV, arXiv:0908.2746 (PLB)
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MS coefficient functions at large  x/ large N

‘Diagonal’ [ O(1)] coeff. fct's for F2 3,4 iN DIS, Fr 4,4 in SIA, Fpy = Gioccll"—c;jl

Cyt) g = #M* N . NI H# WP N 4 + ..

Sterman (87); Catani, Trentadue (89); ...

Exponents known to next-to-next-to-next-to-leading log ( N3LL) accuracy - mod. A(4)
=> highest seven (DIS, SIA), six (DY, Higgs prod.) coefficients known to all orders

DIS: MVV (05), DY /Higgs prod.: MV (05); Laenen, Magnea (05); Idilbi, Ji, Ma, Yuan (05)
(+ SCET papers, from 06), SIA: Blumlein, Ravindran (06); MV, arXiv:0908.2746 (PLB)
‘Off-diagonal’ [ O (as)] quantities: leading N ~* double logarithms
£ -1 20—1
Cy% g/ = NTH#I* T IN+ ) + ...
Longitudinal DIS /SIA structure functions [ convention: £ = orderin ag — 1]
) = N“Y # Wm®*N+...)+ ..., &) = N 2# Im*N+...) + ...
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Second- and third-order IN-space Cj s IN DIS

n=4 (OU60) | L 7 n =4 (01/2000) -

- 2 I | | | | | | | | | | | | | | | | | | | - 5 . | | | | | | | | | | | | | | | | | | |
0 5 10 15 20 O 5 10 15 20
N N

N~ terms relevant over full range shown, O(INN~?) sizeable onlyat N < 5

Sum of N~ In* NV looks almost constant: half of maximum only at N ~ 150

DIS — SIA — DY : increase of the IN° terms, IN~!corrections less important
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MS splitting functions at small &/ N—1 or 0

(—1)"n!
(N + a)nt1

Logs in x-space <> polesin N-space, z%In"xz M

Space-like case, non-singlet : no ! terms, leading x° double logarithms:
LL: Kirschner, Lipatov (83); Blimlein, A.V. (95)

Singlet quantities: dominant ! terms single-log enhanced

PO% = o7 (# I a4 )+ (#F e .) + L

x~ 1 part: BFKL (77/78); Jaroszewicz (82); Catani, Fiorani, Marchesi  ni (89);
Catani, Hautmann (94); ..., Fadin, Lipatov; Camici, Ciafal oni (98)
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MS splitting functions at small &/ N—1 or 0

i i . _ a n M (_1)nn!
Logs in ax-space < polesin N-space, zx In x = (N + a)n+1

Space-like case, non-singlet : no ! terms, leading x° double logarithms:
LL: Kirschner, Lipatov (83); Blimlein, A.V. (95)

Singlet quantities: dominant ! terms single-log enhanced

PO% = o7 (# I a4 )+ (#F e .) + L

x~ 1 part: BFKL (77/78); Jaroszewicz (82); Catani, Fiorani, Marchesi  ni (89);
Catani, Hautmann (94); ..., Fadin, Lipatov; Camici, Ciafal oni (98)

Timelike case: huge ! double logarithms

Pij(E)T = "N (#F Wn* g 4+ )+ (#F nFe+..) + ...

LL: Mueller (81); Bassetto, Ciafaloni, Marchesini, Mueller (8 ~ 2). NLL: Mueller (83)
— but latter notin  MS, see Albino, Bolzoni, Kniehl, Kotikov (11)

Behaviour of gauge-boson exchange coefficient functions an alogous
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NNLO approximations for

PgI;(zc, Q)
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NLO/NNLO: termsupto &~ 'In’z /x~'In*z. Unstable at « < 0.005



NNLO approximations for P (x, cs)
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NLO: no ! lna terms. NNLO: upto &~ Y1n®z. Unstable at x < 0.02
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Large- IN cross sections before factorization

Unfactorized partonic structure functions in D = 4 —2¢ dimensions
~ _ .4z __, das
Th,j = Ca,i Zij, —Y=P = dln Q2 zZ -, dIn Q2 = —€as + Bp—4

N° and N1 transition functions, D-dimensional coefficient functions

1 n—L—1
I N 7 n—f—k—1 r (£+Ek)!

S n'
B, "
Pk

+ NNLL contributions (explicit expressions) + ...

k=1
—L—

Z PR (ifz)’<n<n—1>—e<e+k+1)>

- . y
Ca,i = L(diagonal cases) T 2 1 Dperp a;"’eecg?i ), £ additional logs at order  &*

ae~" 14 off-diagonal entries: contributionsupto N~ 'In" Tt N

Full N™LO calc. of T, ;: highest m -1 powers of €1 toall ordersin o
Extension to all e for highest m+1 logarithms: N "LL all-order resummation
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All-order off-diagonal leading-log amplitudes

Example: Leading-log (LL) 1/N termsof T, and T,'"), with L = In N

¢,q 2,8’
1 (n) 1 (n) Ln_l = k n—1 n—2 n—1
F i k=0
= all-order relation for one colour structure of either ampli tude sufficient

1 1 n—1 1 1 D)\n—1

) ®q (o only — n P4 n! = ¢4 ,q
1 (\n—-1
et (Tzq)"

(1)
- LL (1) exp(asTy ) — 1
»d Cp only — ¢,q Tz(,;)
Exact D-dimensional leading-log expressions for the one-loop amp litudes
1 1 _ 2C, 1
T¢(,q) LL _2C; g(l—m) cM _ TF ;exp(elnN)

1 | 1
T,y LL —4CF;(1—:B)_1_€—|-V|rtuaI M 4Cp 5 (exp(elnN) —1)
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Next-to-leading logarithmic iteration for TB(,ZZ

Ansatz for T( ) in terms of first-order quantity and diagonal amplitudes

All-order agreement with known highest four powers of e~ 1 for

find) — <n71>_1[1+5(%(i+1)(n—i)9i1—g(l—msw)]

(4

—1
. n
— LL: A.V,, L&L 2010
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Next-to-leading logarithmic iteration for TB(,ZZ

Ansatz for ngg in terms of first-order quantity and diagonal amplitudes

n—1 n—22
n 1 1 i n—i—1 . Bo i n—i—2 .
TPS,J = n ng,c)q{ z;) TI-(I,)g TZ(,q )f(na 1) — = Z TISI,)g TZ(,q )g(n, z)}
1= 1=0

All-order agreement with known highest four powers of e~ 1 for

find) — <n71>_1[1+5(%(i+1)(n—i)9i1—g(l—msw)]

(4

—1
. n
— LL: A.V,, L&L 2010

Soft-gluon exponentiation: also Té"g) and Tz(,z) known at all powers of ¢
= next-to-leading logarithmic expression for T, completely predicted

Mass factorization = Pgq - ch <= to all orders. Pgy " cae - analogous

Extension of this approach to higher-log accuracy (at least ) cumbersome
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D-dim. structure of unfactorized observables

Maximal phase space for deep-inelastic scattering  /semi-incl. annihilation

NLO: 2—2/1—1+42 (1—x) ¢ = fol one other variable
N°LO: 2—3/1—1+3 (1—x) % fol four other variables
N°LO: 2—>4/1—>1+4 (1—x) % fol seven other variables

N2LO: Matsuura, van Neerven (88), Rijken, vN (95), N7™=3L0, indirectly: MV[V] (05)
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D-dim. structure of unfactorized observables

Maximal phase space for deep-inelastic scattering  /semi-incl. annihilation

NLO: 2—2/1—1+42 (1—x) ¢ = fol one other variable
N°LO: 2—3/1—1+3 (1—x) % fol four other variables
N°LO: 2—>4/1—>1+4 (1—x) % fol seven other variables

N2LO: Matsuura, van Neerven (88), Rijken, vN (95), N7™=3L0, indirectly: MV[V] (05)

Purely real contributions to unfactorized structure funct lons

Ta(,T;)R _ 523—1 ;) (1_w)—1+£—ne{Rc(Ltzj)’2L n sRC(L':Lj)’lg\ILL . }
Mixed contributions ( 2 — 741 with 2 —7 loops in DIS)

Ta(Z')M - 627:1,[—1 ;j: g_:o (l—a:)_1+€_£€ {Mcff'g'?zlé + sMéZ’?Z;L T }

Purely virtual part (diagonal cases, & = 0 present): v*qq, Hgg form factors

a,j

n 1 n n
TV = s1—z) — (VWL 4 gy (WINEL 4 }
a,j 821’1, a,j
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Resulting resummation of large- @ double logs

KLN cancellation between purely real, mixed and purely virt ual contributions

7)) _ (n)R 4+ T(n)M(_l_T(n)V) = {T('n)0 4+ sTcSZ')l 4. }

a,j

= Upto n—1 relations between the coeff's of (1 — w)_ee, L=1,...,n
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Resulting resummation of large- @ double logs

KLN cancellation between purely real, mixed and purely virt ual contributions

(n) _ ()R (n)M n)yvy _ 1 (n)0 (n)1
Taaj o Taaj + Taaj ( + Taaj ) T €_n {Taaj + sTQ'?j T }

= Upto n—1 relations between the coeff's of (1 — w)_ze, L=1,...,n

Log expansion: N *LL higher-order coefficients completely fixed, if first k+1
powers of € known to all orders — provided by N *LO calculation, see above

Present situation: (a) N®LO for non-singlet F,_.r in DIS — recall DMS (05)
(b) NZ2LO for SIA, non-singlet Fy, in DIS, and singlet DIS

= resummation of the (&) four and (b) three highest N1 In* N terms to
all orders in «: consistent with, and extending, our previous results
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Resulting resummation of large- @ double logs

KLN cancellation between purely real, mixed and purely virt ual contributions

7)) _ (n)R 4+ T(n)M(_l_T(n)V) = {T('n)0 4+ sTcSZ')l 4. }

a,j

= Upto n—1 relations between the coeff's of (1 — w)_ee, L=1,...,n

Log expansion: N *LL higher-order coefficients completely fixed, if first k+1
powers of € known to all orders — provided by N *LO calculation, see above

Present situation: (a) N®LO for non-singlet F,_.r in DIS — recall DMS (05)
(b) NZ2LO for SIA, non-singlet Fy, in DIS, and singlet DIS

= resummation of the (&) four and (b) three highest N1 In* N terms to
all orders in «: consistent with, and extending, our previous results

Soft-gluon exponentiation of  (1— x)~'/N? diagonal coefficient functions:
(1—x)~175,...,(1—ax) 1~ (®=1e atorder n: products of lower-order quantities

= N"LO [+ A(™*1)] — N™LL exponentiation; 2n[-+1] highest logs predicted

p.15



NS results, off-diagonal splitting fct’s and Cre

NS: physical-kernel results confirmed and extended by fourt h log for clnz®

also: Grunberg (2010)
Off-diagonal splitting functions

~ as 2 N7
ds = — (Cs —Cp) In2N
NPJIY(N,a,) = 2asn:By(as) == o (Ca—=Cp)

+ a? lnan {(GC’F —Bo) (i

S

B_,(@s) + B, (a)) + @ B_,(as)

NPNL(N o) = 2asCpBy(—as) + a? InN Cp {(IZCF —6,80)—13 1(—as)

as

io B_y(—as) + (14Cp — 8Ca — Bo) Bl(_as)}

S
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NS results, off-diagonal splitting fct’s and Cre

NS: physical-kernel results confirmed and extended by fourt h log for cé’,”nzs‘l)

also: Grunberg (2010)

Off-diagonal splitting functions

~ as 2 N7
ds = — (Ca—Cp)In®N
NPV (N, o) = 2asn;By(as) == o (Ca—=Cp)

+ a2 N ny {(6Cp — o) (o B_ (@) + By (@) + 22 B_(ax)]

S

NPNL(N o) = 2asCpBy(—as) + a? InN Cp {(IZCF —6,80)—13 1(—as)

as

BO B_z(—as) + (14Cp —8Ca — Bo) Bl(_as)}

Gluon contributionto  Fr — ‘non-singlet’ Cr =0 part done before MV (09)
N2C['L(N, o) = 8asng exp(2CaasIn®*N) + 4a.Cp NCyL(N, )

. 1 . -
+ 160,52 InIN nf{4C’A — Cp + gas In2 N CA,BO} exp(2Ca as lnzN)

New: also NNLL terms now in closed form( B_, ... B,) A. Almasy, A.V.
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Resummed gluon coefficient function for F5

chag(N’ as) —
1 nye
21n N C’A - CF
1 nye (3Cr — By)
8 lnzﬁ (CA - CF)2

[exp(ZasCF anN)Bo(aS) — exp(2asCa lnzﬁ)]

[exp(ZasC’F In2N)Bo(ad) — exp(2asCa lnzﬁ)]

i ki exp (2asCy In2N) (8C4 + 4Cr — Bg)
4 Cy — CF P sCA A F 0
As " 2 N7 3 3
- — exp (2asCp In“ N) [ — 6CrBo(al) — (6Cr — By)B1(al)
4 Cyh — CF
1 3 Bo 3
— (12Cp — 4By) —5 B_1(al) — 23 B_z(ad)]
CI'S Cl'S
a2 ~ nf ~ ~
_ % g 2N [CA exp(2asCa In2N) — Cy exp(2asChp 1n2N)BO(a§)]
3 Chr — CF
+ known NNLL contributions (now in closed form) + ...
C'r,q analogous. Analytic form identified via the physical kernel for (F2, Frr)

Resummed timelike splitting and coefficient functions: sam e structure
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B-functions: By and general definition

Relation between even- m Bernoulli numbers and the Riemann  {-function

By (x) = i pEe = 1-5 > Gy <%>2n

B, (27r2) numerically known (Wolfram MathWorld, Sloane’s A093721) , no closed form
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B-functions: By and general definition

Relation between even- n Bernoulli numbers and the Riemann  (-function

B 0o B,n . - oo (_1)n T 2n
Bo(z) = ) (n1)2 "t =1=5 =2 2 (2n)! C2n (E>

B, (27r2) numerically known (Wolfram MathWorld, Sloane’s A093721) , no closed form

40 LI I LI I LI I LI I LI I LI I LI I_ Further B_functions
i . B,
30 — B — n
; : () nz::O ni(n+ k)
20 [ - © B,
i . - _ o
i i k(a:) nZ::k n!(n—k:)!m
10 | -
[ ) Relations to Bg(x)
0 F /\v/ i "
i ] k _ k .
: ] ke (@ Br) = Bo, @7 g Bo = By
_10 L1 1 I L1 1 I 11 I L1 1 I L1 1 I 11 I L1 1

40200 0, 40 080 10 A v, L&L 2010, arXiv:1005.1606 (PLB)
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B-functions with index unequal zero

20 ——m—m—m—— _ 140 . . . . . 1600

Bi(x) . Z B_s(x)
i _:U/Q___ _' 1200_ _1'___ T
15 1 100 [
800 |
10 | -
60 | 400
5[ ol
20 |
oL N -400
-20 ¢ 800
_5 ---------- 1 1 1 1 1 -| 1 1 1
-40 0 40 80 80 -40 0 40 80 2160 -80 0 80
Xz X X

x > 0: all functions By (x) oscillate about y = 0

x < 0: oscillations about vy = — (k—tl)' for k >0and y=—x for k <0

Amplitudes increase very rapidly with decreasing k

Oscillation of By continues (much more irregularly) to very large €T

D. Broadhurst, private communication
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Fourth-order C'5 (DIS) and Cr (SIA) at large IN

50

40

30

20

10

T T T T | T T T T | T T T T T T T T 120
R C N /] _
i 2,4( ) /.’ 4100 -
L 0 ./0 ... - L
™ eceeess exp_ N J .

- /
[ - +exp. N 7! i
L s
- ./ ..
I 7
L o/ o
— ./ ..

-/ ..
I s
- ./ ..
L ./ K
B s
- ./ ..

o/ o’
e 0y = 4(02/25000)
1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1

0 5 10 15

N

80 |
60 |-
40 |

20 |

CT,4(N) 4

Lon ®l 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1

T T
~_

n =5 (01/25000) 1

. i

5 10 15
N

20

Exp. N°: 7of 8logs, exp. N~ ':40f 7logs = large- x higher-twist analyses

NN ~1 contributions again relevant for

F5, butsmall for Fr atleastat N > 5
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Numerical illustration of

CZ,g

-0.04 ———

-0.06

-0.08

-0.1

0.12 |

NNLL terms dominate
About 35% correction at

0

30

-0.06

-0.08

-0.1

-0.12

— e — — — —

2

6 8 10

= Impact of high orders presumably underestimated
N = 20, 4*"-order coefficient =~ Padé estimate
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Small- & resummation via unfactorized SIA

Phase-space integrations:  x«®¢ terms analogous to (1 —:1:)”€ large- x factors

2" order: Matsuura, van Neerven (88), Rijken, vN (95)

Decomposition of the D-dim. partonic fragmentation functions for a=T, H

=~ (n 1 — n—~)e L,n l,n L,n
Fa,(,g)— T ; p—1—2(n—0) {A( ) 4 B( )_|_€200§, ) 4 }
0
Leading log: terms of the form x 1! In" %~z atall orders e~™19% with
60=0,1,2,...,and F, ("’) Is decomposed into 7 contributions of the form
g 2ntlgp=l-ke — g—2n+l :13_1[1 — kelnx + %(ks)2 In?x + ... ] ,

k=2,4,...,2n
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Small- & resummation via unfactorized SIA

Phase-space integrations:  x«®¢ terms analogous to (1 —:1:)”€ large- x factors
2" order: Matsuura, van Neerven (88), Rijken, vN (95)

Decomposition of the D-dim. partonic fragmentation functions for a=T, H

A (n 1 — n—~€e , n ,
Fa,(,g) — o Z - 1—2( £) {A(e ) + B(e ) + sZCag,eg ) + .. .}
£=0

Leading log: terms of the form x 1! In" %~z atall orders e~™19% with
60=0,1,2,...,and F, ("’) Is decomposed into 7 contributions of the form

1
g 2ntlgp=l-ke — g—2n+l a:_l[l — kelnx + §(k€)2 In?x + ... ] ,
k=2,4,...,2n

nn—1 KLN-type cancellations — ﬁa(fg") starts at order 1/e™ — plus 3 constraints
from the NNLO results =- m+2 linear equations for m coefficients Aéfé")

Thus: N "LO known = highest n+1 (N"LL) double logs fixed at all orders

‘All-order’ mass factorization: NNLL timelike splitting & coefficient functions
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Splitting & coefficient functions, August 2011

g_?Pg’IC;(N’ Ots) L:L Pg’_g(Na O‘s) L:L %(N_l) {(1 _45)1/2_ 1}7 £ - - (?chla)sz

Mueller (81); Bassetto, Ciafaloni, Marchesini, Mueller (8  2)

NLL contributions to the  MS splitting functions: only partially in closed form

P, = {a-1907 e (Gt 5m)
& Pgﬂ]:io = [ng]z;:0+{(1—4£)1/2—1} 54 (N — 1)2(1 + n;/Ca)
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Splitting & coefficient functions, August 2011

C 8C s
CAPL(N, o) Y PL(N,a) W 3 (N—1) {1 492 -1}, £¢=— 3Fa%

Mueller (81); Bassetto, Ciafaloni, Marchesini, Mueller (8  2)

NLL contributions to the  MS splitting functions: only partially in closed form

P, = {a-1907 e (Gt 5m)
& Pgﬂ]:io = [ng]z;:0+{(1—4£)1/2—1} 54 (N — 1)2(1 + n;/Ca)

LL coefficient functions for  Fr & F'y [also: Albino, Bolzoni, Kniehl, Kotikov (11)]

CAL = g—Z(CE;gLL—l) = %{(1—45)—1/4—1} in MS

‘Everything else’, including all of  P_., P, the quark coefficient fct's, Cp;:

Tables of coefficients to order ~ o}®— numerically sufficient for « 2 10~*- e.g.

S
3(N —1)2»

pMT (N) =

gg, NL

{(ucA2 +2Cang) B, — 2Cpny Bgf;)z}

p.23



Normalized LL, NLL splitting-fct. coefficients

n | A BSY BYL | B BGR  BUL | A
0 1 1 - 9 _ _ _

1 1 1 2 9 — _ _

2 2 3 5 29 1 1

3 5 10 e 100 5 N 1

4 14 35 el 357 21 119 8

5 42 126 s 1302 84 3833 1207

6 132 462 11559 4818 330 7879 2021

7 429 1716 20T 18018 1287 251877 96163
8 | 1430 6435 3181710 67925 ~ 5005 ~ 23009 44185
9 | 4862 24310 % 257686 19448 42(1)22379 69132664081

All integer series known, Bg(g”,)2 — Bg(o:"}3 — 2A;§‘), Af{f’ i Bg(;)2 _ 2B

Solution of one non-integer series: analytic structure of a

[l NLL contributions
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Small-  gluon-parton splitting functions

0.4 ‘.‘ 1 IIIIIIII 1 IIIIIIII 1 IIIIIIII rrrrrrm 0.8 1 IIIIIIII 1 IIIIIIII 1 IIIIIIII rrrrrr

- .\ - —\

i ngq (X) } ngg (X)

i . NLO 1 i L N y
02+ 4 o4l K LO+ LL |
| NNLO R — -~ NLO+NLL |
. | R — NNLO+NNLL
, 0,=012, N,=5 | | _
_0.4 1 |||||||I 1 |||||||I 1 |||||||I 1 L L1111l _0.8 ’ 1 |||||||I 1 |||||||I 1 |||||||I 1 L L i1l
0%  10° 107 « 107 1 10% 107 107 « 10 1

Approximation sequence LO+LL, NLO+NLL, NNLO+NNLL rathers  table to very small
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Small-  quark-parton splitting functions

0.08 1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIIII 1 UL BLAL

E |

_\. i

L\ T i

0.06 |-, XPyq(X) ]

: \'\. :

R \\ _ LO i

0.4 '\. —

- \ -

I \, .

0.02 |

0 B —f - P ]

-0.02 |

: ag=012, N,;=5 -

_0.04 1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIIII 1 L L1111l
0% 107 107 y 10 1

Also consistent with

J

1

0-16 y 1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIIII T T T TTTIT1T
'\. _
-\o —
= \. T ]
012 — \'\. Xqu (X) ]
B \.\0 —
n \. ]
008 %  --- NLO+NLL
- " —— NNLO+NNLL
0.04 |-

0o — . -
-0.04 - ]
_0.08 i 1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIII-

0% 10° 107 y 10 1

1

x P ~ 0at <10 % (N3LL corr's known and positive)



2012 progress: solution of the Agi") series

Denominators <« triangular numbers (A025555 in OEIS) + ‘playing around’

@ _ . _ 1 5 _ 1207 _ 14 19 23 28
Ay = 1 = 1, Ay =30 =10t T3 T71

@ _ 1 _ 2.3 ) _ 2015 _ 42 _ 56 66 76 90
Ay = 3 = 3171 Ay =15 = 153 1076 t3 T71 "
4 _ 3 _ 5,7 9

Numerators: sequence A028364, sums of products of Catalan n umbers
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2012 progress: solution of the Agi") series

Denominators <« triangular numbers (A025555 in OEIS) + ‘playing around’

(2) _ 1 (5) _ 1207 14 19 23 = 28
Ay = 1 = 1, Aqi_30_10+6+3+1’

@ _ 1 _ 2.3 @ _ 2015 _ 42 _ 56 6 90
Ay = 3 = 3171 Aqi—15—15—10+ +3+1’
4 _ 3 _ 5,7 9

Numerators: sequence A028364, sums of products of Catalan n umbers
2n— 3

(n) 2(2n—2)! 1 2(2n
= Aq — (n—Dl(n+1)! (n 1 + +n—|—1 2) n!(n+1)! Z k

K. Yeats

Checked to 136 *" entries by ‘brute-force’ determination of Aé’?gn)
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2012 progress: solution of the Agi") series

Denominators <« triangular numbers (A025555 in OEIS) + ‘playing around’

(2) _ 1 (5) _ 1207 14 19 23 = 28
Ay = 1 = 1, Aqi_30_10+6+3+1’

@ _ 1 _ 2.3 @ _ 2015 _ 42 _ 56 6 90
Ay = 3 = 3171 Aqi—15—15—10+ +3+1’
4 _ 3 _ 5,7 9

Numerators: sequence A028364, sums of products of Catalan n umbers

2n—3
(n) 2(2n 2) 1 2(2n
= A’ T e 1)(n+1)( T+ +n+1 2) + n'n+1'zk
K. Yeats
Checked to 136 *" entries by ‘brute-force’ determination of Aé’?gn)
Generating function
1
Agi(8) = (\/1 4t — 1) (1 +1In (5 [\/1 — 4€ + 1])) 1 2¢
C.H. Kom

The logarithm is the key for solving all sequences in the 2011 article
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Diagonal splitting functions at NNLL accuracy

Notation: S = (1 —4£)¥/2, £L=1In(1(1+ S)) with £ = —8Caas/N2, N =N-1

PqE(N) _ %CC:fas{%(s DL+1)+1}

Cpn 1 .
+ 3 18 ggf asN{(—ll CF +6Can; —20Cpny) 57 (S —14+28) + 1008 £ (S — 1)L
1 _
— (51C’A — 6 Cany —I—lQCan) §(S— 1)—}—(11C’A2 + 2 Cany —4C'an)S 1,

+(5C2 = 2Cany + 6 Cny) %(S —1)£2 + (51 G — 14Cany +36 Cony )L}

1

P (N) = $N(S-1) — as (11C{ +2Cyny —4Cpny) (S 1 —1) — P.L(N)

GC

N

1 —

+ Sre07 asN{([1193 — 576 (] Ct — 140 Gy + 4C2n? — 56 CECpny — 48 Ci2n?
+16 CACFnJ%) (S—1) + ([830 — 576 (o] O + 96 Cfny — 8 C2n? — 208 C2Cpn,
+64CsCpnf — 96 Cp?nj%) (S7'—1) + (11Cf +2Cany —4Cpny)*(S 2 — 1)}

First line: LL (for P, ) and NLL contributions. Rest: NNLL corrections

Off-diagonal splitting functions: similar. For qu also N 2LL terms known
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NLO + resummed first moments

Fixed-order NN =1 poles removed by the resummation (NLO requires NNLL)

8 1
Pq:g(Nzl) = 3 Npas — @ (170142 ng — QCAnJg —I—4C’Fn]%> (2C4a2)? + O(a?)
C 4
Ph(N=1) = & (RL(N=1) - 3nsa5) + Oa2)
1
PL(N=1) = (2Caas)'/? — o Cf +2Cyan; +12Cpny) as

1
3
144 C;

— 80 C4Cpn? + 144 Cﬁnf) (2C1a®)/? + 0(a2)

+ ([1193 — 576 (y] Cf — 140 Cfny +4C2n2 + 760 C2Cpny

C 4 Crn
PE(N=1) = & (PEN=1)+ 55" as) + Ofa2) .
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NLO + resummed first moments

Fixed-order NN =1 poles removed by the resummation (NLO requires NNLL)

8 1
PL(N=1) = Snpas — 507 (17CA2 np —2Can? —|—4C’Fn]g) (2C4a3)Y2 + O(a2)
T 9 T 4 2
PI(N=1) = & (qu(Nzl) . 3nfas) + O(a?)
1
PL(N=1) = (2Caas)'/? — o Cf +2Cyan; +12Cpny) as
+ 1441%), (11193 = 576 Cy) G4 — 140 Ciny + 4C2n? + 760 C2Cpeny

— 80 CaCpn? + 144 G2 ) (2C4a3)Y? + O(a?)

c 4C
PI(N=1) = & (P (N=1) + 3 &2 as) T 0®?) .

Numerically for QCD with ne = 5, including N °LL for P (a contributions)

PT(N=1) = 0.2358 as — 0.6773a>/? + 0.5880 a2
PL(N=1) = 1.0610, — 1.5240 /2 + 1.8089 a2
PIT(N=1) = 03071ai/® — 0.3059a, + 0.2884 />
PI(N=1) = 0.6910ai/® — 0.9240a, + 0.6490 o/
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Partial ax-space expressions

Non-log parts (integer series): Bessel functions in z = (32 C’Aas)l/2 In i

:(;ngT + x%g‘ = {4 Cyas + % (11C7 + 2Can; — 4C’an)a82 In l} 2Jl(z)

NNLL
4 8
T {§ (26 Cpny — 23 Cany) a2 + g (11CF +2Cany — 4Cpnp)?a } J1(z

1 4
+ 90 ([134 72¢,) Cf —I—QBCAnf 48CAQCan +4CACan SCan)aS 1n25 Z_QJQ(Z)

4

C
C—F(C'A + Cang — 2C’an)a ln Z_J2(Z)

T — 24

Single-logarithmic enhancement of the oscillations at ext remely small x
x— 0 dominant as(asIn = )‘“’ ~ Ji(z) terms o< (11C4 — 2Cany + 4Cpny)°

(non- Cr known to £ = 4, see below). Possibility of a ‘second resummation’?

For the basic logarithm L, unlike Aqi(&), we found a simple Mellin inverse

1 1
/0 de ™V 2 ne (J0(2\/E,lnm) —1) = In (% + %\/1"‘ (]\;l_c;)z )
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Resummed quark-parton splitting functions

003 —r— 71— T T 71T T T AL L B LA ELI L B B
' 1o .
i 1 [ XPy (X0 '
0.02 — - J S)
I 1 0oal ;
0.01 i —_ 0.02 B
0 - 0 TN N S '/./ -
_001 | _ '002 __ ]
- LO ] i
- - -- NLO 1004+ — NLO + NNLL _
-0.02 _ i
' 1 [ ag=012 N, =5
i 1-0.06 —
_003 | | | | | | | | | | | | | | | | | |
10 10° 10° 10” 10 1 10" 10° 10° 10" 10°% 1
X X

Small-x P,; vs. P,J: approximate ‘Casimir scaling’ by factor Ca/Cr =9/4
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Resummed gluon-parton splitting functions

L B e L L S T T T T T T T T 'T 7

i T ] 03f T -
01k XRJQ (X’GS) 7 E XRJQ (X’GS) |
I 1 02 i
0_05:_ .............................. . N 0.1:. ............................... i

b o
IIIIFIIIII

0 .
I i
_005 'O 1 __ _____ LO + LL II __
[ —— NLO+ NNLL ! ]
0.2 ! -
-0.1 - | i
i ! i
0.3 | -
_015 . L L L L L L L | L]
107 10° 10° 107 107 1 107 10° 10° 107 107 1
X X
LL contributions numerically small; expect large correcti ons beyond NNLL
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Towards higher logarithmic accuracy

N =1 finite NNLO + small- £ resummed evolution requires N “LL accuracy

Relation between SIA ( o =1, PT) and DIS (o = —1, P?) parton evolution
ooz Fo (@ Q%) = [Pu(e(Q%) ® fo (27Q?)] (@)
with P, independent of o Dokshitzer, Marchesini, Salam (2005)

Non-singlet relation ( ., = 0 for PBg), but found to hold for all non- Cf terms

a2: Moch, A.V. (2007)
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Towards higher logarithmic accuracy

N =1 finite NNLO + small- £ resummed evolution requires N “LL accuracy

Relation between SIA ( o =1, PT) and DIS (o = —1, P?) parton evolution
ooz Fo (@ Q%) = [Pu(e(Q%) ® fo (27Q?)] (@)
with P, independent of o Dokshitzer, Marchesini, Salam (2005)

Non-singlet relation ( ng =0 for Pg), but found to hold for all non- Cf terms

a2: Moch, A.V. (2007)

In IN-space:
Omoz fo (N, Q%) = Ps(N) fs(N,Q?) = Pu(N + 08y, q2) f- (N, Q?)
oo n an—l 8Pu -
= B(N) = PN+ Y. % g (e PaN))
n=1

Difference dR,, = Py — B3 given by lower-order quantities at any order
B single-log enhanced (BFKL) — resummation of non- Cy double logsin P

To NNLL as above, plus N °LL and N “LL (mod. one BFKL coeff.) corrections

p.33



Large-  summary and outlook

Non-singlet physical kernels for nine observables in DIS, S IA and DY':
Single-log behaviour = leading three (DY: two) logs of higher-order C,

Singlet kernels for (F2, Fy) and (F2, Fr) in DIS also single-logarithmic
= Prediction of three logsin N 3LO af splitting and F'p coefficient fct's
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Large-  summary and outlook

Non-singlet physical kernels for nine observables in DIS, S IA and DY':
Single-log behaviour = leading three (DY: two) logs of higher-order C,

Singlet kernels for (F2, Fy) and (F2, Fr) in DIS also single-logarithmic
= Prediction of three logsin N 3LO af splitting and F'p coefficient fct's

lterative structure of (next-to) leading-log N~ amplitudes for Cz,4/4.q
= All-order (N)LL off-diagonal splitting functions and coef ficient fct's

D-dimensional structure of unfactorized DIS  /SIA structure functions
Verification, extension of above resultsto N ®LL or N ?LL for N~* terms
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Large-  summary and outlook

e

Non-singlet physical kernels for nine observables in DIS, S IA and DY':
Single-log behaviour = leading three (DY: two) logs of higher-order C,

Singlet kernels for (F2, Fy) and (F2, Fr) in DIS also single-logarithmic
= Prediction of three logsin N 3LO af splitting and F'p coefficient fct's

lterative structure of (next-to) leading-log N~ amplitudes for Cz,4/4.q
= All-order (N)LL off-diagonal splitting functions and coef ficient fct's

D-dimensional structure of unfactorized DIS  /SIA structure functions
Verification, extension of above resultsto N ®LL or N ?LL for N~* terms

Complementary:  Grunberg; Laenen, Gardi, Magnea, Stavenga, White

Applications, now: assess relevance of NS  1/N terms, large- x DIS fits
Near /mid future: combine with other results, esp. fixed- N calculations
(close to) feasible now: 4-loop sum rules Baikov, Chetyrkin, Ktihn (10)

Beyond-LL extension to Drell-Yan, Higgs prod’'n needs more i nsights
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Small- x summary and outlook

® D-dimensional structure of unfactorized SIA  /DIS structure functions
= NNLL small- = resummation of timelike splitting & coefficient fct’s
Required for using NNLO results in SIA below = ~ 107 %...10°°

$ Analogous results for (singlet case: subdominant) z%Intx terms in DIS
Formally similar, numerically very different: diff. sign i nroots, (1—...)"
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Small- x summary and outlook

D-dimensional structure of unfactorized SIA  /DIS structure functions
= NNLL small- = resummation of timelike splitting & coefficient fct’s
Required for using NNLO results in SIA below = ~ 107 %...10°°

Analogous results for (singlet case: subdominant) z%Intx terms in DIS
Formally similar, numerically very different: diff. sign i nroots, (1—...)"
Unlike large- x case: no direct generalization to all (higher) ain z%In‘z

But works for higher even a in SIA — DIS case not checked yet

Does not work for the odd- IV quantities F3 and g, in DIS, F4 in SIA

E.g., leading logs with group factor  dgped *°¢ at third order in  F5 and Fu
cf. Dokshitzer, Marchesini (2007)

All large- @ and many, but not all, small- 2 double logarithms in
SIA and DIS appear to be ‘inherited’ from lower-order result S.

p.35



